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OVERVIEW 

This Guide embodies a comprehensive set of suggestions, 

instructional techniques and pedagogical considerations for the 

use of a heuristic approach to the teaching of elementary 

mathematics. It is designed to give teachers in grades K to 6 

the detailed knowhows and understandings they need to put into 

practice an instructional program that respects the individual

ism, mental powers and experiences of their students. 

As such, it is neither a manual for "new" math nor for 

"old" math. For the distinctions between the two, and the 

current debate over which is "better", have focussed principally 

on a single aspect of the currieulum -- its content -- and have 

ignored other fundamental considerations. 

In contrast, this Guide is concerned with the totality 

of the classroom situation, and seeks to transform the study of 

mathematics into an inquiry, self- educating (that is , heuristic) 

process, in which students are enabled to make sense of the 

material under study on their own terms, and to develop their 

own generalizations and skills according to their own criteria. 

Translated into classroom terms, this approach to 

learning is based on the premise that s~udents learn best when 

they are given the opportunity to be respon~le for their own 

learning. Rather than being taught at, they are explicitly 

enabled to acquire their own understandings of mathematics. 



Thus, the educational perspective is shifted away from 

the concept of teachers (and materials) as purveyors of know

ledge, and of students as passive entities entrusted mostly 

with the retention of that knowledge. 

Instead, teachers are asked to concern themselves, 

primarily and continuously, with the dynamics of learning. Who 

the students are, what mental capacities and experiences they 

bring with them to school, how they learn, what the learning 

of mathematics entails in terms of what they already possess, 

and how explicit connections are made between where they are 

and where they could be -- all these questions become of para

mount significance to teachers engaged in the application of 

a heuristic approach to their teaching. 

To be used effectively, this approach requires that 

teachers re-appraise their attitudes, beliefs and concepts at 

three levels: 

1. Mathematics: Mathematics must come to be 

viewed not as a branch of knowledge dealing 

with numbers, formulae and proofs or 

even "logical'' thinking -- but as an activity 

of the mind aware of its own dynamics. These 

include the faculties of perception, recogni

tion, intuition, a ''sense" of truth, classifi

cation and categorization, the ability to 

substitute virtual actions for actual ones, 

and the awareness of relationships through 

various transformations and equivalences. 



2. The Learning of Mathematics : This, in turn, 

can no longer be limited to the memorization 

of a given body of knowledge , but must be 

replaced by the gradual and dynamic develop

ment of the mind's awareness of relationships 

and of the possibilities that these relation

ships permit. As the learners' awareness of 

mathematical relationships increases, they 

enlarge his power over the algebra of the 

situations under study, acquiring more and 

more certainty over the range of available 

equivalences , transformations , connections 

and extensions. 

3. The Teaching of Mathematics : The teaching 

mode must also undergo changes if it is to 

enable learners to achieve their own conquest 

of mathematics. Teachers are asked to relin

quish their traditional roles as central 

figures in the classroom, as setters of learning 

content, pace and style, as authorities making 

absolute decisions about who learns what and 

when, and as final arbiters of what is right 

and what is wrong . 



Instead, they must become "facilitators" who, 

by subordinating teaching to the students' 

learning, enable them to develop their mathe

matical awarenesses as a function of their 

own experience, motivation and mental power. 

By restoring the responsibility for learning 

to the students, teachers not only come to 

preserve the spontaneous ways in which 

children learn , but also ensure the greatest 

possible levels of involvement, effective

ness and enjoyment in the classroom. 

The implications of a heuristic approach to teaching 

include: 

the recognition that indi vidualism is not a 

method but a fact about students . Each is 

unique and largely unknowable externally by 

a nyone else . As a consequence we are com

pelled to take each into account , and to 

allow the f r eedom of his learning mode , his 

contributions, his growth - - in a word his 

universe of experience . Thus it is truly an 

individualized approach 

the realization that, in a sense, every 

student has to discover everything for himself . 



Merely to absorb what others have already 

structured does not give him any opportunity 

to know anything . . . to be self-educated 

the understanding that the learning of every 

human being must be through experiences to 

which he relates, of which he can make sense, 

always progressing as his meanings are sus

tained and deepened. Thus it is a self

awareness and inquiry approach 

the perception that human beings need self

respect and also respect from others. A 

large measure of self-respect results from 

an awareness of one's own progress and con

quest of difficulties. Respect from others 

is a function of one's recognition of joint 

membership to a group 

To be implemented successfully, this approach requires 

the use of specific materials, techniques and classroom or

ganizational patterns. 

The materials must: 

be multi-valent; that is, they must lend 

themselves to the study of large numbers of 

mathematical notions, fostering maximum 

economy and efficiency of learning 



be models for patterns and relationships; that 

is they must enable the detailed perceptions on 

the part of students of the algebra of given 

situations: the more is perceived, the more is 

"mathematized" 

be able to "talk"; that is they must allow 

students to enter into dialogues with the 

situations they present; from such on-going 

dialogues between the materials and the learners' 

perceptions of dynamics, knowledge of mathematics 

grows and is refined 

be models for equivalences and transformations; 

that is, as sets of similarities and differences , 

possibilities and restrictions within given situa

tions become better identified and studied, the 

learning that evolves is structured in terms of 

the algebraic properties of mathematical opera

tions 

Classroom techniques and organizational patterns, in 

turn, must foster student autonomy and self-directiveness. 

Large group instruction is de-emphasized and replaced with a 

variety of techniques and settings which take into account the 

students' constantly changing needs. These include: 



small-group, teacher-led learning sessions, 

in which new topics are presented and explored, 

promising areas of investigation developed, 

and preliminary understandings and insights into 

the dynamics of given situations reached by the 

learners 

learning centers, open-ended worksheets and 

peer teaching settings, which enable learners 

to pursue and refine their investigations, 

acquire more complete and generalized under

standings, and ultimately test their own 

mastery over given topics to their satisfaction 

progress assessment through criterion-referenced 

evaluation of the level of mathematical aware

ness reached by learners, not merely the ability 

to provide the right answer to a problem 

effective planning and management techniques, 

through which teachers are helped to organize 

the variety of simultaneous activities that 

respect the multiple demands of their students 

In sum, the various facets of a heuristic approach, 

when used comprehensively, restore to learners the full measure 

of their humanity . Mathematics comes to be seen by them for 



what it is: an example of human development accessible to 

all precisely because it is man-made, that is, the product of 

minds in contact with their own functionings. 

And if such a learner-centered approach is, initially 

at least, more demanding of teachers, it is also far more 

rewarding. Students are literally seen to blossom in the 

classroom. Because they are treated as intellectual equals, 

they respond with trust, and their view of the world (it is 

often forgotten that the classroom is a large part of their 

world) becomes positive, open, hopeful. 

The classroom ceases to be a polarized, alienating 

environment. Instead an atmosphere of anticipation and pur

poseful cooperativeness inspires teachers and learners alike. 

And challenges come to be expected -- and even relished -- by 

both, in the knowledge that they are surmountable. 

The sections that follow, it is hoped, will afford 

teachers opportunities for that most exciting of educational 

functions: entry into students' worlds on their own terms 

and, from it, a new insight into the remarkably efficient 

learning capabilities of young minds. 
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TOPIC: The Cuisenaire Rods - Free Play & Qualitative Work 

The Cuisenaire rods are without doubt the most 
effective material ever devised to help learners make 
sense of elementary mathematics. As such , they need to 
be given a central role in the day-to-day life of the 
classroom . At the pre - school and primary levels, the rods 
should be used almost on a dai l y basis and, even at the 
upper elementary levels , they should be readi l y available 
to those who need them for particular purposes , or to form 
the basis of the students~ introduction to new topics. 

Since they are to play such an essential role, care 
must be taken when introducing them to students, as the 
initial activities learners are asked to undertake help 
shape how they will relate to the material at later times . 

With any group of students, the initial introduction 
(if they have never seen the rods before) must be via a 
period of free play . And free p l ay means JUSt that. The 
rods are simply dumped on the tables or the floor, and the 
students are invited to do whatever they want with them. 

Most will immediately begin building things with them , 
and those who are hesitant at first usually follow suit 
after a short while. In any case, the teacher should re 
frain from interfering, either to encourage (or force) 
students to use the rods, or to suggest activities, games , 
things to do, etc ... 

Instead, the teacher can best use his time observing 
the students at play with the rods. By watching how they 
use the material, how (or whether) they are able to work 
together and, above all, what kinds of things they produce, 
the teacher can learn a great deal about the various students, 
their personality, their affective state, etc .. . 

A single period of free play generally should not last 
more than 20 to 30 minutes , and the total amount of time 
given over to free play will , of course , depend on the age 
and prior experience of the stud~nts. Pre - schoolers may 
need to spend weeks, or even months , at play with the rods, 
whereas fifth graders new to the material may need only a 
single session to familiarize themselves with it. The 
"right" amount of free play is a matter of j·...1dgment best 
left to each teacher. As a general rule , however, when t he 
students' constructions begin to be consistently more 
elaborate, better thought out, with elements of symmetry 
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and sequence in them, it is time to introduce new kinds 
of activities. Also, free play should not be cut off 
abruptly, but phased out gradually, with the students 
bei~ allowed, say, 10 minutes of play at the end of 
more directed lessons. 

* * * 
Once the students have developed an intuitive working 

knowledge of the rods through free play, knowledge that 
may include: 

that rods are of different sizes 
that all rods of a particular color are of a 
particular length 
that only rods of a particular color are of a 
particular length 
that rods are graduated in length 
that one rod can replace two for a particular 
length, and vice versa 

they are ready for more directed activities. 

These at first will be aimed at giving learners a 
more conscious knowledge of the material. Very young 
children may also need to learn to recognize and name 
the various colors of the rods. In general, however, 
the directed activities at this stage will focus on 
recognition of size, size/color correspondence, and ordering. 

Here are some examples of such directed activities. 
Again younger students may need to spend an adequate amount 
of time with them, older ones only a few minutes. 

a) Hold up a rod, and ask the students to find and 
hold up one that is longer, or shorter, or of the 
same size. Repeat a few times with different rods. 
A variation on this activity is for the teacher to 
name a rod by color, and ask the students to find 
a rod that is longer, or shorter, or of the same 
size. 
A further variation (more difficult) is for the teacher 
to name or hold up two rods and ask the students 
to find the rod(s) at once longer than one of 
the given rods and shorter than the other. 

b) Ask the students to make a "staircase", or set of 
steps, with the rods, going from the shortest to 
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the longest. Some will f i nd this easy to do, others 
may not. Rather than correcting those with incomplete 
staircases , ask all students to count the number of 
rods in their staircase and , as the answers will 
vary (10 , 8,9 , 7 .. . ) to start with the shortest rod 
and to name out loud the colors of the rods in 
order of size (white , red , green .. . ) this will give 
those students with steps missing from their stair 
case the chance to complete it by themselves. If 
need be, ask the group also to "go down" the stair 
case , naming the colors in descending order from 
the longest rod (orange, blue brown ..• ). 

Since it is important for later work that students 
know the order of the rods , allow them to practice 
saying the color- names, going both up and down the 
staircase. Then to name the first, skip the second , 
name the third etc ... , going both up and down (ex: 
white, green, yel low . • . ) . Then to skip over two
rods at a time , and name every third one. And so on. 

A variation on this activi ty is to ask the students to 
close their eyes and to repeat some of the previous 
exercises by "seeing .. the staircase mentally. 

c) Ask each student to pick up a sub-set of the rods, 
for instance , one each of the white , red, light 
green, purple and yellow rods and to hold them 
with both hands placed behind their backs . Then 
call out the color name of a given rod in the sub
set, which the students have t o produce without 
looking at what they are holding. A variation on 
this exercise is to place a single rod in each 
student s hand, without his being able to see it 
(for instance, the students can be blindfolded) . 
By feel alone, the students have to identify their 
rod and call out its color- name. 

As with all learning situations , mistakes will be made. 
Always allow each student as many opportunities as he 
needs to familiarize himself with the material, until 
he is able to function at an adequate level of mastery. 

* * * 

Two other basic activities with rods can be introduced 
to students at this stage. These are fundamental to much 
of their later work so, once again , must be given a 

I Al 
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sufficiently solid grounding. 

a) Making Trains: A •:train" is any combination of rods 
placed end to end. The variety of trains that can be made 
is almost endless: short trains; long trains; trains of 
two, three, four . .. rods; trains of rods of a single color, 
two colors, three colors .. . ; trains made up of a recurring 
combination of rods; and so on. 

Give students ample opportunity to make trains of rods. 
Keep your directions to a minimum , and let them explore 
the possibilities on their own. Ask them to compare the 
trains they have made with those of their classmates. 
Every so often, ask some of the students to describe 
orally the trains they have produced ("Mine is made up 
of a yellow, two red, an orange and a black rod"). At 
times too, ask the students to relate one train to another, 
in terms of their length ( "Mine is longer than Eddie's"). 
And, if arguments arise, ask the students to devise ways 
to settle them and to decide which, in fact, is longer 
or shorter (for instance, by placing two trains side by side 
and comparing their length) . 

Always keep in mind that it is up to the students to 
develop their fund of knowledge about the rods, and so 
refrain from imposing your solutions, your viewpoint, 
on their tentative, trial and error approach to the problems 
that arise. 

b) Making Patterns: A "pattern" is any number of lines 
of rods, placed side by side. In most instances, any line 
of a pattern will be of the same length as any other line 
but, especially in the early stages, this rule need not 
be strictly adhered to. 

Of far greater importance is to let students produce 
a variety of patterns: short ones; extensive ones; narrow 
ones; wide ones; with given combinations of rods iterated 
at various intervals; made up only of rods of certain 
colors; made up of lines of two, three ... rods each; 
resembling mosaics; and so on. 

Again, ask the students to look at patterns made by 
various members of the group as well as theirs, to try to 
describe what they have produced ("My first line is made 
up of an orange and a light green rod, my second line of 
a black, a red and a purple rod . .. "), and to explore 
ways of comparing different patterns. 

* * * 
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Finally, the students need to be given the means of re
cording some of the things they can do with the rods 
or, more accurately, to transcribe into written notation 
some of the verbal statements they .can make about rods. 

First of all, they will need written labels for each of 
the rods. If they are very young, smears or blobs of color 
on their papers may well be sufficient. For older children, 
the usual convention is touse the initial letter of the 
color-name for each rod. Since there are overlaps, 
particularly with blue, brown and black, various alternate 
coding systems have been-evolved and used in the published 
volumes dealing with rods. The more common ones are 
given below. 

Rod Written Sign 

white w w w 
red r r r 
light green g g l 
purple (or pink) p p p 
yellow y y y 
dark green d d d 
black k b e (for ebony) 
brown n t (for tan) t (for tan) 
blue e B b 
orange 0 0 0 

Which set of signs is used in a particular class
room is of little consequence, so long as it is adhered 
to consistently. 

The simplest way to introduce the notation to be 
used is to write, say, half the signs on the board, relate 
each to the rod it corresponds to and let the students 
practice the one-to-one correspondences between rods 
and signs for a few minutes. The remaining signs can 
then be put into circulation in a similar fashion. 

Now the students are able to write down what they 
say about the rods. For instance, "My train is made up 
of a yellow, three reds and an orange rod" becomes 

y r r r o 
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or, if the sign + (read as "plus") is also introduced, 
to denote that the rods in the train are end to end 

y + r + r + r + o 

When students are comparing trains, and feel the 
need for a sign to describe "bigger" (or longer, or greater) 
than, and "smaller" (or shorter) than, they can be given 
these two additional signs 

> < 

uhich will enable them to write statements such as: 

g + r + y < o + p 

Lastly, for denoting the fact that two trains (or 
lines of a pattern) are of the same length, they can be 
introduced to the sign =, and thus enabled to produce 
writings such as: 

t + w = d + g 

* * * 

A basic discussion of some of the activities described 
here can be found in Now Johnny Can Do Arithmetic pp. 8-14*. 
Please refer to this manual for further details, and 
also for some additional suggestions. 

*C. Gattegno, Now Johnny Can Do Arithmetic, Educational 
Solutions, 1971 
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TOPIC: The Cuisenaire Rods - Staircases 

The Cuisenaire rods, as pieces of wood, lend themselves 
to a limited number of manipulations only: they can be placed 
end to end with each other, or side by side, or one across 
another, or one perpendicularly with another, and that is about 
all. 

Yet, from this small number of physical arrangements, near
ly all of the mathematics commonly taught at the elementary 
school level (and much that is not) can be met and studied by 
learners. By placing rods end to end for instance, trains are 
generated . These trains, and the patterns that are obtained 
when two or more trains are placed side by side, give rise to 
the comprehensive study of the four operations and fractions. 
This study is initiated in the next two chapters. 

And, when rods are placed across one another or perpen
dicularly to one another, investigations of topics such as 
products, factors, powers and indices are evolved. These are 
detailed in the third and fourth chapters that follow . 

These topics, in turn, provide the basis for numerous ex
tensions, such as algorithms for the four operations, operations 
on fractions, decimals and percents, factoring, HCF and LCM, 
divisibility, bases of numeration, and so on. These and other 
extensions are discussed in various parts of this manual. 

This chapter focusses on one type of situation that can 
be produced with rods placed side by side, namely staircases. 
The study of staircases provides many of the preliminary in
sights into the world of mathematics students need before be
ing able to tackle more advanced topics, and is therefore 
p~rticularly suited to learners in the primary grades, as well 
as to older learners who may be new to the material. 

As with all situations generated with the rods, however, 
staircases can also be used as the basis for the study of 
quite advanced concepts, Though these are not described in 
this chapter, it is important to note that, when essentially 
the same situation is viewed from different standpoints, it 
can be made to yield markedly different awarenesses. 
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1. Empirical Investigations 

In the previous chapter, staircases of rods were used 
to introduce students to the material and some of its pro
perties. A number of other empirical observations concern
i ng staircases are possible. 

First, quite a variety of different staircases can be 
made and students, during their free play or directed acti
vity periods, will no doubt generate many of them. Here are 
some of the variables : 

I A2 

the number of steps in any qiven staircase is inde
terminate; a staircase can be comprised o f two or three 
steps only , or as many as ten steps if single rods 
are used for each step, or more than ten steps if 
two or more rods are used for some of the steps 

the "height" of the steps (i.e. the difference be
tween successive steps) can vary; if the sequence 
of rods provided in the set is followed, the height 
will be equal to a white rod; other staircases can 
be made, however, whose height between steps is equal 
to a red rod, a light green rod, a purple rod, etc .. . 

if the height between steps is filled in with appro
priate rods, a new staircase is produced; for instance : 

r----

~ 

the height between steps does not have to be kept 
constant but can, for instance, be systematically 
increased: equal to a white rod between the first 
and second steps, a red rod between the second and 
third steps, a light green rod between the third and 
fourth steps , etc ... 
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Second, two or more staircases can be brought together in 
a variety of ways : 

side by side with one another 

back to back 

with one staircase upside down with respect to the 
other , their steps interlocking 

with one staircase at right angles to the other, the 
steps again interlocking 

I A2 

And third , two staircases containing the same set of steps may 
be produced in a variety of orientations (ex : with the steps 
"lying down" or " standing up") some of which will be directly 
superimposable, others superimposable after simple rotation 
of one of the staircases , and others still not superimposable 
without lifting one of the staircases and turning it over 
(these will be mirror images of each other) . 

For students , experience with various staircases and thei r 
characteristics not only provides them with a more complete 
knowledge of the material , but also lays the groundwork for 
much that will be essential to their later progress . More im
mediately, their manipulations of staircases will enable them 
to evolve the elements that define any staircase: 

the number of steps it contains 

the first (or last) step 

the difference between consecutive steps 

Of course, they can be helped in reaching these conclusions 
through directions such as: 

make three different staircases; compare the ones 
you ' ve made with those of your neighbors 

make a staircase that starts with a red rod and has 
five steps; compare yours with your neighbors ' 

make a staircase that starts with a red rod, has five 
steps, and has a height between the steps equal to a 
white rod; compare yours with your neighbors' 
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These empirical observations need not be carried too far at 
this stage. What is important is that students manipulate 
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the rods a lot, generate a variety of possible staircases, 
express verbally as much as they can about what they have done 
("my staircase has four steps", "my staircase is bigger than 
his", "my staircase starts with a purple rod and goes up by 
a red rod between the steps", "I can put my staircase on top 
of his by turning it around" etc ... ) and come to know intuitively 
some of the characteristics of staircases. Elaboration and 
mathematization of their experience will come later. 

2. Ordinal Numbers 

Once they have produced a variety of staircases, the stu
dents can be asked to use more and more precise language to de
scribe them. One of the ways in which this can be done is by 
making available to them the language of ordinal numbers. 

This vocabulary can be put into circulation simply by 
asking students to "walk" up and down their staircases with 
their fingers, calling out as they do so the first step, the 
second step, the third step, etc ... With a little practice, 
the correspondence between their actions and the sounds to be 
uttered will be established, and the students will be able to 
use that vocabulary functionally. 

For instance, having made the basic staircase (that is, 
the one produced with each of the ten rods provided in the set), 
they can be asked questions such as: 

which is the fourth rod going up the staircase (i.e. 
starting from the white rod)? and the seventh one? 
the fifth one? 

which is the third rod going down the staircase? the 
fifth? the eighth? 

how is the purple rod ranked going up the staircase? 
and going down? 

which is bigger, the third rod going up the staircase, 
or the seventh rod going down? 

3. Odd and Even Lengths 

Though there is only one basic staircase that can be made, 
with a difference between successive steps of a white rod, two 
staircases can be produced with a difference between steps of 
a red rod. 
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The students can generate these from the basic staircase, 
simply by sorting its rods alternatively into two sub- sets, 
the white, light green, yellow, black and blue rods going into 
one of the new staircases, and the red, purple, dark green, 
brown and orange rods into the other. 

These two staircases are not superimposable, and are 
therefore distinct . Moreover, the rods in one of the stair
cases can each be covered exactly with a given number of red 
rods (one for the red, two for the purple, three for the dark 
green, etc ... ) while the rods in the other cannot. For these, 
a white rod is needed in each case to complete the length. 

Two different labels can therefore be given to the stair
cases. The one containing rods that can be covered with red 
rods will be called the staircase of even lengths, the other 
the staircase of odd lengths. And, since both staircases can 
be expanded indefinitely by using more than one rod for steps 
longer than the orange one , the students will know that the 
sets of even and odd lengths are infinite. 

Obviously, the basic staircase can be sorted into three 
distinct staircases whose common difference is a light green 
rod, four whose difference is a purple rod , and so on. While 
no special labels are attached to these , they provide a useful 
springboard for activities such as counting by thr ees, fours, 
etc .• . starting at any numeral and proceeding both backwards 
and forwards. 

4. Interlocking Staircases and Complementary Lengths 

If two exact replicas of the basic staircase are made 
and one is turned upside down, they can be made to interlock 
in such a fashion that the blue rod of one staircase is end 
to end with the white rod of the other: 

I 
I 

I 
I 

I 
I 

I 
I 

I 
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This arrangement provides all the pairs of complementary lengths 
in the orange rod 

orange 

white and blue 

red and brown 

blue and white 

orange 

and can therefore be used to introduce learners to the study of 
complements. If the fact of placing rods end to end is described 
by "plus", and the fact that the l i nes in the interlocking stair
cases are of the same length is described by "equals", the various 
relationships shown by the situation can be expressed as: the 
orange rod equals the white plus the blue, equals the red plus 
the brown, equals .•. 

And written as: 

o = w + B = r + t = g + b = 

Further, the two staircases can be slid back and forth with 
respect to one another, for instance so that the white rod of 
one is end to end with t he orange of the other , or alternatively 
so that the white rod of one is e nd to end with the brown of the 
other (in which case the two orange rods that now "stick out" 
can be removed) . These two arrangements yield the pairs of 
complements in the orange-plus-white and blue lengths respectively: 

I 
I f 

I I 
1 f 

I I 
I I 

l I 
I 1 

I l 
I 



I A2 

-7-

(i) (w + o) = r + B = g + t = 

(ii) B = w + t = r + b = 

Obviously, the staircases can also be slid further 
with respect to one another and, by adding or removing the 
appropriate lengths at the top and the bottom, pairs of 
complements in any length can be produced. 

This preliminary investigation of the dynamics of 
interlocking staircases is very useful to students, as 
the experience they gain is to be elaborated later into 
the properties of addition and subtraction and from these, 
algorithms for these operations evolved (see SECTION II, 
A2, SECTION II, Cl and SECTION II, C2 for details). 

I A2 



SECTION I 
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TOPIC: The Cuisenaire Rods - Many-Colored Trains: 
Introduction to Addition and Subtraction 

In their early qualitative, trial and error, ex
plorations with rods, students made various trains and 
patterns, expressed verbally some of the results of their 
work, and used a simple, consistent notation to write down 
what they expressed (see SECTION I, Al for details). 

Their work was largely unrestricted and unstructured, 
and was designed to give them a good working knowledge of the 
material and of some of the manipulations it lends itself to. 
Now they are ready to "do" some mathematics, and the acti
vities that follow can serve as their first introduction to 
that fascinating world. 

1. Defining Addition 

One of the most fundamental manipulations available 
with the rods is to p l ace two of them end to end. This 
action is so elementary, so obvious, that the subtle per
ceptions and mathematical awarenesses it can lead to are 
often missed. 

For anyone who looks at a train of two rods placed 
end to end, two observations are possible: each rod is 
distinctly visible as a separate entity, yet their lengths 
are merged into a single overall length. The reconciliation 
of these two perceptions into a single awareness provides a 
formal (and mathematically correct) definition of addition: 
the two rods have been added together, and the resulting 
overall length is called their sum. 

rod A + rod B ~ sum of A + B 

School-age children, of course, need not be asked 
to grasp and describe this concept at such a level of rigor. 
Their manipulations with the rods, and their ability to no
tice and express (even in relatively inarticulate terms) 
;·!hat they do, will be sufficient to give them an intuitive, 
inunediate, sense of what is involved. By way of "formal" 
introduction, they need only be told: "When I put two 
rods end to end (demonstrating, say, with an orange and a 
yellow rod), I say 'orange plus yellow ' , and I write it 
like this o + y". --
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A short period of practice in making trains of two 
rods, expressing each action as an addition and writing down 
each verbal expression using appropriate signs, will be suf
ficient to establish the concept for the students. If need 
be, the reverse exercise can also be undertaken, that of 
going from a written expression to its verbalization, and 
from there to the corresponding train of rods. 

2. Commutative Property of Addition 

As these exercises are being undertaken, two ad
ditional awarenesses emerge: 

that, at the level of manipulations, one is 
indifferent to the order in which the rods 
are placed end to end; that is, each could 
equally be placed to the left or the right 
of the other, the magnitude of the sum re
maining unchanged 

that, at the verbal level, some confusion 
does arise as to which of the two possibilities 
is meant, for example , by the statement 1'red 
plus black" 

Once again, the fusion of these two perceptions 
yields an important notion. In this case, the first 
fundamental property of addition: its commutativity. 
Expressed in mathematical terms: 

A t B is equivalent to B + A 

This property is easily generalized, since it is 
obvious to anyone that the relationship holds true irres
pective of the choice of rods (or of magnitudes) used to 
exemplify it. 

3. Unrestricted Explorations 

I AJ (a) 

Before being asked to undertake detailed, "structured" 
studies of addition and its properties, students (especially 
at the primary level) need to be given the freedom to explore, 
almost at random, some cf the possibilities it lends itself to. 

To do this, they require frequent access to the rods 
and little or no intervention on the part of the teache£. The 
best approach is to give them free rein with the material, 
letting them make and unmake a variety of trains, compare what 
they produce with what others have done, talk to each other a
bout their creations, and record as much of what they find out 
as possible. 
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Realization of the richness of what the rods can 
be made to produce, and of the diversity of writings that 
can be evolved, is in itself an important educational goal, 
as is the satisfaction of testing one's power to generate 
them. These include: 

trains 

0 + w 

g + r + b 

d + t + t + g + r + b + w + w + w + y + o + d + y 

comparisons of trains 

r+y>w+p 

w + g + t < 0 + 0 + d 

d + r + p = o + w + w * 

I A3 (a) 

the first realizations of the existence of dynamics 

* 

w+r<r+g<g+p 

p + y + r ~ r + y + p = y + p + r ..• 

the first attempts at organizing related situations 

p + p = y + g = d + r ... 

( Y>P 
( 
( y+w>p+w 
( 
(y+w+w>p+w+w 

0 = y + y d = g + g p = r + r 

Throughout this manual, ~equals " and '' is equivalent to" 
are used interchangeably, and are both represented by the 
sign =. In some specific instances, when the concept of 
equiv~lence ~s being stressed, the sign~ is used. 
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Too often, teachers are impatient to get their stu
dents past this stage and doing "real" arithmetic. This lack 
of appreciation for the very real value of empirical investi
gations deprives learners of the chance to develop a feel for 
mathematics, and to come in contact with their capacity for 
generating mathematics on their own. 

4. More Restricted Situations 

a) Trains of two rods only: It is obvious that a 
mong all the trains that can be made, some will 
be of two rods only. Further, two- rod trains can 
be found that are equal in length to other two-rod 
trains. 

If, among the unrestricted explorations described above, 
a student produces a writing such as 

y + y = B + w 

the foundation has been laid for a closer look at this type 
of special case. 

Teacher: "Look at what Mel has found. He says that 
y + y = B + w. Do you agree with him?" 

Students (after checking) : "Yes" 

Teacher: "Can anyone find any other trains equal in 
length to Mel's?" 

Students (after searching with their rods) : 

d + p 
g + b 
t + r 

[Here some discussion may take place about whether, say, 
b + g is to be considered different from g + b] 

Teacher: "Let's see if we can't rearrange these in 
some kind of order. Which pai.r contains the 
biggest and smallest rods?" 
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Students: 

Teacher: 

Students: 

Teacher: 

Students: 

Teacher : 

Students: 

Teacher: 
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B + w 

"Next biggest and smallest?" 

t + r 

"And next? 0 

b + g 

"So how will the whole pattern look like?" 

B + w 
t + r 
b + g 
d + p 
y + y 

~nd possibly also the inverses p + d, g + b, 
etc . . ·] 

"Let's look carefully at our pattern. What 
can we notice?" 

"One rod keeps getting smaller, the other big
ger'' [or some statement to that effect] 

"How much bigger, or smaller, each time?" 

"By one little white rod". 

"Is everyone agreed on that?" 

"Yes" 

"Now let's make a different two- rod train, 
say, with a yellow and a black rod. Let's 
find all the two-rod trains we can that are 
equal to this one". 

B + g 
r + o 
d + d 
t + p 

"Now let's rearrange all these trains as be
fore". 

I A3 (a) 
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Students: 

Teacher: 

Students: 

Teacher: 

Students: 

Teacher: 

Students: 

Teacher: 

It 
produce a 

and 

-6 .... 

0 + r 
B + g 
t + p 
b + y 
d + d 

"What do we notice in this pattern?" 

"Again one rod keeps getting smaller, the 
other bigger. And again, by one white rod 
each time". 

"Do you think that if we went on making dif
ferent patterns, we would find the same thing 
each time?" 

(Some may need to satisfy themselves of this 
with their rods) "Yes" 

"Do you think then, that what we have found is 
true for all additions?" 

(possibly hesistantly) "Yes" 

"Let's find a way to write down what we have 
done. Let's agree to write +w when a rod 
gets bigger by one white rod, and -w when it 
gets smaller by one white one. For instance : 

d + p = d + w + p - w = b + g 

I A3 (a) 

To make the writing clearer, I am going to put 
what are called 'brackets' around these, like this: 

d + p = (d + w) + (p - w) = b + g 

Now go and, working with the rods if you want to, 
write down as many expressions as you can similar 
to this one". 

can reasonably be expected that the students will 
host of writings, such as: 

p + g = (p + w) + (g - w) = y + r 

B + y = (B - w) + (y + w) = t + d 

even: 

B + y = (B - r) + (y + r) = b + b 
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From these experiences the generalization to a funda
mental property of addition is easy, as the students perceive 
that the relationship is independent of the particular ex
amples they generate. This property has no formal name, but 
its compensatory dynamic can be characterized as "taking from 
Peter to give to Paul". It is usually stated as 

A + B = (A + m) + (B - m) 

I A3 (a) 

and will serve the students well when they come to the study 
of the algorithm for addition, eliminating as it does the need 
for the traditional "carrying" many learners have so much dif
ficul ty with (see SECTION II, Cl). 

b) Trains of three or more rods: 

The operation of addition was defined above in terms 
of two rods placed end to end. What about a train of three 
rods? Can we still describe this situation as an addition? 
There is a difficulty here because our manipulations (and 
our perceptions) tell us that the third rod can only be placed 
end to end with one of the other two rods, not both at once. 

But our awarenesses also tell us that it is possible 
to consider the first two rods as a single length (or sum) to 
which the third one is added. And, in this way, we are able 
to preserve our definition of addition and in fact extend it 
to trains made up of any number of rods. Thus, the train 

y + p + b 

can be imagined as being 

(y + p) + b or y + (p + b) 

where the brackets indicate that we have replaced two rods 
by their single sum. 

Trains of more than three rods can be dealt with 
in a similar fashion 

y + p + b + r [<y + p) + b] + r 

or (y + p) + (b + r) 
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so that, by extension, we can produce an infinite variety 
of expressions with trains of large numbers of rods 

y + p + b + r + w + d [<y + p) + (b + r)] + (w + d) 

~y + p) + b] + r + (w + d) 

y + {[< p + b) + ( r + w) J + ct} 
and so on 

and, since our transformations are independent of the parti
cular rods we are using, we have evolved another general 
property of addition, that of associativity. 

I A3 (a) 

Yet nothing we have evolved is beyond the grasp of 
anyone who is allowed to manipulate the material and to become 
aware of the movements of his own mind as he proceeds from one 
perception to the next. This study, therefore, is wel l within 
the reach of the students at the primary level. 

c) Triplets of rods: 

In their exploratory work, some students will no 
doubt produce relationships such as 

g + p = b 

At some point, one of these situations can be focussed on 
by the teacher and made the basis of a new study . 

The students can be asked, for instance, to produce 
alternative arrangements of the three rods showing the same 
relationship, and/or different ways of expressing this rela
tionship. Four possibilities exist: 

g + p = b b = g + p 

p + g = b b = p + g 
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Each of these expressions, in turn, can be used 
to generate new ones, by covering up or dropping one of 
the elements of the triplet and replacing it with a [] 
(read as "something"). For instance: 

[]+p=b b = g + 0 

p + g = 0 [] = p + g 

Since each of the four initial expressions can give rise 
to three "open sentences" (for a total of twelve) the re
lationship exhibited by the triplet can therefore be ex
pressed in sixteen different ways. 

Once again, this perception is independent of 
the particular triplet used (it depends only on the re
lationship between the three elements) and so is gener
alizable. Thus, any such expression is transformable 
into fifteen others and any of these can be made instant
ly available, as needed. So that, when students get to 
the point where they operate on numbers, the burden of 
memorizing "facts" will be greatly reduced and many of 
the difficulties they traditionally experience with 
"additions with a gap" will disappear entirely. 

5. Introducing Subtraction 

If two rods of unequal length are placed side by 
side, it is obvious that, with one being longer than the 
other, there will be a difference between them. Further, 
a third rod, which measures th1s difference, can usually 
be found with ease. 

I A3 (a) 

This perception serves to provide a mathematically 
correct introduction to subtraction -- an operation concerned 
with the difference between two magnitudes, not the wide
spread, but erroneou.s, concept of a 1' taking away". 

When students are asked to consider rods of un
equal length (say, a blue and a yellow) and to find the 
rod that measures the difference between them (in this 
case, a purple one) they can be given the language needed 
to express the relationship: 
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"We always start with the bigger of the two rods 
and we say that the difference between the blue 
and the yellow rods is equal to a purple one; 
or alternatively, that blue minus yellow equals 
purple" 

After giving them the opportunity to express this 
relationship with a few examples (the difference between 
the black and red rods is equal to a yellow one; orange 
minus tan equals red; etc ..• } the corresponding notation 
can also be introduced 

B y = p 

b r = y 

0 t = r 

and practiced. For this, the students can be asked to go 
from a situation with rods to the verbalization of the 
relationship to the written notation or , inversely, from the 
written expression to the rods . 

A useful extension of this exercise is to ask students to 
hold a pair of rods of unequal length in one hand , the third 
rod -- the difference -- in the other, and to practice 
uttering and writing down the relationship starting first with 
one hand, then with the other. For instance: 

Yellow minus light green (content of left hand} 
equals red (content of right hand) 

followed by 

Red (content of right hand) equals yellow minus 
light green (content of left hand) 

Facility with this transferability of the relationship 
will prove very useful to the students in their later work. 

6. Triplets of Rods (cont'd) 
In the exercise described above, two distinct express 

ions were possible for a given triplet of rods: 

y g = r and r = y g 

Can any other expressions be generated for the same 

I A3 (a} 
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triplet? Yes, if the two smaller rods are interchanged : 

y - r = g and g = y - r 

From these "subtractions with a gap" can be produced, 
if one of the elements of the triplet is replaced by a [] : 

y - [] = r 

D =y-g 

y - r= D 

g = y- 0 
and so on 

So sixteen new expressions, this time using sub~ 
traction, can be evolved for a triplet and these are not 
only deductible one from another, but also assimilable to 
the correspond~ng set of expressions using addition. 
This fund of available transformations will be extremely 
useful to students when they are asked to develop their 
computational skills. 

7. Numerical Work 

Thus far, the activities presented have viewed the 
rods as merely lengths, with each length being defined in 
terms of its corresponding color. rn so doing, emphasis 
was placed on the alge·bra of the situations studied, that 
is, on operations, their properties, and the relationships 
they gave rise to. 

This 1'algebra be~ore arithmetic" approach is de
liberate, as it enables the mathematics of these situations 
to evolve and be understood, free from the added burden of 
numbers and their peculiarities . 

Arithmetic can be accurately defined as "doing al
gebra w;i.th numbers'', since whatever is found to be true of 
magnitudes in general will be true of numbers in particular . 

I A3 (a) 

~o, once the students have developed to a degree their 
mathematical ability through studies such as those described 
above, they are ready to apply it to the special case of num
bers. 

To do this, one additional conce~t need to be introduced ; 
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measurement. All the rods can be measured in terms of one 
of the rods. Thus, if the white one is used as the "measuring 
rod", it can be found that 

r = 2w 

g = 3w 

p = 4w 

and so on 

Any other rod can also be used as the measuring rod, 
though in some cases the relationships will be somewhat 
more difficult to express. For instance , with the red as 
measuring rod: 

p = 2r 

d = 3r 

t = 4r 

but also 

g = 1 1/2 r or 3/2 r 

y = 2 1/2 r or 5/2 r 

And , with the black as measuring rod: 

w = 1/7 b 

r = 2/7 b 

g = 3/7 b 

As the rods are bei ng measured one by another, the 
measuring rod can be assigned an arbitrary unit value. The 
arbitrariness of this choice cannot be stressed sufficiently . 
There is nothing in the material to indicate that any rod 
must be given a particul ar unit value , and this is p r ecisely 
the superiority of the Cuisenaire rods over other manipulative 
materials. 

Thus , with the white as measuring rod and a unit value 
of 1, new names can be ascribed to the other rods: 
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r~2 p~4 y---+5 

and so on 

With these new "number names; all the expressions, 
relationships and possibilities already evolved at the level 
of lengths can be recast, giving rise to almost endless 
opportunities for new writings. For instance, from the 
triplet 

r + g = y 

one can produce 

2 + 3 = 5 

5 = 3 + 2 

3 + D = 5 

5 3 = 2 

0 - 2 = 3 

0 = 5 2 

and so on 

The white rod, however, can be given any other unit 
value. For instance: 

w = 10 20 + 30 = 50 

30 + 0 = 50 

0 20 = 30 

w = 100,000 20,000 + 30,000 = 50,000 

0 30,000 = 20,000 

50,000 = 20,000 + 0 

w = 1/11 2/11 + 3/11 = 5/11 

5/11 0 = 2/11 

I A3 (a) 
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3/11 + 2/11 = [] 

And, of course, another rod can be used as the 
measuring rod, and given any unit value. For instance : 

g = 1 

g = 15 

t = 1/8 

b = ~ 

2/3 + 1 = 5/3 

0 - 1 = 2/3 

2/3 of 15 + 15 = 5/3 of 15 

or 

10 + 15 = 25 

2/8 of 1/8 + 3/8 of 1/8 = 5/8 of 1/8 

2/7 of {2 + 3/7 of {2 = 5/7 of {2 
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The feeling of power and mastery over the world of numbers 
that seizes children who are given the opportunity of 
creating expressions such as these is truly worth witnessing, 
and the educational benefits that accrue are obvious . 

Once again, the students are at the level of free 
expression and individually generated investigation, but 
these are now much more knowing and assured, as they are 
equipped with a great deal more certainty over what they 
are able to do. 

* * * 

Since the detailed study of numbers up to 10 , 
100 or 1000 is already described in the l iterature*, it 
will not be presented in this manual. Teachers would do 
well to become familiar with these existing books , and 
to use the activities they present , as appropriate , in 
their classrooms . 

* C . Gattegno, Mathematics with Numbers in Color, Volumes 
I and II , Educational Sol utions , 1969- 73 . 



TOPIC: The Cuisenaire Rods -
Single-Colored Trains: Introduction to 
Multiplication, Division and Fractions 

SECTION I 
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In the preceding chapter, a number of activities 
were described that were based on the formation of trains 
of Cuisenaire rods. The study of these trains led to the 
initial exploration of addition and subtraction and, by 
the imposition of certain restrictions on the ways trains 
were made, to the discovery of various properties of these 
operations . 

The restrictions concerned primarily the number of 
rods in the trains. If another type of restriction is im
posed , concerning the nature of the rods in the trains, new 
f i elds of study can be evolved. In particular, trains con
sisting solely of rods of a given color can be made and 
from these much can be learned about multiplication, division 
and fractions. 

This chapter is devoted to the study of single
colored trains. 

1. Introduction to Multiplication 

As part of their explor atory manipulations with 
rods, it is likely that stud~nts wi l l have produced trains, 
or portions of trains , made up of a succession of rods of 
a particular color. And , when describing those trains ver
bally, it is also likely that at least some of them will have 
used, at times, expressions such as: "My train has four 
yellow rods " or "My train is made up of one black, three reds, 
two light greens and a blue rod". 

These descriptions are, of course , fully acceptable. 
In fact, they can be given written equivalents 

4y 

and b + 3r + 2g + B 

as "shorthand" notations for 

y + y + y + y 

and b + r + r+. r+g+g + B 
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Even at this stage, then, the fundamental charac 
ter of multiplication - - repeated addition -- is sensed 
implicitly. 

If, however, students have learned to describe 
trains exclusively in terms of addition (which may be 
the case at the primary level) the following activity 
will almost compel them to evolve an alternative mode 
of expression. 

Starting with, say, three light green rods, ask 
the students to make a train, express what they have made 
("light green plus light green plus light green") and write 
down what they have said (g + g + g ) . 

Then ask them to add light green rods, one or two 
at a time, in each case "reading" the trains out loud and 
writing down what they verbalize. 

Soon a few facts emerge 
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the reading and writing becomes time-consuming 
and tedious 

it becomes more and more difficult to determine 
the accuracy of both oral and written expressions, 
and the possibility for argument among students as 
to the truth of given statements increases corres
pondingly (i.e. should it be g + g +g ... + g or 
g + g + g ... + g + g?) 

and , with the realization of the practical limitations of the 
available mode of expression , the need for a new one is esta
blished . All that is necessary is for someone (a student, 
preferably) to suggest counting carefully the rods and to ex
press the trains simply as, say, "fourteen light greens" for 
the difficulties to be resolved. A great deal of activity -
and enjoyment - usually follows this discovery as students 
make quantities of trains, and read and write what they have 
produced (8, 17p , 39w, 3d, etc . . . ). 

While they are engaged in these exercises, they can 
be given several alternatives for describing their trains. 
For instance one made up of three yellow rods can be expressed 
as 

three yellow rods (or three yellows) 

three of the yellows 

three times the yellow 
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and written down as 

3y 

3 of y 

3 X y 

No difficulty shoul d be experienced by learners who 
are given all the alternativ es at once , if they are allowed 
to practice using them and to perceive them as equivalent 
to one another . And this f l exibility will serve them well 
at later times when they may need to pass from one form to 
another effortlessly. 

2. Introduction to Fractions 

If a train of, say, two yellow rods is made, it can 
readily be found to be equal in length to an orange rod. The 
relationship can be expressed as 

0 = 2y or 2y = 0 

Inversely, however, it can also be said that 

y = ~ 0 or ~ 0 = y 

Thus, the relationship between a yellow and an 
orange rod can be expressed in two ways: the orange is equal 
to two of (or two times , or even twice)the yellow rods, and 
the yellow is equal to half (or half of) the orange rod. The 
direct inverse of a multiplication is seen to be a fraction 
not a division as is traditionally asserted in textbooks -
and to each multiplicative relationship will correspond a 
given fractional one . 

Once the students understand how to look at their 
patterns with the rods both "backwards and forwards", they 
can evolve a host of new e xpressions concerning the relation
ships between these rods . The language for fractions is so 
regular past thirds and halves that its development can be 
left up to them once the initial clue (ex : " fourth") is made 
available, and sixths , tenths, thirteenths, etc .. . are soon 
generated and integrated into the body of knowledge at the 
learners' disposal. The notat i on f or fractions, of course, 
is totally regular (1/2, 1/3, 1/4 . • . ) and hence can also be 
left to the students to " invent" . 

I A3(b) 
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Basic relationships between pairs of rods are now 
used to produce writings such as 

B.:!= 3g g = 1/3 B 

d = 6 of w w = 1/6 of d 

t = 4 X r r = 1/4 x t 

in which any of three alternative modes of expression is 
acceptable. 

As the students evolve these relationships, they 
notice that what they are capable of expressing does not 
cover all the possibilities offered by the rods. For in
stance, what is the relationship between a light green and 
a black rod, and how is it to be formulated? 

To resolve this difficulty, a new element needs to 
be introduced. The white rods, it is noted, can be used to 
make trains equal to any (and all) of the other rods in the 
set. Thus 

r = 2w 

g = 3w 

p = 4w 

w = 1/2 r 

w = 1/3 g 

w = 1/4 p 

and so on 

If one white rod, when compared to a black one, yields the 
expression 

w = 1/7 b 

what of two white rods? 

Listening to the verbalization of the relationship 
(" one white rod equals one seventh of the black one" ) yields 
the answer immediately: ---

2w = 2/7 b 

and therefore 

3w = 3/7 b 

but since 3w = g , the expression can become 

g = 3/7 b 

I A3(b) 
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Hence, by going through intermediary steps (most 
often involving white rods) any rod in the set can be re
lated to any other. For instance: 

r = 2/5 y 

b = 7/10 0 

B = 9/4 p 

The last expression , by the way, is produced quite 
naturally by learners engaged in the activities described 
here , there being nothing "improper" about the fraction 9/4. 

At this stage, the students possess enough know-
how to become involved in the study of a number of available 
extensions. 

a) Reciprocals: 

Among the writings generated by the students, 
pairs of expressions such as the following will no doubt 
begin to appear: 

y = 5/7 of b 

b = 7/5 of y 

As the students notice the peculiarities of such 
situations and, intrigued, embark on the production of as 
many pairs of expressions as they can think of 

g = 3/4 p and 

B = 9/10 o and 

p = 4/3 g 

10/9 B 0 

a label can be provided to describe their discovery, and 
the term "reciprocal" is introduced . 

But what of an expression such as 

p = 1/2 X t ? 

How is the reciprocal to be written? 

The writing t = 2 x p is already known, of course, 
but it does not appear to follow the rule for the other re
ciprocals. Can an alternative notation be evolved? 

I A3(b) 
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It usually does not take long for someone to suggest 

t = 2/1 X p 

and this invention is readily accepted, as it conforms to 
to the general notation for fractions, and enables expres
sions such as the following to be produced: 

g = 3/1 X W 

o = 5/1 x r 

b) Sequences: 

After comparing lengths of pairs of rods one 

I A3(b) 

to another at random, the students may come to express the 
need for some form of systematic cataloguing of the relation
ships. Two possibilities exist: 

c) 

Either to compare all the rods, in sequence, 
to a given rod chosen as the "measuring stick", 
thus producing a series of expressions such as 

w = 1/2 r 

r = 2/2 r 

g = 3/2 r 

p = 4/2 r 

and so on 

Or to compare a given rod to a succession of 
other rods, by order of size, as follows 

r = 2/l of w 

r = 2/2 of r 

r = 2/3 of g 

r = 2/4 of p 

and so on 

Eguivalent Fractions: 

As their development of fractional relationships 
between rods becomes more complete, more knowing, the stu
dents will notice that, in some instances, they have been 
able to produce more than one expression for the same pair 
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of rods. For instance: 

g = 1/3 x B (as the direct inverse of B = 3 x g) 

and 

g = 3/9 x B (by going through the intermediary 
W = 1/9 X B) 

At this point, the concept of equivalent fractions 
can be easily introduced, and just as easily understood by 
the learners. Since the fractions 1/3 and 3/9 describe the 
same relationship between the same two rods, they are called 
equivalent. 

Similarly, in the case of 

(directly) 
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p = 1/2 t 

p = 2/4 t 

p = 4/8 t 

(through the relationship r = 1/4 t) 

and (through w = l/8 t) 

the three fractions 1/2, 2/4 , and 4/8 are seen as being 
equivalent. 

3. Introduction to Division 

Just as multiplication can be seen to be , essential
ly, a short- hand substitute for repeated addition, division 
can be perceived as an alternative notation for repeated sub
traction. 

If , say, an orange rod is taken and a red one placed 
next to it, the difference between the two is readily apparent : 
it is that portion of the orange not covered by the red rod. 
The operation can be written as 

o - r 

A second red rod can now be placed end to end with 
the first, reducing the portion of the orange one that is 
still visible. And this step can be expressed 

either as o - r - r or as o - (r + r) since it is 
the sum of the two red rods that is being subtracted from 
the orange. 
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of three red rods, the orange portion 
diminished further . With four red 
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With a train 
that "sticks out" is 
rods, further still. 
of the orange rod is 

And with five red rods, the full length 
reached , and the process completed. 

Thus: 

o - r - r - r - r - r = 0 

or: 0 (r + r + r + r + r) = 0 

In sum then, the length of the red rod has been 
subtracted repeatedly from the orange one, until the opera
tion could not be performed further. 

This operation can be expressed in a different (and 
shorter) manner 

o + r = 5 

which defines the number of times the red rod was subtracted 
from the orange one. 

The new expression is read as "the orange divided by 
the red rod equals five". 

If the alternative notation is used 

r Jo 
probably the best way to read it is "the orange has how many 
red rods (that can be subtracted from it)?" 

Once introduced, division can be used by students as 
the third way of looking at a particular kind of relationship 
between an orange and a red rod can be expressed variously as 

0 = 2y y = l/2 0 0 + y :::; 2 

Division, however, possesses an additional dimension, 
in that it enables a relationship to be described between a 
rod and a train "that doesn ' t quite fit". For instance, a 
train of three light green rods is somewhat shorter than an 
orange rod, but adding a fourth light green rod would make 
the train too long. 

Thus 3g < 0 < 4g 

But 3g + w = 0 
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Or, viewed in another way, three light green rods 
can be subtracted from the orange, with a white one "left over": 

0 -:- g = 3 Remainder w 

And, of course, in all cases the remainder will be 
smaller than the rod being subtracted repeatedly, otherwise 
the subtraction process would be able to go on. 

4. Primes and Composites; Factors 

As the students try to make trains of rods of a 
single color that fit t he lengths of all the rods in the set, 
they find that, in some instances, they can only produce 
trains of white rods . Or , put differently, all divisions in 
those instances other than divisions by white rods will have 
remainders. 

If a table is drawn up 

Rod Trains that can be made 

w lw 

r 2w 

g 3w 

p 4w, 2r 

y Sw 

d 6w , 3r, 2g 

b 7w 

t Bw, 4r, 2p 

B 9w, 3g 

0 lOw, 2y, Sr 

that fact is grasped readi l y, and a way of classifying the 
rods evolved without much trouble: those instances in which 
only a train of white rods can be made will be called "prime", 
the others "composite". Thus w, r, g, y and bare prime and 
p, d, t, b and o are composite. 
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The table can of course be extended to lengths 
beyond the orange rod 

(o + w) llw 

(o + r) 12w, 6r, 4g, 3p, 2d 

(o + g) 13w 

I A3(b) 

and the classification prime/composite applied to them too. 
(note also that the table can be made to yield a second 
system of classification: those instances in which a train 
of red rods, of any length, can be made will be called "even", 
the others "odd"). 

Moreover, whenever a train of rods of a given color 
fits a particular length exactly, the rod used to make the 
train will be called a " factor" of that length. It can be 
seen from the table that all primes have only white rods 
(and themselves) as factors, whereas composites have addition
al factors. 

5. Making Rectangles and Crosses 

If a train of, say, five red rods is made and then 
its rods are rearranged side by side instead of end to end, 
a rectangle is formed. A second train, equal in length to 
the first, is the one made up of two yellow rods. If these 
rods are now placed side by side, a second rectangle is formed. 
The two rectangles are congruent, and this can be verified by 
placing one on top of the other. Each rectangle is y long and 
r wide. 

To represent this, a cross can be made, using one 
yellow and one red rod. In fact, two crosses are possible, 
depending on the order of the rods: red atop yellow, or 
yellow atop red. As a convention, it can be established in 
the classroom that the first cross will represent the yellow 
rectangle, the second cross the red rectangle: 

l 

I l l I I I 
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And the crosses will be read as 11 red times yellow,. and 
,.yellow times red,. respectively, and written as r x y and 
y x r . 

I A3(b) 

But since the two original trains were equivalent 
to the orange rod, the following writing can also be produced 

o = r x y = y x r 

which links o to two of its factors (r and y) . 

For any composite length, then, the students can 
be asked to generate the trains of its factors, transform 
the trains into rectangles and the rectangles into crosses 
and, from this activity, produce writings such as: 

d = r X g = g X r 

B = g X g (a 11 square") 

t = r X p = p X r 

(o + y) = g X y = g X y 

(o + d) r X t =t X r 

= p X p (another 11 square") 

Conversely, they can be given expressions for crosses 
and asked to work "backwards" through rectangles to trains and 
then to the lengths equivalent to those trains. 

At this point also, the Product Chart and the Product 
Cards can be introduced and worked with (see SECTION I B). 

6 . Numerical Work 

As with the activities described in the previous 
chapter, once the students have become familiar with the 
various manipulations of rods detailed here, the oral and 
written expressions these produce, and the concepts and 
operations these exemplify, they are ready for numerical 
work. 

Thus, with the white rod as 1, the relationships 
between a yellow and an orange rod evolved previously can 
now be rewritten as: 

10 = 2 X 5 2 X 5 = 10 

5 = 1/2 X 10 1/2 X 10 = 5 

10 5 = 2 2 = 10 + 5 
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Armed with the very large number of expressions 
about relationships between rods they have produ ced , the 
students will take a great deal of pleasure in generating 
writings that look like "real arithmetic". 

7. Pattern of Factors 

Starting with an (o + r) train - - 12 if the white 
rod is called 1 -- the students can be asked to produce as 
many single- colored trains as they can that fit the length. 
~vhen complete , the pattern will contain: 

a line made up of two dark g r een rods 
a line of three purple rods 
a line of four light green rods 
a line of six red rods 
a line of twelve white rods 

From this pattern, all the factors of 12 can be identified : 
12, 6, 4 , 3, 2 and 1 . 

And from the number of rods in each line of the 
pattern, the various pairs of factors for 12 can be produced: 

12 = 1 X 12 = 2 X 6 = 3 X 4 = 4 X 3 = 6 X 2 = 12 X 1 

These, of course , can be rewritten in a variety of 
ways : 

12 6 = 2 12 . 4 = 3 etc . . • 

1/2 X 12 = 6 1/3 x 12 = 4 etc • • • 

Which in turn lead to a large number of further 
possibilities: 

12 7 6 ~ 1/4 X 12 

(12 ' 6) + (1/6 X 12) = 1/3 X 12 

2/6 X 12 = 4 

2/3 X 12 ~ 3/4 X 12 

(3/4 X 12) - (2/3 X 12) = 1/ 12 X 12 

and so on 

I A3(b) 
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A large rod, such as a blue one, can be pla ced 
on top of the pattern perpendicularly to the other rods, 
and slid back and forth across the pattern , to reveal 
only a certain portion of it. For instance, by placing 
it so that exactly six white rods from one end of the 
pattern are visible, and by looking at all the other lines 
of the pattern, the following equivalent expressions can b e 
generated : 

line of white rods , six visible 6/12 X 12 

line of red rods , three visible 3/6 X 12 

line of light green rods, two visible 2/4 X 12 

line of dark green rods, one visible 1/2 X 12 

line of purple rods, 1~ visible 1~ X 12 
-3-

Moving the blue rod now so that four white rods are 
visibl e, will produce the following equivalents: 

4/12 X 12 = 

(whites) 

2/6 X 12 = 1 1/3 
4 = 1/3 X 12 = 2/3 X 1/2 X 12 

(reds) ( l ight greens) (purples) (dark greens) 

~nd these equivalents, which include mixed fractions 
and fractions of fractions, and which can lead quickly to the 
study of families of e quivalent fractions, are evolved without 
difficulty even by learners at the primary level. 

The pattern o f factors , therefore , provides an ex
cellent opportunity for the in- depth study of a product. 
This type of activity should eliminate totally the need for 
the traditional rote memorization of multiplication tables 
as it offers learners a much more complete, coherent and 
understandabl e approach to knowledge of numbers and of the 
relationships between them. 
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It is recommended that teachers introduce products 
to their students in families: the study of 12 would be 
followed by the study of 24, 48 and 96 in turn; the study 
of 14 followed by 28, 56 and 112 ; and so on. 

Lastly , the detailed development of numerical re
lationships is provided in volumes I and II of Mathematics 
with Numbers in Color, and teachers are encouraged to use 
these books to provide learners the day- to- day activities 
they need in order to acquire an extensive mastery over 
numbers up to a thousand. 

I A3(b) 



SECTION I 

A4 (a) 

TOPIC: The Cuisenai re Rods -
Crosses and Towe rs: Factors and Products 

In the preceding chapter, one of the basic situations 
that can be generated with the Cuisenaire rods , the cross, was 
introduced. This chapter is concerned wi th the elaboration of 
the mathematical understandings that crosses -- and their 
extensions, towers -- can offer to students. For the sake of 
clarity, the numerical values for the rods (with the white rod 
chosen as the unit) are used throughout, though this is by no 
means mandatory. 

1. Crosses and their Uses 

a) A cross is made by placing one rod perpendicularly 
over another so they mutually bisect. For instance: 

..---

5 

3 ......__ 

This cross is read as "three fives" or " three times five" and 
written as 3 x 5 . The rods that constitute a cross are called 
"factors" and the value of the cross "product" . 

To find the value of the product shown above, the 
following manipulations can be undertaken, resulting in the 
transformation of the cross into an equivalent train , which is 
then measured: 
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Thus 

c{P 
1 

§§ 
1 

§ 

1 

1 
51 

3 X 5 = 15 . 

- 2-
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starting with the cross 

"fill in" with yellow rods 
under the light green one 

to produce a rectangle 

which i s turned into a train 

that is measured in terms of 
orange r ods 

Reversing the direction of the tran sformations shown above, of 
course, yields the procedure for generating a cross equivalent 
to a given train of single- col ored rods . Learners who are asked 
to undertake the manipulations in both directions will be able 
to assimilate the two "rod languages " (single- col ored trains and 
crosses) to one another without much difficul ty. 
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b) If the order of the rods in a given cross is 
reversed, a ready demonstration of the commutative property 
of multiplication results: 

~ 

l 
BE 

l 
B 

1 

l 
41 :I 

Thus: 2 X 4 = 4 X 2 = 8 

y 

1 
~ 

1 
[[]]] 

1 

1 
21 21 21 ~ I 

I A4 (a) 
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c) In general, then, students who are asked to work 
with crosses quickly come to see that the act of placing one 
rod across another can be described as a multiplication, and 
expressed verbally as "times" and in writing with the sign x . 
For instance: 

51 5 

4 

I A4 (a) 

five 
5 

four times five 
4 X 5 

three times four times five 
3 X 4 X 5 

Conversely, the act of physically removing a rod from a cross 
(or tower) constitutes the algebraic inverse of multiplication, 
expressed either as "divided by " or as an appropriate fractional 
operator, and denoted variously by f , r-- , or a fractional ex
pression. For instance : 

1 
5 I 

3 X 5 = 15 

15 -:- 3 = 5 

1 J X 15 = 5 

5 
3 }15 
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d) Since the act of placing and removing rods can 
be replaced by a virtual action , students can be asked to 
look at a cross and generate as many verbal and written state
ments as they can from it, without manipulating the rods phy
sically. Thus, given the cross 

---

I 

they could produce: 

written statement verbal statement 

5 X 6 = 30 five times six equal thirty 

6 X 5 = 30 six times five equals thirty 

30 6 = 5 thirty divided by six equals five 

30 5 = 6 thirty divided by five equals six 

1 30 5 6 X = 
one sixth of thirty equals five 

1 
30 6 5 X = one fifth of thirty equals six 

5 thirty has how many sixes? five 
6 30 

thirty has how many fives? six 
6 

5 30 

The cross is therefore an efficient tool for the study of the 
relationship between a product and its factors, and of the var
ious ways in which this relationship can be expressed. 
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It also enables to bring together what in fact belongs 
together, so that the relationships between given numbers in 
terms of multiplication, division and fractions are met con
currently, not as part of different chapters of a textbook, as 
is often found in traditional courses. 

I A4 {a) 

Through crosses, students are enabled to focus on a 
particular product and study its factors in detail, ensuring 
that the knowledge they acquire is coherent and integrated, not 
atomized as a collection of unrelated facts. Further, if pro
ducts are studied in "families" (ex: 15, 30, 60, 120) the re
lationships between the members o~each family become evident, 
and the burden on the students' memory is reduced even more: 
knowing one basic fact, they are able to generate all the others 
through simple transformations. For instance: 

15 = 3 X 5 = 5 X 3 

30 = 2 X 3 X 5 = 2 X 5 X 3 = 

= 6 X 5 = 2 X 15 = 10 X 3 

60 = 2 X 2 X 3 X 5 = 2 X 5 X 3 X 2 = 

= 4 X 15 = 10 X 6 = 2 X 30 = 12 X 5 

To study these families with the rods, the students need to pass 
from crosses to towers. 

2, Towers and Their Uses 

a) If a third rod is placed across the top of a given 
cross, how is the resulting tower to be read? Since the action 
is already familiar, as is its description in terms of multi
~lication, students have little trouble assimilating it to what 
they already know. For instance: 

From to 

3 X 5 4 X 3 X 5 
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Thus, students can be asked to produce a variety of 
towers, containing three or more rods , and describe orally 
and in writing what they have made. But how is the value of 
any tower to be arrived at? A series of manipulations trans
forms any tower into its equivalent train of rods of a single 
color, as follows: 

2 X 3 X 5 

l 
'---......___,D~___,L_ _ __J 

2 X (5 + 5 + 5) or 2 X (3 X 5) 

l 
1---+--11 I ~------~-1 1---~ 2 X (5 + 5 + 5) 

1 5 + 5 + 5 + 5 + 5 + 5 

or 

l 
6 X 5 

51 l5J 5l 1~ 51 6 X 5 = 3 X 10 = 30 

If the order of the rods in the above tower is changed, 
and the same set of manipulations undertaken anew , the same pro
duct would ultimately be obtained. For instance , if the tower 
was changed into 5 x 2 x 3, the manipulations would yield : 
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5 X 2 X 3 = 5 X (2 X 3) = 5 X (3 + 3) = 

= 3 + 3 + 3 + 3 + 3 + 3 + 3 + 3 + 3 + 3 = 10 X 3 = 30 

This indifference to the order of the rods in the tower, 
since it can be found to be true of all towers, is the key to 
the understanding of the associative property of multiplication, 
which can be stated in general terms as: 

a X b X C = (a X b) X C = a X (b X C) 

b) Alternatively, towers can be generated from crosses, 
using knowledge of prime and composite lengths (see SECTION I, 
A3 (b)) . For instance, starting with the cross 10 x 6 

I 101 

the question can be asked: "Is the orange rod a prime or com
posite length?" If it is composite, it can itself be replaced 
with a cross (in this instance, 2 x 5). Thus: 

I 101 

10 X 6 .._§ 2 X 5 X 6 

But what of the dark green rod? Is it prime or composite? 
Composite, and hence replaceable with a cross (2 x 3). Thus: 

2 X 5 X 6 2 X 5 X 2 X 3 

• 
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In this fashion, the initial pair of factors (10 x 6) has 
been reduced to the set of prime factors for the given product: 

10 X 6 = 2 X 2 X 3 X 5 

c) As with crosses, the removal of a rod from a tower 
is describable as a division (or as a fractional relationship) • 
The variety of expressions that can be generated by looking at 
a given tower and mentally rearranging, removing and replacing 
rods is even greater than for a cross. 

Thus the tower 3 x 5 x 7 (= 105) can yield: 

3 X 5 X 7 = 105 

7 X 3 X 5 = 105 

105 = 5 X 7 X 3 

105 - 3 = 5 X 7 = 35 

105 ~ 5 = 3 X 7 = 21 

105 - (3 X 7) = 5 

21 
5 105 

3 
5x7 ) 1.05 

1 105 5 7 35 j"x = X = 

1 105 3 7 21 sx ;::; X = 

l !_ X 105 = 5 
3 X 7 
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3. Practice with Products and Factors 

One example of a follow-up activity that can be given 
either to individuals or small groups of students who have 
worked with crosses and towers is to select a given product 
(or have learners choose their own) • The students are asked 

I A4 (a) 

to produce the corresponding cross or tower and write as .uany 
statements as they can within the rings of a set of concentric 
circles drawn on a piece of paper. All the statements appearing 
within a given ring must be equivalent. For instance, if 72 is 
the given product, students might write: 

72-:-2 = 3 

= 2 X 2 X 3 X 3 

!_ X 72 = 
9 

1 l 3 X 3 X 72 = 2 X 4 

(72 . 8) X 4 = 9 X 2 X 2 
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At a later stage, of course, the students can be asked to under
take the activity without referring physically to a cross or tower, 
and to fill in a set of rings in which a single expression (ex: 
48 7 6 = 8) has been provided by the teacher. --

* * * 

These, then, are a few of the possibilities crosses and towers 
lend themselves to. They can, of course, be used in conjunction 
with the Product Chart and the Product Cards (see SECTION I,B). 
Also, additional suggestions can be found in Now Johnny Can Do 
Arithmetic (pp 21- 29 and 42- 45) and Volume II of Mathematics with 
Numbers ~n Color. What is essential for teachers to know is that 
the detailed study of crosses and towers can, and should, replace 
totally the traditional rote memorization of the multiplication 
table. If the students know the following ••facts" 

2 X 2 3 X 3 

2 X 3 3 X 5 

2 X 5 3 X 7 

2 X 7 5 X 7 

-- and these will in most instances be acquired effortlessly by 
learners who are asked to undertake the kinds of activities de
scribed in this manual -- and if they have become thoroughly 
familiar with the relationships, transformations and extensions 
that the manipulations with crosses and towers exemplify, they 
will be able to generate all of the remaining facts of the stan
dard multiplication table on their own. 

In fact, they will possess a great deal more than the 
contents of that table . 
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TOPIC: The Cuisenaire Rods - Single-Color Towers: Exponents 

In the previous chapter, towers of rods were introduced 
and some of the topics for study they lend themselves to were 
de tailed. As with trains, specialized towers can be made, 
using only rods of a particular color, and these towers enable 
students to meet additional areas of study, in particular 
exponents and their properties. This chapter deals with some 
of the uses of these single-color towers. 

1. Introduction to Exponents 

As students, working with activities such as those 
given in the previous chapter , produce a variety of towers, 
it can reasonably be assumed that some of these will be made 
up of rods of a single color: three yellow rods, four black 
ones, etc ••• These towers, of course, can be described using 
the language of multiplication already available to the students 
(ex: SxSxS, 7x7x7x7, etc •.• ) but if the number of rods gets 
relatively large 

2x2x2x2x2x2x2x2x2x2x2x2x2x2x2x2x2 

the same awkwardness of expression that arose with long trains 
of rods (see SECTION I, A3 (b)) occurs once again. 

And, as with trains, the need for an alternative mode 
of expression makes itself felt . 

The difficulty is resolved when the suggestion is 
made to count the number of rods in the given tower , and to 
describe it in terms of that number . But since that count 
indicates the number of times the rod is repeated as a factor 
(the tower exemplifying a multiplicative relationship) new 
wording and correspondingly a new notation -- is required . 

If it is noticed that the height of the tower can be 
measured with one or more rods placed vertically, then these 
new forms of expression can be evolved. The rod (or rods) that 
measure the height of the tower can be called its "index" or 
"exponent", and the tower itself replaced by an "L" in which 
the horizontal rod is the "base" (i.e . the rod with which the 
tower is constructed) and the vertical one the power to which 
that base is raised. For instance: 
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I 

Tower 

5 X 5 X 5 X 5 

For the "L" the written notation is read as "five to the 
fourth power". 

I A4(b) 

The students are now able to make any single-color 
tower , convert it to a corresponding "L" and describe what they 
do orally or in writing using the language of exponents. For 
instance: 

2 X 2 X 2 = 23 

3 X 3 X 3 X 3 X 3 = 3 5 

7 X 7 X 7 X 7 = 7 4 

If needed, the students can also be introduced to the alter
native verbal statements for the second and third powers 

can be read either as "two to the third power'' 
or as "two cubed" 

can be read either as "four to the second power" 
or as "four squared" 

and their work with these powers can therefore be assimilated to 
their experiences with the set of cubes and prisms 
(see SECTION I, C). 
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2. Roots 

Once they are familiar with towers and "L's" , the 
students can be introduced to the inverse operation. No new 
awareness is required for this , simply a way of knowing how 
to describe the "undoing" of what was done. 

If starting with a purple rod and building a tower 
three rods high is termed " raising four to the third power" , 
then starting with the tower and " unbuilding" it back to the 
purple rod can be described as "producing the third (or cube) 
root". In writing: 

4 X 4 X 4 = 43 raising to the third power 

3j43 = 4 finding the cube root 

Since the language (and the notation) are regular , 
students will have little trouble using it, and producing 
situations with rods, and verbal or written statements such 
as: 

3 X 3 X 3 X 3 = 34 = 81 

= p = 3 

6 X 6 X 6 = 63 = 216 

10j 1024 = 2 

and so on 

Since most learners seem to derive a great deal of enjoyment 

I A4(b) 

out of their ability to produce '' learned'' writings of this kind, 
they should be given ample opportunity to do so, as part of teacher
led lessons, small - group or individual follow-up work, open-
ended free compositions, etc ••. 
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And the knowledge they acquire is, obviously, most 
important in and of itself, since it enables them to achieve 
mastery of the third fundamental relationship between numbers 
powers/ro·ots -- the other two being addition/subtraction, and 
multiplication/division. 

3. Properties of Exponents 

The towers and "L's" enable a number of basic pro
perties of exponents to be investigated and understood: 

a) If the towers for, say, 3 3 and 3 4 are made and 
placed one on top of the other, it is readily apparent to 
learners that, since the action of placing rods across one 
another represents multiplication, the manipulation can be 
described as: 

I A4(b} 

The height of the resulting tower, moreover (or the vertical 
dimension of the corresponding "L"} is measured by a black rod. 
Thus: 

Similarly: 2 5 x 2 6= 2U 

5 3 
X 5 5= 5 8 

from which a generalized relationship can be evolved: 

b) Likewise, starting with, say, the tower for 37 and 
removing a portion equivalent to, for instance, 34 (four light 
green rods across one another) is described in terms of division: 

The remaining tower is 33. Hence: 

37 .;. 34 = 33 
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And since the relationship holds true for any tower 
and any division: 

c) Consider the tower for 43 • If a second 43 tower 
is placed on top of the first one, the manipulation can be 
described 

either as 

or as 

(it being akin to, say, 4 x 4 = 42) 

But the height of the resulting tower is measured by 
a dark green rod. Thus: 

Inversely 
= 

Again, since the relationships hold true for any such mani
pulation, they can be described in general terms as: 

(am) n = amxn 

and nj am = 

d) 
4
consider the cross for, say, 2 x 3. The tower 

for (2 x 3) will consist of four of these crosses placed one 
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on top of the other. The commutative property of multiplication 
allows rearrangement of the rods in the resulting tower, in par
ticular to the configuration in which all the red rods are grouped 
together, as are the light green ones. Thus: 

And, in general: 



I A4(b) 

-6-

e) Once these properties of exponents have been ex
plored and grasped by the students, a wide range of oral and 
written statements become available to them. To gain facility 
with these, they can be asked, for instance, to write as many 
expressions as they can think of that are equivalent to a given 
exponential statement. Thus: 

I A4(b) 

217 = 28 X 29 = 210 X 27 = 215 X 22 = 224 • 27 = (28)2 X 21 

Of course, expressions such as 

217 = 217 X 20 = 219 X 2-2 = 28~ X 28~ = ••• 

may also be produced, giving teachers a spontaneously-generated 
opportunity for entry into negative and fractional exponents. 

4. Negative Exponents 

Consider the following table of equival~nt notations: 

2 4 8 16 

2x2x2 1 2x2x2x2 

32 

2x2x2x2x2 

25 

What happens when the table is expanded to the left, through 
repeated halvings (since the table is generated from left to 
right through repeated doublings)? The top line can easily 
be evolved: 

~ ~ 1 1 : 2 
I 
I I , 

But what of the second line? Since it was produced by repeated 
multiplication by 2, its "undoing" must be through repeated 
division by 2. Thus: 

I I 
I I 

2+ (2x2x2)12+ (2x2) • 2+2 1 2 
I I I 

I I I 

And the third line? Simple extrapolation of the exponents will 
yield: 

2-2 2-1 20 21 



I A4(b) 

-7-

Thus the notation of zero or negative exponents is 
evolved, and its meaning made clear: 

20 = 2 . 2 = 1 

-1 
2 (2 2) ~ 2 = . X = 

-2 . (2 2) ~ 2 = 2 . X 2 X = 

And, from the table, the relationship between given positive 
and negative exponents can be determined. For instance: 

{ 
4 = 2 X 2 = 2 2 

1 1 2-2 4 = 2 X 2 = 

r: = 2 X 2 X 2 X 2 = 24 

1 -4 = = 2 
16 2 X 2 X 2 X 2 

5. Fractional Exponents 

It is already known that, say 

26 = 2 X 2 X 2 X 2 X 2 X 2 = 64 

and that, inversely 

6[64 = 2 

I A4(b) 



I A4(b) 
-8-

A new, equivalent, notation can be introduced, simply by 

defining 641/6 as another way of expressing 6J64. 

This enables students to produce writings such as: 

4J81 = 81~ = 3 

3J343 = 343113 = 7 

and so on 
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But since they are already familiar with the property of exponents 

and since now a new equivalent is available 

a more complete relationship can be produced 

1 m·-a n = 
m 

a n 

Thus, 64 2+6can now be rewritten in a variety of ways, 

642+6 = 6J 642 = 
2~1 

64 6 
1 

= 642/6 = (64 6) 2 = 

And 643/6 = (641/6) 3 = 23 = 8 

646/6 = (641/6) 6 = 26 = 64 

such as: 

22 = 4 
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. 34 Similarly, from a knowledge of the express~on = 
valences such as the following can be produced: 

81~ = 3 

81 6/ 4 = (81~) 6 
= 

6 
3 = 

3/2 
81 = 

812/ 4 = 81~ 

= 

6. Polynomial Structure of Numerals 

= 9 

3 
9 = 

81, equi-

= 

729 

Knowledge of exponents is the sole key to the under
standing of our system of numeration ("place value") for, in 
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this system, numerals are produced in terms of sums of multiples 
of decreasing powers of a base, i.e. they conform to an ordered 
polynomial structure. That this last statement is complicated 
explains why so many students have difficulty mastering the tra
ditional exercises involving "place value'' that are found in most 
standard texts. 

In our system, 10 is chosen to be the "base" . The suc
cefsive2powe~s of the base, therefore, can be denoted as 10°, 
10 , 10 , 10 , • • . Multiples of these powers can be produced, 
using suitable ''coefficients". For instance: 3 x 1ol (=30), 
7 x 102 (=700), 5 x 10° (=5) etc • •• 

And a numeral is produced by adding together these 
multiples, in descending order of the powers of the base: 

In the shorthand notation, only the coefficients are 
written, their "place value" indicating which power of the base 
each belongs to: 

7 X 102 + 3 X 101 + 5 X 10° = 735 

Finally, when adding or subtracting numerals, it may be nec
essary to "carry" or "borrow", that is, transfer part of a 
numeral from one order of the base to another. An example of 

"borrowing" is: 
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7 X 102 + 3 X 101 + 5 X 10° (700 + 30 + 5) 

6 X 102 + 1 X 102 + 3 X 101 + 5 X 10° (600 + 100 + 30 + 5) 

+ + 5 X 10° ( 600 + 130 + 5) 

It is obvious that these manipulations and transformations 
are lengthy and cumbersome and that, without an understanding 
of exponents and their properties, students can make little 
sense of the traditional algorithms. It is to the teacher's 
advantage, therefore, to sidestep the study of these algorithms 
until students have gained the necessary awarenesses at the 
level of exponents and instead to rely, for development of 
computational skill, on the alternatives presented in SECTION II, 
Cl through C4. 



SECTION I 

AS 

TOPIC: The Cuisenaire Rods - Fractions 

In traditional elementary mathematics course s, the 
topic of fractions is probably one of the most poorly pre
sented . Students are generally introduced to fractions 
through exercises involving the cutting up of various shapes. 
From there they proceed to pictorial illustrations of how to 
operate on fractions, and these in turn lead to a number of 
"rules" about operations on fractions, which have to be memo
rized (ex : to multiply fractions, multiply the tops and bot
toms together) . 

But fractions are not slices of pie, and the diagrams 
used to illustrate operations on fractions (such as the one 
that uses shaded regions of a square or rectangle) are, at 
best, artificial. 

Some of the deficiencies of the traditional approach 
to the teaching of fractions are: 

fractions are presented as special, somewhat "ir
regular" entities, when they are merely a sub-class 
of numbers, and therefore behave like all other num
bers 

with the emphasis on slices of shapes and objects, 
the fractions that lie between 0 and 1 are given 
special significance, whereas in fact there is nothing 
"improper" about fractions greater than 1 

the pictorial representations of fractions, and of op
erations on fractions, whatever their merits when com
mon fractions such as ~ or ~ are used, become quite in
adequate or confusing when less ordinary fractions are 
being considered . For instance, with the following 
standard illustration for 3/2 

c~n students be faulted for thinking that 3/2 of 2 is 
being shown? 
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the notions acquired by learners about fractions, 
as a result of these presentations are imprecise, 
confused and at times mathematically incorrect. 

I AS 

With the Cuisenair e rods, no artificialities need be intro
duced, and the concepts that evolve are well- defined, easily 
generalizabl e, and therefore both mathematically and instruct
ionally sound. 

For fractions can be perceived in terms of two concepts: 
as operators, and as ordered pairs. And it is this duality 
that enables students to understand what fractions are , how 
to operat e on them, and why these operations follow the rules 
that they do. 

The Cuisenaire rods probably constitute the best physical 
materials with which to study fractions, both as operators and 
as ordered pairs. In fact, in schools in which the rods are 
used extensively and well, it is not uncommon to find five and 
six year olds becoming involved in the study of fractions (as 
operators) long before they become acquainted with additions 
and subtractions of whole numbers. It is a "natural", and mani
pulations with rods and verbalizations of what is done with them 
cannot help but lead, in many cases, to the topic of fractions. 

In this chapter, the study of fractions is presented large
ly from the standpoint of manipulations with rods. Operations 
on fractions are developed later in this manual . 

1. Fractions as Operators 

In an earlier chapter (SECTI ON I, A3(b)) fractions were 
introduced as inverses of given multiplicative relationships. 
For instance 

if 2 X 4 = 8 

then ~ X 8 = 4 

This type of relationship serves to define the concept of 
fractions as operators . That is , they "operate" on given 
magnitudes (in the case above , 8) to transform them into 
other magnitudes (in this case, 4). Of course, in the first 
expression written above, 2 was a l so an operator, in fact, the 
inverse operator. 
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These definitions, however, need not be thrust at 
students. If teachers are careful, at least during the 
initial stages, to label the sign x as "of", not as "times", 
the verbal statements that correspond to expressions such as 
the ones above will convey the correct meanings: 

two of the fours equal eight 

one half of eight equals four 

At the level of rods, this type of statement can easily 
be evolved. Looking, for instance, at 

t I 
p I_ _______ J 

and using the white rod as the unit, it is obvious that at 
least two possibilities exist for describing the relationship 
between the two rods. If the brown one is focussed on first 

"eight equals two of the fours" 

and if the purple one is focussed on first 

"four equals one half of (the) eight" 

And, for any similar situation with rods, two such statements 
will be possible. For instance: 

6 = 3 X 2 or 

b 
7 = 7 X l or 

W : : I I I : _...._ _ _. __ L_J __ L_ .. 

This basic awareness can quickly be extended, if the language 
used to describe the fractional relationship is listened to 
carefully. Since, say, one is equal to one seventh of seven, 
two will obviously be equal to two sevenths of seven, three 
to three sevenths of seven, etc ••. 

I AS 
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Once this pattern is established, students have little 
difficulty evolving fractional relationships between pairs 
of rods and expressing these using numerical values. For 
instance: 

y = 4 4 S X S and inversely = s S 4 X 4 
p 

g 

b 
and inversely 

In cases such as these, of course, a number of mental 
steps are ~equired to arrive at the relationship. Taking 
4 = 4/5 x 5 as our example: 

a) Find a common sub-multiple of both the given rods 

the white one 

b) Find a fractional name for that sub-multiple in 
terms of one of the given rods 

w = 1/7 of b or 1 = 1/7 X 7 

c) Work out how many of these sub-multiples fit into 
the other given rod 

y = 5 w or 5 = 5 X 1 

d) Put it all together to produce the fraction-as
operator relationship between the two given rods 

y = 5/7 of b or 5 = 5/7 X 7 
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The description of this process is more complicated than the 
process itself, dnd students have little trouble mastering it, 
once they understand the dynamics involved. And they quickly 
come to realize the consistency of the pattern, and produce 
with great delight a variety of expressions which they know to 
be true, without needing to refer to the rods : 

3 = /o x 10 34 = .H_ X 91 
91 

643 = 643 
12,3S8 

X 12 , 3S8 
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2. Equivalent Operators 

Knowledge of the process, however, is of use when students 
are asked for alternative ways of expressing the fractional 
relationship between two magnitudes. Given, for instance 

24 = 0 X 32 

one possibility which comes to mind immediately is, of course 

24 = 24 
X 32 32 

But are there others? Going through the above process will 
produce: 

a) common sub-multiple: 8 2 4 

b) fractional name for 
this sub-multiple: 1 X 32 J:....x 32 1 X 32 

4 16 8 

c) number of sub-
multiples in 24: 3 12 6 

d) fractional relation-
24=lx32 24=12x32 24=§_x32 ship: 

4 16 8 

Since the various expressions describe the same relation
ship between the same two magnitudes, the fractions evolved 
must therefore be equivalent. Thus 

24 = 2_ X 32 
4 

24 = §_ X 32 
8 

24 = !..?_ X 32 
16 

24 24 = 
32 

X 32 

are all possible ways of expressing the relationship between 
24 and 32. And, if it is noticed that the numbers in the 
fractions double each time, further expressions can be produced: 

24 = ~ X 32 
64 

= 96 24 128 X 32 
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Moreover, since doubling is not the only operation that 
can be performed on the terms of the fractions , and there is 
no reason to suspect that trebling, quadrupling, etc ..• would 
not work as well , more new expressions can be produced. 

For instance, by trebling the terms of 3/4: 24 - 9 32 - - X 
12 

and by quintupling the terms of 6/8: 24 =lQ.x 
40 

32 

and so on. 

I AS 

Thus, the number of possibl e e xpressions becomes limit
less, and the first steps toward the study of families of 
equivalent fractions h ave been taken . When they reach this 
point, the students are ready to meet the concept of fractions 
as ordered pairs. 

3. Fractions as Ordered Pairs 

So far, the language of fractions has always included the 
word "of", in the context of a relationship of one magnitude 
to another : a certain magnitude was a fraction of another mag
nitude. 

Fractions can, however , be defined per se: one magnitude 
as measured by another. Thus , in the following situation 

it can be said that the white rod as measured by the r ed one 
yields the fraction ~- Not w = ~ x r , but the ordered pair 
(w,r), defining which rod is being measured by which, gives 
expression to the fraction called ~ . 

In the same way then, given pairs of rods - - with the 
order of the rods in each pair consistently agreed upon - 
will represent specific fractions . For instance : 

y 

p 

red rod as measured by a light green rod: j 

5 yellow rod as measured by a purple rod : 4 
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These fractions can be arrived at, of course, by re
placing mentally the rods in a given pair by the required 
multiples of the sub-multiple common to both rods . Thus: 

2 of the 3 white rods 

Once the concept of fractions as ordered pairs has been 
introduced, and is assimilated to the experience of fractions 
as operators already at the learners' disposal, the detailed 
study of families of equivalent fractions can be undertaken. 

For the families themselves can be generated with the 
rods, and their properties investigated in detail. Taking 
as our example the family equivalent to 1/3, one way of gen
erating it is: 

---

---

--

(lw,3w} (lr,3r} (lg,3g} (lp,3p} (ly,3y} 

I AS 

The equivalence of the members of the family can be per
ceived readily, since each pair of lengths show a given rod as 
measured by three of the same rods. All the members therefore 
belong to the family labelled 1/3. 
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A second way of generating the same family is: 

dJ 
(w ,g) (2w, 2g) ( 3w, 3g) (4w,4g) (Sw, Sg) 

Here it is the ratio between the white and light green rods 
in the initial pair (the "irreducible" pair) which defines 
the family of fractions being produced. If students are in 
doubt about the fact that all these pairs represent the frac
tion 1/3, they can establish that these are all directly super
imposable upon corresponding pairs as generated by the first 
method. Thus: 

(w ,g) 

(2w,2g) 

(3w,3g) 

and so on. 

is superimposable upon (lw,3w) 

is superimposable upon (lr,3r) 

is superimposable upon (lg,3g) 

Hence both methods serve to generate the same family of equi
valent fractions. The second method, however, yields arrange
ments of rods better suited to the study of how to construct 
families of fractions when starting with the irreducible pair. 
For the consecutive members of the family shown above can be 
seen to be 

w 
g = w+w 

g+g = w+w+w 
g+g+g = w+w+w+w 

g+g+g+g = 
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or , if numerical values are used 

1 
3= 

1+1 
3+3 

1+1+1 
= 3+3+3 

1+1+1+1 
= 3+3+3+3 = 

I AS 

This property of the consecutive members of a family is called 
"equivalence A" and is detailed in SECTION II, CS of this man
ual. 

Yet a third way of generating the members of a family: 

dJ 
(w , g) (r ,d) (g ,B) (p , o+r) (y,o+y) 

Or , if numerical values are used: 

1_2_3_4 5 
3 - 6 - 9 - i2 = 15 = 

This representation enables students to link their present in
vestigation of fractions as ordered pairs to the results of 
their previous work with fractions as operators (such as the 
exercise yielding 24 = 3/4 x 32 = 6/8 x 32 •.• presented ear
l ier in this chapter) • 
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And, once again, since the pairs of rods being generated 
by this method are superimposable upon the corresponding pairs 
as produced by the other two methods,the students will have 
little trouble integrating the three methods. They will readily 
develop the ability to pass from one representation to another, 
either physically with the rods, or virtually by looking at one 
of the representations and evoking the others mentally. 

With sufficient practice at the manipulative level with a 
variety of families, and with numerous opportunities for verbal 
and written expression of what they do with the rods, the stu
dents will acquire a detailed, accurate and functional knowledge 
of fractions. This knowledge will form the basis for their la
ter work, as they develop the understandings and know-hows they 
will need to operate on fractions, with rapidity, accuracy, and 
the knowledge of why they do what they do. 

* * * 

The properties of families of equivalent fractions are 
detailed in SECTION II, B4 of this manual, and equivalence A 
and equivalence M, which provide the keys to operations on 
fractions, in SECTION II, CS and C6 respectively. 
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A6 

TOPIC: Other Uses of the Cuisenaire Rods 

So far, what can be called "basic" uses of the Cuise
naire rods have been presented, dealing largely with the 
study of the four operations and fractions. In this chapter 
a number of somewhat more advanced situations the rods lend 
themselves to are examined. 

1. Factoring and Prime Factoring 

In SECTION I, A3(b) the factors for all lengths from 
white up to orange-plus- light green were evolved, using 
single color trains. The results can be restated in numerical 
terms : 

number factors 

1 1 

2 1,2 

3 1,3 

4 1,2,4 

5 1,5 

6 1,2,3,6 

7 1,7 

8 1,2,4,8 

9 1,3,9 

10 1,2,5,10 

11 1,11 

12 1,2,3,4,6 , 12 

13 1,13 
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The lengths (and therefore, here, the numbers) with 
only themselves and one as factors were termed " prime ", 
the others "composite". Thus, i n the above list, 1,2 , 3 , 
5,7 , 11 and 13 are prime numbers , and 4,6 , 8,9,10 and 12 are 
composite . 

As also described in SECTION I, A3(b) and in SECTION I, 
A4(a) and (b), composite lengths can be transformed into 
crosses and towers of factors. Once the students have be
come quite familiar with the factoring process, and can 
manipulate with ease the equivalent trains, crosses and 
towers for composite lengths, and produce a variety of 
writings (with and without having the rods in front of them) 
such as 

35 5 X 7 

40 = 4 X 10 = 2 X 20 = 5 X 8 

72 = 6 X 12 = 3 X 2 X 3 X 4 = 2 X 2 X 18 

they can be asked to study prime factorization of composite 
numbers in greater detail. 
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For instance, given numbers such as 36, 45, 70, 81, etc ... 
they can be asked to produce any one cross to represent each 
number, to replace any composite length in these crosses by 
its own cross, and to continue the process until the resulting 
towers are made up solely of prime lengths . Thus: 

36 = 4 X 9 = 2 X 2 X 9 = 2 X 2 X 3 X 3 

45 = 5 X 9 = 5 X 3 X 3 

70 = 7 X 10 = 7 X 2 X 5 

81 = 9 X 9 = 3 X 3 X 9 = 3 X 3 X 3 X 3 

As they perform these transformations and compare the 
results they obtain, the students will notice that, irres
pective of the initial cross made to represent a particular 
number, the final tower of prime factors is made up of the 
same set of rods, albeit arranged in different orders. For 
example, 12 might initially be factored as 3 x 4, 2 x 6, 4 x 3 
or 6 x 2, but the prime factorization process will yield: 

12 = 3 X 4 = 3 X 2 X 2 

12 = 2 X 6 = 2 X 2 X 3 
12 = 4 X 3 = 2 X 2 X 3 

12 = 6 X 2 = 2 X 3 X 2 
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If the students are familiar with exponential no
tation, and agree to the convention of expressing the re
sults of prime factorization in ascending order of factors, 
all of the above will ultimately be written as 

12 = 22 X 3 

and, since to any composite number will correspond only one 
such writing, the fundamental fact is evolved that the prime 
factorization of a number is unique to that number (if re
arrangements are ignored). Thus: 

36 = 22 X 32 

45 = 32 X 5 

70 = 2 X 5 X 7 

81 = 34 

and so on 

2 . Highest Common Factors 
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If two or more towers of prime factors for different 
numbers are examined side by side , it can readily be de
termined whether they have any factors in common . For in
stance, in the 2 x 2 x 3 tower for 12 and the 2 x 3 x 5 tower 
for 30, it is easy to note that both contain at least one red 
rod, and also that both contain a light green rod. 

These, quite naturally , can be called "com.."tlon factors". 
In addition, however, both towers can be said to contain the 
red- light green cross in common and , since this is the tallest 
assemblage of rods that forms part of each tower, it can be 
called the "highest common factor". 

Once the students are introduced to this terminology, 
they can be asked to compare a variety of prime towers for 
common factors, and to determine in each case the highest 
common factor (HCF) between the towers. For instance, giv
en 36, 48 and 54: 

number prime tower ex12onential notation 

36 red x red x green x green 22 X 32 

48 red x red x red x red x green 24 X 3 

54 red x green x green x green 2 X 33 
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The highest common factors are: 

HCF (36 , 48) = red X red X green tower = 22 X 3 = 12 

HCF (36,54) = red X green x green tower = 2 X 32 18 

HCF (48,54) = red X green cross = 2 X 3 = 6 

HCF (36,48,54)= red X green cross = 2 X 3 = 6 

With the rods, then, the HCF between two or more prime 
towers is the tallest sub-tower that is contained in all the 
given towers. If the students are familiar with properties 
of sets (for instance through activities such as those described 
for Attribute Blocks/Relationshapes in SECTION I, E) the sim
ilarity between HCF's and intersections of sets will be readily 
perceived. 

Numerically, HCF's can be seen to be the product of the 
prime factors common to two or more numbers, with each such 
factor raised to the lowest power to which it appears in any 
of the given prime factorizations. Thus, given 

number A = m3 x n 7 x q 4 

number B = m x n 3 x q 2 x rs 

HCF (A,B) = m x n3 x q2 

In those cases where numbers have no common factors other 
than 1, the numbers are said to be "relatively prime". For 
instance: 

12 = 22 
X 3 

25 = s2 

HCF (12 I 2 5) = 1 

Thus 12 x 25 are relatively prime, though neither is prime. 
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3. Lowest Common Multiples 

Some of the multiples of, say, 6, 9 and 15 are: 

number multiples 

6 6,12,18,24,30,36, ... 

9 9,18,27,36,45, • .. 

15 15,30,45,60,75, ..• 

A look at this table leads to the observation that some 
of the multiples are common to two or more of the given numbers. 
For instance: 

common multiples (6,9): 18, 36, •.. 

common multiples (6,15): 30, 60, 

Can the "lowest common multiple" of all three numbers 
be found, without indefinite extension of the above table? 
As for HCF ' s, the prime towers of rods for the given numbers 
must be constructed: 

number Erime tower ex2onential notation 

6 red x green 2 X 3 

9 green x green 32 

15 green x yellow 3 X 5 

The LCM will be the shortest tower which can be made 
that contains each of the prime towers produced. The easiest 
way of generating this new tower is first to find the HCF 
between the three prime towers (in this case HCF = green) and 
then to multiply it by all the non-common factors in these 
towers. Thus: 

LCM (6,9,15) = 3 
(HCF) 

X 2 X 

(from 3x2) 

= 2 X 3 2 
X 5 = 90 

3 X 
(from 3x3) 

5 
(from 3x5) 

Again, the similarity between LCM's and unions of sets 
wil l be apparent to students familiar with the properties of 
sets. Numerically, once the students have been given opportu
nities to manipulate towers to determine LCM's, they will come 
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to see that LCM ' s are f ound f r om the exponential forms of 
prime factorizations by taking the highest powers of all 
factors present in any of these prime factorizations. Thus, 
g i ven 

45 = 32 
X 5 

96 = 25 X 3 

162 = 2 X 3 4 

LCM (45, 96, 162) = 25 X 34 X 5 = 12,960 

4. Bases of Numeration 

The rods provide an excellent model for the study of 
this topic, including transla tion from one base to another 
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and computations within any given base . This study is detailed 
fully in SECTION II, A6. 

5 . Further Uses of Interlocking Staircases 

Interlocking staircases have been used for t he basic 
study of complements (See SECTION I , A2 and II, A2) . Here are 
several more uses to which they lend themselves. 

a) Sums of Integers: If two whi te- to- orange stair cases 
are interlocked as shown 

---
~ 

---
~ 

---
~ 

~ 

---
~ 

~ 
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a rectangle whose dimensions are 10 by 11 is formed . This 
rectangle is obviously t wice the sum of the integers from 
1 to 10. Hence the sum of the integers is half the 10 x 11 
rectangle: 

1 + 2 + 3 + 4 + 5 + 6 + 7 + 8 + 9 + 10 = 10 X 11 
2 

If the two orange rods a r e removed , and the staircases re
interlocked, a 9 x 10 rectangle is produced. From this 
arrangement it can be deduced that 

1 + 2 + 3 + •• • + 9 = 9 X 10 
2 

A variety of staircases can be made and interlocked in this 
fashion, and each time a similar expression evolved. In 
general, then, using staircases from 1 to n , the following 
relationship can be arrived at 

1 + 2 + 3 + . . . + n = n x (n+l) 
2 

or, in more "learned" terms 

n 

[ x n . (n+l) 
= 2 

1 

b) Sum of Odd Numbers: If two staircases are inter
locked at right angles to one another 

I 

I 

I A6 
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the resulting configuration can be seen to be made up, when 
starting from the white rod on the corner, of successively 
larger squares: 

D 

22 = 1 + (1 + 2) = 1 + 3 

32 = 1 + (1 + 2) + (2 + 3) = 1 + 3 + 5 

I A6 

102 = 1 + (1 + 2) + (2 + 3) + (3 + 4) + .. 

= 1 + 3 + 5 + 7 + 9 + 11 + 13 + 15 + 17 + 19 

This relationship can be stated in general terms as: 

n~ = 1 + 3 + 5 + ..• + (2n-l) 

Or, if it is noticed that a sum of consecutive odd numbers 
is being produced each time as the equivalent to a square, 
the relationship can be reversed: 

(the sum of consecutive odd numbers from 1 to the nth one 
equals n2) 
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This same relationship can be evolved from a different pair 
of interlocking staircases , containing only odd lengths: 

-

r--

-

r--

-

The resulting rectangle is 5 by 10 in dimension, or 
twice the 5 X 5 square. Thus 

1 + 3 + 5 + 7 + 9 = 2 X 52 = s2 

2 

c) Sum of Even Numbers: If two staircases of even 
lengths are made and interlocked as follows 

~ 

-

-
~ 

~ 

the general relationship that can be evolved is stated as: 

nth 

I E= n·(n+l) 

1 

I A6 
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It is left up to teachers (and students) to develop 
the steps leading to this relationship. 

6. Some Other Interesting Arrangements of Rods 

Here are two visually attractive, and mathematically 
productive, arrangements that can be made with rods . Once 
again, it is left up to teachers and learners to develop 
the relationship these a r rangements yield. 

I A6 



SECTION I 
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TOPIC: The Product Chart and the Product Cards 

The product chart consists of a series of pictures 
representing various crosses that can be made with the rods . 

Thus the picture a ppearing at the left in the 
third row of the chart represents the red/green 

gr cross. Numerically, it represents two threes or 
three twos or six. All products of integers from 
two to ten appear on the product chart. In those 
cases where the product has two different factor 
izations where both factors are less than ten 
(e.g . 24 = 4 x 6 = 3 x 8) the following type of 
representation occurs: 

which is read either horizontally, 4 x 6 = 6 x 4 = 24, or 
vertically, 3 x 8 = 8 x 3 = 24. 

Products are linked on the rows of the product chart by 
doubling. For example, the second row of the chart consists 
of the products 6, 12, 24 , 48 from left to r~ght. A basic 
discussion of the chart appears in Now Johnny Can Do Arith
metic, pp. 21 - 28. 

The product chart contains all the information of the 
usual "times tables" but differs in one crucial aspect. 
The traditional times table consists mostly of products, 
with the factors strung along the sides. With the product 
chart , it is the factors that are always visible while the 
products, although not explicit , are linked by doubl i ng and 
halving. The chart, when distinctly displayed on the wall, 
can be utilized by the teacher (equipped with a pointer) to 
develop a variety of dynamic activities designed to increase 
the students' facility with these products. A few such ac
tivities are detailed here. 

The Product Cards consist of the same 37 products, 
each one being pr i nted on a different card. 
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1. From the rods to the chart and vice versa 

One way to introduce the chart, particularly to 
students already familiar with the rods, is as follows: 

Ask the students to make, say, an orange- plus
purple length (i.e. 14 if the white rod is taken as one), 
then to find the trains of rods of one color that are equal 
to this length (in this case trains of two black rods and 
of seven red ones) • 

The rods in each of these trains can be rearranged 
by the students side-by-side instead of end-to- end, to 
produce two rectangles. These rectangles are congruent, 
and can be represented in turn by a pair of crosses, each 
made up of a black and a red rod. The rods give the di
mensions of the rectangles, and the only difference be
tween them is the order of the rods in the crosses: red 
atop black, or black atop red. 

These crosses represent pairs of factors for the 
original length , and can in turn be replaced by a single 
picture on the product chart: the one with the red and 
black "lunules'' . This picture can be read by students 
from top to bottom ("red times black") or bottom to top 
("black times red") to complete the assimilation to the 
pairs of crosses. 

Thus, what is generated is a series of equivalent 
"languages", both in terms of the materials and in terms 
of the words used to express what the materials show. If 
numerical values are used (white rod = l) the preceding 
series of steps can be summarized as follows: 

Initial length ----->~ Trains of one color 

10 + 4 7 + 7 
2 + 2 + 2 + 2 + 2 + 2 + 2 

Rectangles > Crosses ~ Picture on c·hart 

2 sevens 2 X 7 2 X 7 or 7 X 2 

7 twos 7 X 2 
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It is usually helpful to students, before asking them to 
undertake any other activities, to give them a few oppor
tunities to go from given lengths with the rods to the 
corresponding pictures on the chart. And conversely to 
go from given pictures to the corresponding lengths of 
rods. For instance: 

Picture > Crosses ) Rectangles 

yellow/black yellow/black 5 black rods 
5 X 7 5 X 7 5 sevens 

or or 

black/yellow yellow rods 
7 X 5 7 fives 

Trains of one color > Equivalent length 

black rods end to end 3 orange + yellow 

7 + 7 + 7 + 7 + 7 35 

or 

yellow rods end to end 

5 + 5 + 5 + 5 + 5 + 5 + 5 

These, and related preliminary activities, are described 
fully in Now Johnny Can Do Arithmetic, from the bottom of 
p. 24 to the middle of p. 28. Again, give the students 
sufficient practice with them before going on to other 
uses of the chart and cards . 

2 . Doubling and Halving 

Game (d) described on pp . 27 - 28 of Now Johnny Can 
Do Arithmetic initiates this very important use of the 
chart . Further possibilities are described here. 

a) extending the chart: 

Starting with, say, the first line of the chart, 
which shows the products 
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4 8 16 32 64 

ask the students to continue doubling to the right, going 
beyond what i s printed 

4 8 16 32 64 128 256 512 1,024 . ... 

and then to move left by halving, again going beyond the 
chart 

• •• 1:$ ~ 1 2 4 8 16 32 64 128 256 512 1,024 .... 

This activity not only extends the range of products 
available to the learners beyond those given on the charts 

I B 

and establishes clusters of related products in their minds, 
but it also lays the foundation for later work with fractions, 
exponents (both positive and negative) logarithms etc ... 

Other lines on the product chart can likewise be extended .* 

b) Verbal doubling and halving: 

Ask the students, in rapid-fire fashion, questions 
such as the following, with only the chart to help them form
ulate their answers. 

"Double six" (twelve) (third row) 
"Double, double nine" (thirty-six) (fourth row) 
"Half of half of one hundred" (twenty-five) 
(fifth row) 
"Half of half of double twenty-eight" (fourteen) 
(seventh row) 
"Double half of double half of seventy (seventy) 
(eleventh row) 

Remember that these activities are not primarily compu
tational, but involve rapid visual movement within a given 
row of the chart. A student may know where an answer is 
located on the chart without knowing the short name of the 
product . For instance, if a student knows that 14 = 2 x 7 = 
red/black picture, he can locate double fourteen {2 x 2 x 14) 
two pictures to the right of 14 {seventh row) and read the 
factors of the answer: brown/black or 8 x 7. 

* Except for the eighth row consisting of products 63, 49, 81. 
The vertical lines in this row indicate that these products 
are not connected by doubling. 
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c) Written notation: A variation of the previous 
activity is to ask students first to write down the problems 
as they are given by the teacher and then to work out their 
answers from the chart. Thus, the examples given on the pre
ceding page would yield: 

2 X 6 = 12 
2 X 2 X 9 = 36 
~ X ~ X 100 = 25 
~ X ~ X 2 X 28 = 14 
2 X ~ X 2 X ~ X 70 = 70 

3 • Alqebra 

The relationship of various operations and notations 
can be explored on the product chart. Consider the yellow/ 
orange picture (fifth row). This can be read as: 

"Five tens is equivalent to fifty" 
or 

"Ten fives is equivalent to fifty" 

However, by covering up the orange (this corresponds 
to removing the orange rod from the orange/yellow cross) 
the following inverse statements become possible: 

"Fifty divided by ten is equivalent to five" 
"Fifty has how many tens?" "Five" 
"One tenth of fifty is equivalent to five" 

In written notation the above become: 
5 

10 }50 

50 -:- 10 = 5 

1/10 X 50 = 5 

Find all such statements that can be derived from one 
picture. For instance , consider the green/blue picture 
(tenth row) : 
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3 X 9 = 27 

9 X 3 = 27 

27 3 = 9 

27 9 = 3 

3 
9 )27 

9 
3 )27 

3 X 0 = 27 

9 X 0 = 27 

1/3 X 27 = 9 

1/9 X 27 = 3 

1/3 X 0 = 9 

and so on .•.... 

4. Tapping Games 

These activities utilize known products on the product 
chart to do rapid mental computation and express it in writ
ten form. 

Tap at the orange/orange picture ( = 100 ) twice dis
tinctly. "How much is it?" If the answer given is 100, 
tap at the picture again distinctly two times . ''How much 
is it?" When someone answers 200 the addition interpreta
tion of successive taps has been established. 

Now tap at the orange/orange picture twice and the 
green/green picture (fourth row) once. "How much is it?" 
''Two hundred plus nine or two hundred nine" . 

Ask for a volunteer to tap out 209 a different way. 
Continue this activity finding many ways to tap out 209. 
Various restrictions can be imposed in succession to in
crease the challenge. 

I B 
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Can you tap out 209 without using any pictures 
in the fifth row? 

And also without using any pictures containing 
orange or yellow? 

And also without using any square number (any 
picture with a given color occuring twice)? 

And also without using any picture more than once? 

Of course, this activity is independent of the choice 
of 209. If various signs for operations such as+, -, +, 

2 , x are written near the product chart, other ta'pping 
activities can be introduced. For instance, tapping suc
cessively 

the 
the 
the 
the 
the 
the 
the 
the 
the 
the 

red/yellow picture 
+ sign 
red/green picture 
- sign 
green/green picture 

2 sign 
sign 

yellow/yellow picture 
sign 

red/red picture 

one has created the sentence: 

8 2 X 5 + 2 X 3 - 3 X 3) 2 - 5 X 5] ~ 2 X 2 = 0 
or if the various products are known: 

[(10 + 6 - 9) 2 - 25] + 4 = 0 

Countless such sentences can be tapped or dictated , writ
ten and calculated. 

I B 
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5 . Common Factors; Fractional Relationships 

Let us consider two pictures on the chart: the 
yellow/orange and the dark green/orange (5 x 10 and 6 x 10 
respectively). 

Do they show a common factor? Obviously, ten. With 
the remaining, non-common factors being 5 and 6. 

So what is the relationship between the two products? 
Since one is five tens and the other six tens, we can see 
that 

50 = 5 X 10 = 5 of 6 X 10 = 5 of 60 --
6 6 

or, conversely 

60 = 6 X 10 = --L of 5 X 10 = _L of 50 
5 5 

Thus the two products bear a fractional relationship 
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to each other, expressed in terms of their non-common factors. 

Can we find similar relationships between other pairs 
of products? For instance: 

25 
28 
48 

(yellow/yellow) and 15 
(purple/black) and 63 
(dark green/tan) and 42 

(light green/yellow) 
(black/blue) 
(dark green/black) 

But what of the pair 60 (dark green/orange) and 80 
(tan/orange)? Obviously, 10 is the common factor, and 
6 and 8 the non-common ones. But are 6 and 8 relatively 
prime, or do they have second, "hidden'' common factor 
between them? 

A look at the picture for 6 (red/light green) and 8 
(red;Purple)does reveal this second common tactor 2~ 

Thus, the highest common factor for 60 and 80 is not 
10, as might be presumed from looking at the pictures for 
their products, but 2 x 10, and the fractional relationship 
between them 3/4 or 4/3 (froro the remaining non-common factors 
which, this time, are relatively prime), 
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Try out a few examples, using a sequence of steps such 
as the following: 

Pair of products: 32 and 80 

Figures on chart: 4 x 8 and 8 x 10 

Obvious common factor: 8 

Non-common factors: 4 and 10 

Are these relatively prime? No 

Figures on chart: 2 x 2 and 2 x 5 

Second common factor: 2 

Remaining non-common factors: 2 and 5 

Relatively prime? Yes 

Highest common factor 
for 32 and 80: 2 x 8 or 16 

Fractional relationship: 32 = 2/5 x 80 

or 

80 = 5/2 X 32 

6. The Product Cards 

A full description of some of the games that can be 
played with the product cards is given in Now Johnny Can 
Do Arithmetic, pp. 28 - 29, and on the three or four game 
cards which are included in each pack. Please refer to 
these sources for suggestions . 
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TOPIC: Cubes and Prisms 

SECTION I 

c 

The set of cubes and prisms (sometimes also called cubes 
and squares) is an extension of the set of Cuisenaire rods. 
It contains a variety of pieces which could all be generated 
by bundling rods of a given color together, and whose color 
is therefore the same as that of the corresponding rods. 

Thus the yellow square could be made from five yellow 
rods placed side by side, and the light green cube from nine 
light green rods arranged in three tiers. 

One of the commercially available sets (from the Cuise
naire Company of America) contains only cubes, squares and 
rods. Another, from Educational Solutions Inc, also contains 
a variety of rectangular prisms, for instance the one that 
could be made from four dark green rods arranged in two tiers. 
Which set is used in the classroom is relatively unimportant, 
since any piece not present can be manufactured out of Cuise
naire rods. 

This material, while somewhat less flexible than the rods, 
is neverthelessvery useful, as it extends the range of situations 
that can be produced, and enables a number of new situations, not 
easily presented with rods alone, to be generated. 

Some of these possibilities are detailed here . 

1. Free Play and Empirical Investigations 

As with all manipulative materials , the students' ini
tial introduction to the cubes and prisms is through free play. 
The students are to be given opportunities to construct build
ings and other structures freely, that is, with little or no 
direction on the part of the teacher. What was true of free 
play with the rods applies to this material as well (see 
SECTION I, Al for details). 

Through free play and trial- and-error investigations, the 
students will learn some of the features of the material. For 
instance: 

the basic relationship of the pieces to the rods 

some of the physical properties of the pieces (ex: 
the number of sides, edges and vertices each piece 
possesses) 
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some of the numerical relationships between given 
pieces and corresponding rods (ex: the purple square 
equal four purple rods placed side by side) 

In this way, they will develop a good working knowledge 
of the material, which will prepare them for the study of more 
advanced topics. Of course, if the students do not develop 
this knowledge on their own, the teacher can intervene with 
more directed activities, and ask questions such as: 

why are all these pieces yellow? 

what do we call this piece? Can anyone think of a 
new name for it? 

how many sides does the piece have? and edges? and 
"corners"? 

can you make a building that looks just like this 
piece using only blue rods? or purple rods? or light 
green ones? 

Once basic knowledge of the material is established, more 
demanding questions can be asked of the learners. These in
volve more extensive investigations, which however are still 
largely unstructured and require little beyond empirical mani
pulations to be answered. Here is one example. 

Individual students or small groups are each given a par
ticular piece and are asked to figure out how many white rods 
it would take to produce a block of exactly the same shape as 
the given piece. 

At first, most students will attempt to reproduce the 
piece actually using white rods (and some students seem to 
need the experience of undertaking and completing this task, 
and should be given the freedom to do so). After a while, and 
especially if the given piece is large say, the blue cube 
they will begin to find that the undertaking is too laborious and 
time-consuming, or that there are not enough white rods available 
to complete the construction. 

They will try, therefore, to evolve various short-cuts, 
and substitute other pieces for the white rods: longer rods, 
some of the squares, some of the smaller cubes. In so doing, 
of course, they will have to calculate white-rod-equivalents 
for each substitute, to keep track of the substitutions they 
effect, and to develop a procedure for toting up the white-rod
equivalents of the substitutes, in order to arrive at the answer 
to the original problem . 



I C 
-3-

All these actions taken spontaneously by the learners, 
reflect valuable mental steps and, when elaborated and re
fined in later studies, will yield some of the fundamental 
awarenesses that the material offers. 

In some classrooms, this activity has given rise to a 
group project, in which the students decided to work out the 
white-rod-equivalents for all the pieces in the set. Then 
they tabulated the results of their exhaustive search and 
displayed these on a large mural in a systematic sequence, 
such as from the smallest to the largest: 

white cube 1 

red square 4 

red cube 8 

light green square 9 

blue cube 729 

orange cube 1000 

This undertaking is not essential, but its results can pro
vide ready reference points for later studies. Its execution 
is a matter for each teacher (and his students) to decide. 
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There are many other examples of empirical investigations 
of the set of cubes and prisms beyond those described here. In 
particular the set of activity cards 

Exploring Cubes, Squares and Rods, by J. Trivett (Cuise
naire Company of America) 

can provide teachers and students with many interesting sug
gestions. 

2. Studying Surface Areas 

A challenging activity that helps bridge the gap between 
emptrical investigations and more systematic studies is the one 
that focusses on the surface areas of the pieces in the set. 
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If the imprint made by one side of a white rod (i.e. 
one of its faces) is called arbitrarily one unit of area --
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it is in fact lcm2 -- the students can be asked to determine 
the surface areas of other pieces in the set in terms of that 
unit. 

At first these determinations can be random, each stu
dent or small group working on pieces of its own choice. Once 
sufficient raw data has been collected, the various results can 
be systematized. For instance: 

Surface area of cubes Surface area of sg;uares 

white 6 white 6 

red 24 red 16 

light green 54 light green 30 

purple 96 purple 48 

Some interesting observations can be made about the differences 
between consecutive surface areas in each series, and tentative 
explanations arrived at concerning the reasons why these pro
gress in the ways that they do. 

A useful extension of this activity is to place two pieces 
together in various ways and work out each time the overall sur
face area of the resulting "building". 

For instance, if a red cube is placed on top of a light 
green square, say, in the middle of one of its square faces, 
the total surface area of the building obtained can be calcu
lated in the following way: 

area of cube + 

24 + 

area of square 

30 

area lost from both pieces 
by conta~ 

(2 X 4) 

which is equal to 46 
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But what if the light green square, on one if its 
'' thin" sides , is now placed orthogonally atop the red cube? 
What i s the overall area of this object? 

By a similar calculation: 

24 + 30 - (2 X 2) = 50 

Various questions can be posed, such as : Which arrange
ment will yield the smallest possible surface area? And the 
lar gest? Can this last arrangement be considered a s i ngle 
b ody? What restrictions shall we agree to impose upon our
selves when producing different arrangements? (For ins t ance, 
is it a l lowable to h ave the pieces touching onl y by t hei r 
edges? their vertices?) 

Of course, the study can be made progressively more dif-
ficult by using 3, 4 , 5, pieces arranged in a variety of 
ways. 

3 . Equivalent Volumes 

If the students have evolved the complete set of white
rod- equivalents for the pieces in the set, or even if they 
have only worked on some of the pieces at random, they will 
have noticed instances in which two (or even more, if the 
set they are using contains rectangular prisms) pieces have 
t he s a me white-rod-equivalent. For instance, for both the 
brown square and the purple cube , the value is 64. 

Starting with these observations, they can be asked to 
find all the prisms (constructing with rods those not a l ready 
in the set) that possess a given white-rod-equivalent. 

For instance , if 36 is chosen, the following pri sms can 
be produced: 

a dark green square 
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a prism made up of two tiers of three dark g r een rods 

a prism made up of three side by side trains of two 
dark green rods 

a prism made up of four blue rods side by side 

a prism made up of two tiers of two blue rods 
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a prism made up of two side by side trains of two 
blue rods 

a prism made up of four blue rods end to end 

a prism made up of three tiers of three purple rods 
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If the students are asked to explain why these particular prisms 
are solutions to the given problem, or even to describe the 
solids they have made, they will in all likelihood come to con
sider the dimensions of the various prisms ("this one is 6 white 
rods long, 3 white rods wide and 2 white rods high"). 

And from this, it is but a short step to the realization 
that all the prisms made reflect factors of 36, and to the 
description of the solids in terms of these factors: 

6 X 6 X 1 

6 X 3 X 2 

12 X 3 X 1 

9 X 4 X 1 

9 X 2 X 2 

18 X 2 X 1 

36 X 1 X 1 

4 X 3 X 3 

Hence the connection between the pieces and their dimensions 
on the one hand, and products and factors on the other, is 
made, and the procedure for calculating volumes of rectangular 
prisms evolved. 

4. Tables of Squares and Cubes 

From their study o£ white-rod-equivalents for the pieces 
in the set the students can, by focussing their attention on 
SJ?ecific Hfamilies" of pieces, evolve a great deal of inform
ation about certain types of numerical relationships. Those 
that are most readily available (because of the nature of the 
material) and most fascinating (because of the nature of the 
relationships involved) are the series of squares and cubes. 
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Thus, if the pieces are organized in terms of "color 
families", their dimensions and white-rod-equivalents noted, 
and the results tabulated according to the various notations 
that are available, the following relationships are obtained: 

Color family Rod 

orange 10 

blue 9 

brown 8 

red 2 

white 1 

Square 

lOxlOxl = 102 
= 100 

9x9xl = 92 = 81 

8x8xl = 82 = 64 

2x2xl = 22 = 4 

lxl [xl] = 1 2 = 1 

C~e 

lOxlOxlO = 10 3 = 

9x9x9 = 93 = 729 

8x8x8 = 83 = 512 

2x2x2 = 23 = 8 

lxlxl = 13 = 1 
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1000 

Note that, if students have not met the notation for powers by 
the time they are working on activities of this type, the set 
of cubes and prisms offers an excellent opportunity for its 
introduction in a most natural manner, the names of the pieces 
(orange square, orange c~e) providing the language to which 

the notation refers (102, 10 3). 

The squares and c~es of the first few numbers constitute 
important signposts, and the activity described here is there
fore basic. For the links that are established between integers 
and their squares and cubes can form the core for a host of othe 
relationships, obtainable through various equivalences and trans 
formations, and thus can become handy reference points for both 
mental and written computations. 

As the students generate the table of squares and c~es, 
they need to spend time studying it (even making large-scale 
versions of it for classroom display) until the relationships 
it contains are very familiar to them. 

A useful extension of this activity is the study of the 
differences between consecutive squares or cubes, and of the 
differences between those differences. Thus: 
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o2 = 0 03 = 0 
1 1 

12 = 1 2 13 = 1 6 
3 7 

22 = 4 2 23 = 8 14 
5 19 

32 = 9 2 33 = 27 18 
7 37 

42 = 16 2 43 = 64 24 
9 61 

s2 = 25 53 = 125 

This study is taken up in greater detail in SECTION II, A8. 

5. Identities 

a) For a given triplet of rods (say , purple, dark green 
and orange) the basic relationship can be expressed as : 

p + d = 0 
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6 

6 

6 

But what is the relationship between the squares of these 
magnitudes? Taking a purple, a dark green and an orange square 
from the set, and placing the two smaller squares on top of the 
larger, it can be seen immediately that 

since a certain portion of the orange square is left uncovered . 
Can this orange portion be defined? If the two smaller squares 
are shifted so that they are flush with two opposite corners of 
the orange one, the situation will look like this: 

. . . . . 
. . . . 

0 •• • • . . . 

• • 0 • • . . . 
. .. . . . . .. 

. . . 0: · •. . . 
... • ••• : • •• :. : 0 •• 

• • • t ••• : • ••• • • 

0 •••• • • . . . 
0 •• .. • ... 0 • 
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Two orange rectangles are now visible. The dimensions 
of each rectangle are easily seen to be d and p, and the 
relationship therefore becomes: 

But, since the orange rod is the sum of a dark green and a 
purple rod (o = p + d) the relationship can be expressed as: 

(p + d)2 = p2 + d2 + 2 pd 
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And, when different triplets are used (for instance b + r = B) 
the same relationship is evolved each time, so that what is 
found can come to be expressed in general terms: 

b) If the purple square is now moved so that it is now 
flush with the orange one as shown 

a new relationship can be evolved. It is obvious that the 
first tier (the "ground floor'' ) is equal to o2 + p2, and 
the second tier to d2. It is also obvious that 

d2 < 02 + p2 

the difference being that portion of the ''ground floor" not 
covered by the dark green square. That difference can be 
perceived as being made up of two rectangles, as shown 
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p2 

0 

d2 

---·----

with the d imen s i ons of each rectangle being o a nd p. The 
relationship therefore becomes: 

But , since d = o - p , the r elationship can be expressed as: 

(o - p)2 = o2 + p2 - 2 op 

And, since once again the relationship hol ds true for any 
triplet, it can be expressed generally as 

(a - b) 2 = a 2 + b 2 - 2 ab 

I C 

c) The identity evolved in (a) above can be e x tended to 
the sum of mor e than two e l ements. For instance, the square 
of the sum of three e l ements can be exemplified by the follow
ing situation 

I 

I 

y2 
I 
I 
I 
I 
I 
I ------

r2 

--------
I 
I g2 I 
I 
1. 
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in which o2 is seen to equal 

y2 + r2 + g2 + 2 ry + 2 rg + 2 yg 

But since 0 = y + r + g the relationship can be expressed as: 

(y + r + g)2 = y2 + r2 + g2 + 2 ry + 2 rg + 2 

And, since it holds true for all such situations, it can be gen
eralized into: 

(a+ b + c)2 = a2 + b2 + c2 + 2 ab + 2 be+ 2 ac 

d) If a square is made with ten orange rods placed side 
by side, and a dark green square is placed on top of it , the 
question can be asked: What is the difference between the two 
squares equal to? 

Obviously, that difference is given by the orange portion 
still visible. If the four whole orange rods are rearranged 
as shown 

the orange portion now forms one long rectangle, whose dimen
sions are seen to be (o t d) and (o - d) respectively, Thus: 

= (o + d) (o - d) 

And since the relationship holds true for any pair of squares, 
it can be generalized into: 

= (a + b) (a - b) 

yg 
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6 . Factors, Products and Fractions 

One of the most versatile activities that can be under
taken with the set of cubes and squares is the study of the 
relationships between the pieces in terms of multiplication, 
division and fractions. The variety of expressions reflect
ing these relationships that can be evolved is almost endless , 
and the computational and mathematical skill developed by 
learners as a result of this study is most useful. 

For instance, using the orange "family" o f pieces and 
relating them to one another in various ways, yie lds ex
pressions such as: 

100 = 10 X 10 = 102 

1000 10 = 10 = 102 

1 
100 X 1000 = 10 = 1 

10 

2 X 100 = 20 X 10 

And if the yellow 

25 = 5 X 5 = 5 
2 

125 = 

2 
5 = 

5 X 5 X 5 

1 
if 

X 

= 2 X 102 

(rk X 

" family" 

= ( 1~ t 
= 5 X 25 

1000 = 10 X 10 X 10 = 10 X 102 = 103 

X 100 = 3J 1000 

2 2 
= X 1000 = 2x (3jlOOO) = 10 

1000 ) X 2 X 10 X 10 

of 

= 

pieces is included as well: 

5 X 52 = 53 = ( 1~ )3 

3 
5 = 1 

8 
X 
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100 = 4 X 52 = 4 X l X 53 
5 

-13-

= 125 - } X 1 
8 X 

I C 

500 = 4 X 53 = 20 X 52 = 2x 
3 2 
~ 1000 + 12 X !_X 125 = l X 103 

5 ~ 

1000 . 125 = 8 4oo · 52 = 16 875 125 = 7 

and so on 

The richness of the study is such, since each piece can be 
given a wide variety of names by comparing it to another piece 
and by expressing the relationship in any of numerous available 
ways, that each learner can come up with at least one expression 
that is different from all of his classmates ', and the degree of 
originality and creativeness permitted with this type of exercise 
is an excellent motivating force, beyond its obvious effective
ness as a mathematical activity . Just by looking at given pieces 
and substituting mentally one name for another enables learners 
to generate expressions that may not have been thought of by 
anybody else. 

7. Naming "Buildings" 

This activity gives students good opportunities for rapid 
mental calculations , mostly using addition and subtraction. 

Starting with, say , a lellow cube, ask the students for its 
white- rod- equivalent. ~25j 

If a yellow square is placed on top of the cube, what is 
the white-rod-equivalent now? ~5~ 

And if three orange squares are placed under the "building"? 
[450] 

And the orange cube underneath it all? (1450] 
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Now remove one of the orange squares. [1350) 
another one. (125~ Add a li$ht green cube on top. 
Remove the yellow cube. ~02~ Add three blue rods. 
Now add a black cube. [1397) And so on. 

Remove 
[1277] 
[1054] 

I C 

This exercise, to be at its most efficient, needs to be 
carried out as quickly as the students are able to compute 
mentally. With practice, they will reach the point where they 
will need only a second or two to work out the white-rod-equi
valent for each "building" that is produced, even when "carry
ing" or ''borrowing" is required. 

And since the exercise will deal mostly with relatively 
large numbers (hundreds and thousands) the computational skill 
students develop is not limited to one or two digit numbers 
alone. 

* * * 

These are some of the uses the set of cubes and prisms 
lends itself to. There are many others, and teachers are in
vited to develop them, both because the material is so rich in 
possibilities and because the needs of the individual learners 
in their classes must be met with creativeness, versatility and 
precj.,sion. 
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TOPIC: Geoboards - Empirical Work; Classifications 

Geoboards are another example of powerful, multi
valent materials that enable students to acquire and un
derstand a great deal of mathematics (in this case ele
mentary plane geometry) . They consist simply of wooden 
or plastic boards on which nails or pins arranged in some 
regular pattern have been placed. Equally simply , they 
are used by stretching colored rubber bands over the pins. 

A variety of geoboards are available from a num
ber of publishers and distributors. The most common, and 
the most useful, are 

the 25-pin geoboard, with the pins arranged 
in a 5x5 square lattice 

the 12-pin geoboard, with the pins arranged 
regularly around a circle 

Other, somewhat less multi-valent geoboards that can also 
be used are : 

the 9-pin square lattice geoboard (3x3) 

the 16-pin square lattice geoboard (4x4) 

the 8-pin circular geoboard (octagon) 

the lO~p~n circular geoboard (decagon) 

Some other geoboards are produced with a multitude of pins. 
These are to be avoided, as they were designed wi th little 
understanding for the uses of the material , and are quite 
without merit. 

In this and the next three chapters , the 25-pin and 
the 12~p±n geoboards are studied i n some detail. 

1. Preliminary Investigations 

For students who have never worked with geoboards, 
it is probably best to introduce them to it by giving them 
some opportunity for free play; letting them stretch rubber 
bands at will to produce geometric figures , designs, patterns, 
etc. In many ways th±s stage can be considered as analagous 
to the free play stage with the Cuisenaire rods. 
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It may be worthwhile to have the students explore 
the various figures that can be produced on the geoboard 
and learn the various labels associated with them: line 
segment; triangle, quadrilateral, trapezoid, parallelo
gram, rectangle, square, rhombus, pentagon, hexagon, .. . , 
polygon; right-angled isosceles, equilateral; diagonal, 
vertex, side, etc. 

This stage of familiarization and labelling need 
not be under~aken in a formal traditional manner, with 
students being asked to memorize all the figures and their 
names, but in a fluid, functional way. As the students 
stretch rubber bands at random during their free play 
sessions, and produce various figures, the students can 
be introduced to the appropriate labels. 

At this point it would be productive for the 
teacher to make a list of attributes of shapes, lines, 
angles, etc. From this list those attributes to be foc
ussed on can be selected and identified through labelling 
and classification. Of course, student research may force 
deviations from the initial plan, but just to have such a 
list will serve the teachers well. 

An interesting activity to introduce at this time 
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is to ask the students to make a triangle with a single 
rubber band and then to produce a succession of other fig
ures from it , each time transforming one figure into the 
next with a minimum of re- stretching of the band. In this 
way relationships between figures would be evolved naturally 
and dynamically, even if their labels and properties are as 
yet unknown to the learners. 

2. "How Many" Activities 

A wide range of "how many" activities are available 
and some are yet to be invented for use on the 25-pin gee
board. These activities have the advantage of being open
ended, yet if chosen with care, can focus on specific at
tributes to be studied. Consider the following examples: 

a) How many squares can be made on the 25-pin 
geoboard? (Each square to be made with one rubber band only) . 
rhe focus o~ this exercise is not only on the square as a 
s~ecific shape,but also on the ability to organize and sys
tematize the search, thus producing certainty in the results 
obt~ined~ Auxiliary questions can also be asked: which is 
the smallest square that can be made? the largest? Which 
have sides aligned with those of the geoboard? which do not? 
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b) How many 3-nail triangles of"different" shape 
can be made? (A 3- nail triangle has no interior nails 
and no other nails which touch the rubber bands except 
those at the vertices). The focus of this exercise is 
suprisingly not on triangles, but on the property of~-

_.i: lari=ty:. Co"'~rt'- e,....Q.. 

c) .Iow many line segments of different lengths 
can be made? (A more advanced study would involve find
ing the lengths of these segments) . 

d) How many non-square rhombuses can be found on 
the geoboard? 

I Dl 

Note: With each of these examples, the 
question could be asked; How would we know when we have 
found all the possibilities? In other words , how do we 
know that the search has been completed? And this quest~ 
ion can lead to very interesting attempts at classification 
and systematization, and result in important mathematical 
insights being gained. 

e) How many triangles of any shape or size can 
be found in the following patterns? 

. . 
L\ v . . 

1'\ /1\. v . lX . . 1/ 1/1'.. . 
I'\ I' I'\ v . :L " . . 1/ V''\ . 

. . . . . . ~ . . . 

. . . . . . . . . . 

3, Developin9 Geometric Perception 

Before being asked to do more advanced work , it is 
essential that students be given the opportunity to develop 
and sharpen their perception of geometric shapes. Since 
the activities with the geoboard depend to a great extent 
not on "rigorous" proof, but on intuitive, visual or per
ceptual considerations the students must be able to see 
figures, relationships, dynamic transformations and the 
like. Simply to assume that they can do it can lead to a 
reduction in the effectiveness and diversity of later ex
plorations. 
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One activity designed to develop this perception 
is to ask students to reproduce given figures or designs. 
With each student having a geoboard , the teacher produces 
a figur e on his own geoboard out of the students' sight, 
shows it t o them for a pre-determined period of time, then 
a s ks them t o reproduce it "from memory" . Once they have 
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ma de what t hey think are faithful reproductions of the 
original , it is shown to them again so that they can actually 
compare it against their own . Obviously , there are two fac
tors that determine t h e difficulty of the exercise: the 
complexit y of the original figu re and the amount of time 
that students are allowed to study it. 

At first the students may be given relatively 
simple figures to reproduce and a fairly long look at them 
(say up to 30 s econds) : 

. . . . . . ./'. . . . . 
"' 

. . . 
'\. / ( :-.. 

~ 
. . /. "' . . 

. ~ ,_/ . . . . :.... t> ·J . . r": . 

. . . . . . \..- ---: . . 7 !'\:" 

. . . . . . . . . . . . . . . 

As their power increases, the time can be reduced to as 
little a s 5 to 10 seconds , and the complexity of the fig 
ures increased: 

. I~ ........ . . 
\ . . . . 

< · f> 1-;-- t/" 
. r'< . < . 

·~ . . . I ..I' . \ [7; . 
. . . l> 1\ • 1\1' [/. . 

\.-v . . . L ll . . 

Of cou r s e, as the exercis e is being carried out, a number 
of questions arise: what constitutes a faithful reproduction? 
does a figure s maller o r l a rger than the original make a valid 
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reproduction (similarity)? what about differing orienta
tions? mirror images? rotations? 
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These are all questions fundamental to the develop
ment of geometric awareness and the students must be given 
time to come to grips with them, to consider them, to dis
cuss them and to arrive at some solutions -- such as using 
given frames of reference, evolving axes of symmetry or ro
tation, ascribing arbitrary coordinate values and directions 
to two-dimensional Cart esian planes, and studying various 
types of transformations and invariances (similarity , pro
portionality, rotati on , reflection , translation, congruence, 
etc ..• ) . 

4. Classification 

Much of geometry is concerned with studying properties 
of specific categories of shapes. Such studies must necessarily 
be preceded by classifications of angles, shapes, etc. ac
cording to some specific set of attributes. The 25-pin gee
board is an especially appropriate tool for the investigation 
of some of these classifications. The following table lists 
a few of the more common classification schemes. One of these, 
the one marked (*) is discussed in detail here. 

Classification of Attribute used Labels derived 

(i) polygons size and shape congruence 

(ii) polygons shape similar 

(iii) polygons number of sides triangle 

quadrilateral 

pentagon 

hexagon 

(iv) angles size acute angle 

right angle 

obtuse angle 
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Classification of Attribute used Labels derived 

(v) triangles angles acute triangle 

right triangle 

obtuse triangle 

equiangular triangle 

(vi) triangles sides scalene triangle 

isosceles triangle 

equilateral triangle 

(vii) quadrilaterals angles and sides square 

rhombus 

rectangle 

parallelogram 

(viii) quadrilaterals* diagonals square 

rhombus 

rectangle 

parallelogram 

Classifying quadrilaterals according to properties of diagonals: 

On a geoboard place two line segments which bisect each 
other, such as the following : 

. . . . . . . . . 

. 
' L..:-~ -f...;- ' ~ . "\. 

. 
I . . 

. 

"' 
! . . . 

. . . . . . ·/ ' . . 

. . . . . I . ~ . 
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What is the most specific name of the quadrilateral 
defined by these diagonals? (parallelogram). Repeating the 
exercise while placing progressively greater restrictions on 
the diagonals produces more and more "regular" types of 
quadrilaterals: 

Restrictions on diagonals Quadrilateral produced 

mutually bisect parallelogram 

mutually bisect, perpendicular rhombus 

mutually bisect, equal rectangle 

mutually bisect, perpendicular, equal square 

The following diagram illustrates the results of this 
exercise : 

I Dl 

Properties of diagonals Labels Standard definitions 

mutually bisect 

mutually 
bisect 

perpendicular 

mutually 
bisect 

equal 

mutually bisect, 
perpendicular, equal 

parallelogram 

rhombus rectangle 

square 

opposite sides 
parallel 

4 equal 
sides 

4 right 
angles 

4 equal sides, 
4 right angles 

Of course, the exercise can also be undertaken using a 
property of diagonals other than mutual bisection. Here are 
a few of the possibilities: 

only one diagonal bisects the other 

the two diagonals are perpendicular to each other 
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the two diagonals are equal in length 

the two diagonals do not intersect each other 

For each of these possibilities, the exercise is initiated 
through the most general example of the given property of 
the diagonals and , with the gradual introduction of more and 
more restrictions, progressively more "regular'' quadrilaterals 
are produced. Thus a variety of kites, trapezoids, and a 
number of interesting quadrilaterals with no specific names 
are generated , in addition to those obtained in the exampl e above. 

For instance, the first of the given possibilities 
might be evolved as fo l lows: 

one diagonal bisects the other 

one diagonal bisects the other; both diagonals equal 

one diagonal bisects the other; both diagonals equal 
and perpendicular to one another 

Al so, the last of the possibilities given above is quite a 
challenging one, but can lead to some interesting results . 
Teachers are advised to try working it out on their own before 
asking their students to undertake it . The same holds true, 
of course, for most of the activities presented here and in 
the next three chapters. 

* * * 

Additional activities and suggestions for empirical work 
with geoboards may be found in the following books and sets 
of activity cards: 

Geoboard Activity Card Kit, by John Trivett 
(Cuisenaire Company of America) 

Mathematics on the Geoboard , by John Nirnan and 
Robert Postman (Cu1senaire Company of Ameri ca) 

Geoboard Geometry , by Caleb Gattegno (Educational 
Solutions Inc.) 



SECTION I 

D2 

TOPIC: Geoboards - Study of Areas and Perimeters 

If the smallest distance between two contiguous nails 
on the 25-pin geoboard is called one un it of length, then 
the square that c a n be made wit h this length as its side 
will be one unit of area. 

Once this basis is established, s t udents can be asked 
to undertake a large number of activities that focus on the 
study of areas and perimeters of two-dimensional figures. 
Some of these activities are related to the possibilities 
that the rods, the cubes and prisms , and other manipulative 
materials lend themselves to, and the connection can either 
be made explicitly by the teacher, or left to the learners 
to develop on their own (see , in particular, SECTION I, -C 
and IV, Al). 

l. The Study of Areas 

a) Areas of Rectagons: A rectagon is any shape formed 
by combining unit squares along shar ed sides (technically a 
rectagon is defined as a simple closed pol ygon all of whose 
vertices contain either an internal or external right angle). 
Thus 

. 
l 1 

I I . L h r ~ . r _J L I 
r _J ' I 
I J . . 

these figures are excunples of rectagons. 
Their areas can be computed easil y in terms of the unit square. 
The examples shown here, for instance, have areas equal to 3 and 9 
units respectively. And, since an almost limitless variety of 
rectagons can be produced on the geoboard, the students will have 
ample opportunity for finding areas of relatively "regular" 
shapes before being asked to tackle more complex problems. 
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A number of corol l ary questions can be asked at this 
stage . For instance: 

is this a rectagon? why/why not? 

. . . . . 
. . 

l . 
. . ~-..U . 

. . . . 

how many differently shaped rectagons can you make 
whose are a is 2? 4? 6? 

how many different rectangles can you make on the 
geoboard? what is their area each time? 
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This type of question not only develops the students ' conc ept 
of area, but other geometric perceptions as well, as they have 
to decide , for instance , what constitutes "difference" between 
two figures , and their decisions will bring to the fore con
cepts such as congruence , axes of symmetry , orientation etc • .• 

For some of these as well as for many of the subsequent 
activities with the geoboard , students may feel the need to 
keep records of the shapes they produce . A sheet showing a 
series of 25-pin grids may therefore prove useful . Such 
sheets are available commer cially (from the Cuisenaire Company 
of America) or can easily be made on a spirit master and du
plicated at will . 

The students may also feel the need to describe orall y 
the figures they produce. For this purpose , a convention 
for labelling all the pins of the geoboard may be established 
in the classroom. The most common practice is to use A, B, C , 
D and E horizontally, and 1,2,3 , 4 and 5 vertically , and label 
~ach pin with an appropriate letter/numeral combination . Thus , 
the following rectagon 

~:. . . . 
l r- . . 
. . . 

. . 
. . . . 
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wouldbe described verbally as Al- Bl- B2 - C2 - C4- A4. 

2 . Areas with Half Units 

If • c=J has been defined as having an area of one unit, 

then ~ will be seen to hav e an area of half a unit. This 
new element allows the areas of a large class of new shapes to 
be determined. For instance 

. . 0 . . . 0 . . . . . 
. r ~ . . . . . . . . . 

~ 
. . 

. I ~ . . . 
~ 

. 
~ ~ ~ ~ 

. 0 . . . . . ~ ~ . . IV . . 

. . 0 . . . . . . . 

all of these shapes have areas of 1~ units. 

Again, students may be asked to undertake finding areas 
of a great variety of figur es, and to investigate questions 
such as: "How many shape s can you make whose area is 2?" 
The number o f figures that can be produced in answer to this 
question is larger than migh t be e xpected, and these include 
a square, a rectangle , a parallelogram, a trapezoid, an isos
celes right triangle as well as a variety of o t her figures 
with no particular name. 

3 . Areas of Other Shapes 

Once the idea of finding the area of a certain triangle 
by halving the area of an "easier " shape (usually a square 
or a rectangle) has been evolved , certain other basic trian
gular figures can be made part of the reper toire of shapes 
whose areas are well known. These include 

. . . . . . . . 

. I . . . . . 
~ 

. . 
L •f . . . . < . . 

L - . . . . . I~ . . 
. . . . . . . . . 

area = 1 (~ x 2) area = 1~ (~ x 3) area = 1 (~ x 2) 
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And, with this knowledge at their disposal, the students can 
be asked to find areas of q u ite complicated figures. As they 
do so, they will develop three basic approaches to the problem. 

a) By duplation, as was done above, they will be able to 
determine the areas of f i gures such as that of the triangle 
shown below. 

. ,- . 

. • j . 
I . 
1 . . 

. ;J . 

. l_ . . 

Since the area of the rectangle is 4, the area of the triangle 
mus t be 2 un its. 

b) By partitioning a given s hape into smaller ones whose 
areas are known, they will be able to reduce seemingly compli
cated shapes to a col lection of basic parts: 

. . . . . 

. . 
1/ / 

. / 
1/ 

. . / / 

. . . . . 

The area of the given shape can be seen to equal 4 units. 
Even quite elaborate shapes can be handled in this fashion. 
Thus 

. 
~ . r ~ 

( ~ . 1/ 
L z . < . 
/ ' 
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can be par titioned int o 

. 
' v 
r-~A 

( ~4 -- r; 
L ~ ' I ~< . 
j r t\. 

from wh ich the area of the original shape can be determin ed: 

are a A = 3!; units 

area B = 3 units 

area c = 4!; un i ts 

total = 11 units 

c) By enclosing a shape whose area cannot be found by 
eit her of the previou s methods , i ts a r ea can be determined. 
For instance, the area shown below can be enclosed in a large 
rectangl e: 

. . . . 

...... ~· 
. . . 

........ 

~ ~ . . 
........ 
~ . . . . 

. . . . . 

The area of t he rectangle i s easil y determined , as are the 
areas of the various portions of the r ectangle outside the 
given shape : 

. . . . . 
~ 

~--- :-~ ~ 
I ........ ~ 

. . . . 

I D2 
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Hence the area of the given shape is 

8 - (1 + 2 + 1 + 1 + 1~ + ~) = 8 - 7 = 1 

4. Developing Standard Formul as for Calculating Areas 

a) Rectangles : Comparisons between the dimensions 
of a variety of rectang l es that can be made on the geoboard 
(remember that the distance between two contiguous nails was 
defined as one unit of length) and their areas (which can al
ways be determined easi ly) will lead students without much 
diffi cul ty to the simple formula that relates them 

A = b X h 

where b is the length of one dimension (the base) and h the 
length of the other (the height) • 
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Familiarity with this relationship can become the basis 
for a number of interesting investigations which , as with most 
such e x tensions, take the students beyond the immediate level 
of the geoboard. For inst ance : 

if you had a very large geoboard with a great many 
nails, what are the possible dimensions of rectangles 
whose area is 60? (study of factoring) 

what are the areas of the following rectangles? 

2 3 
4 

(study of fractions , decima l s , properties of exponents) 

1.7 ~------------------~152 
3 . 1 

what dimensions o f a rectang l e would yield an area of 

x 2 + 3x + 2? (study of pol ynomial factoring) 
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b) Parallel ogr ams: Consider the following parallelogram: 

1/ 1/ 
L / 

It can be transformed into a rectangle by moving triangle I 
to position II: 

• . . . . 
. 

,1 
. 

~ u ~· [I . 
. . . . 

. . . . . 

Because the transfor mation involves equal areas, the area of 
the rectangle obtained is equal to the area of the original 
parallelogram. Since any parallelogram can be transformed 
into a rectangle in this manner, the formula for finding the 
area of a rectangle wil l a l so yield the area of any parallelo
gram constructed by translation of a traingle. 

If students need further manipulations on the geoboard 
to convince themselves of this fact , the following exercise 
can be proposed: Start with any rectangle such as 

. . . • . 
.~ I 

. . 
I I . . 
. . . . . 
. . . . . 

and produce as many parallelograms as you can by moving two 
of its adjacent vertices sideways by the same distance each 
time: 
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Is it true that in each case the area that is being "lost'' 
on one side is being "gained'' back on the other? Therefore, 
are the areas of all the parallelograms equal, and equal too 
to the area of the initial rectangle? 
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Once perceived and generalized, the relationship that is 
evolved can be stated in a formal way as: all parallelograms 
on a given base and between the same two parallels are of equal 
area, that area being the area of the rectangle constructed on 
the given base and between the two parallels . Thus, for all 
parallelograms, the formula 

A = b X h 

will apply as well. 

c) Triangles: Since triangles were produced in pre
vious activities whose area was half that of a corresponding 
rectangle, it seems reasonable to postulate that the formula 
for triangles would be 

A = ~ X b X h 

Is this always true , however? 

Again , let us consider a given rectangle on the geoboard. 
A triangle whose area is half that of the rectangle can readily 
be made: 

. . . r· 
. I v . . , 

I . . . if 
. . . L ~ 
. . . . . 
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What if one of t he ver tices of the triangle was mov ed 
sideways (i.e. along a row of nails parallel to the base of 
the triangle)? Each of the new triangles can readily be seen 
to be half of a particular parallelogram: 

~ ' \ • 
' ' \ , ~ \ v . '~ ,, . . ' ' ~~ ~ ~ 

. . . >~~ 

. . . . 

But, as was found above, the areas of these parallelograms 
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are equal, and equal also to the a rea of the initial rectangle. 
Thus the triangles produced are all equal to one another in 
area, and the general formul a for determining this area is in
deed given by 

A = ~ X b X h 

5. The Study of Perimeters 

a) Perimeters of rectagons: Perimeters of rectagonal 
shapes can be found easily by students. Al l that is required 
is to add the number of unit lengths on the boundary line of 
any figure that is made. Thus 

-- . I . . 
L - . 

-- . . 
. . 
. . . . 

The perimeters of these rectagons are 6 and 10 units respectively. 

Two interesting studies can be undertaken by students at this 
stage: 

~- they can be asked to find as many different rectagons as 
possible having an area of, s~y, 6 units, and determine 
their perimeters in each case 
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they can be aske d to find as many rectagons as 
possible having a perimeter of, say, 10 units, 
and determine their areas in each case 

I 02 

These exercises, at the very least, will provide illustrations 
of independence of areas from perimeters (and vice versa) • 
And, if the students wish to look into the matter in more de
tail, they can develop some interesting graphical relationships 
between perimeters (of the form, say, 2a + 2b) and areas (ab). 

b) Perimeters of other shapes: Before a greater variety 
of perimeters of shapes can be investigated,measures, in terms 
of the unit length, of some of the line segments that can be 
made on the geoboard, need to be determined. For instance, 
what are the lengths of the following line segments? 

. 
/ / . . 

/ L v . 
~ 

, . . . 
. . . . . 
. . . . . 

The squares on each of these segments can be made, and 
their areas determined: 

These are 2, 5, and 8 units of area respectively. 
fore, the measures of the line segments will be ~ 
and J8. 

There-
JS 

Thus, the perimeter of a figure such as the following 

. r I- . . 
< . . . 

....... 
~ . . 

. . . . 
. . . . . 
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can be given as 1 + 2 + J5 + J3. And i f the students know 
how to f i nd appr o x imate values for the radical s (ex:JS~ 2. 2 4, 
.f3~ 1. 73) , r e asonable estimations of the perimeters of shapes 
such as the one shown abo ve can be a r rived at. 

The Pythago rean theorem (see SECTION I , D3) can also be 
used to determine the meas ure of some line segments. For 
instance , in the tri angle 

. 
1 ...-. 1,... ~ . . 

. . . . . 

. . . 

. . . . . 

it can be seen that the length of the hypotenuse is given by 

H2 = 42 + 12 

H = Jl6 + 1 

= 17 ~ 4.12 

Once the measure of a variety of line segments has been 
established , exercises such as t h e following can be undertaken: 

What is the perimeter of these triangles? 

. ,..... . 
" 

. . . . . . L\ . 
1/ . ........ 

> . 
. . I / v. . 

. V· ~ . . 
'I . . "' 

. 
. . L ~\ . / . . . 

. ~ . . . 7 r\.. ~ .......: . _\: 

. . . . . . -... 
1-:- -1 

As is done often in this manual, the answers to this 
last problem are left to teachers and students to work out 
on their own. 
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TOPIC: Geoboards - Some Basic Theorems 

It bears repeating that the geoboard yields visual 
and intuitive demonstrations of theorems rather than " formal" 
proofs. These demonstrations are convincing in their clarity 
and elegance and cover a wide range of theorems , some not 
found in traditional text s. Below are detailed a few such 
examples . Other exampl es can be found in Geoboard Geometry 
and Mathematics on the Geoboard. 

1 . Diagonals of a Polygon 

Make a pentagon on the geoboard and put in the diagonals 
with other rubber bands. (A functional definition for 
young students of a diagonal is a line segment that connects 
unconnected corners). 

. :.-h . .:....-~ . 
'\ ~ . \ . ~ 

v 
·J \ 

K . 
. \ . l> , \ ~ k:: -~· 

~ . \ / . . r\Z. p / . 
. . . . . . . 

It will be found t hat for any pentagon five diagona l s 
exist. For other polygons the following results can be 
obtained : 

Number of sides Number of d i agonals 

3 0 

4 2 

5 5 

6 9 
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Students wil l quickly perceive the numerical pattern 
for the right- hand column . Howeve r, the analysis can be 
extended even further. Consider a n n - gon (a polygon of 

I D3 

n sides). From each of the n vert ices, (n - 3) diagonals 
emanate. Thus there are n · (n - 3) emanations. However this 
this procedure counts each diagonal twice and thus the correct 
number of diagonals for an n-gon is n • (n- 3). 

2 
This result can be checked empiricall y. 

n - gon 

2 . Pythagorean Theorem 

A succinct demonstration of this ancient relationship 
can be given on the geoboard i n the following manner: 

a) Make a right triangle 

. . 
"' 

. . 
. '" . . 1"'-

. . . . . 
. . . . 

b) "Square" the legs (construct squares using the legs 
of the triangle as sides). Call the squa res I and II . 

!'. • . 
r :"'. . 

" . ~I 
. . 
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c) "Squar e" the hypotenuse . Call this square III 

1/ 
. 

~ ~ . 
v I[ 1\. 

1..1 

. ~ L,( 

. . 1\.V 

d) It i s easily v e rified that the area of III is 
equal to the sum of the areas of I and II. In this partic
ular example, the squares on the legs are each equal to 4 
units of area, and the square on the hypotenuse is equal to 
8 units (see SECTION I, D2 for details on how units of area 
are calculated). 

The above is a demonstration, not a formal proof of 
the Pythagorean theorem which states that the square on the 
hypotenuse of a right triangle is equal to the sum of the 
squares on the other two sides. However, since the rela
tionship can be found to hold true for any right triangle 
that can be made on the geoboard, it can be expressed in 
general terms: 

b 

3. Pick's Theorem 

This theorem relates the area of a polygon , regardless 
of its shape, to the number of nails inside it and to those 
on its border. It is a direct and relatively uncomplicated 
relationship, and looking for it provides an opportunity 
for an interesti~g research problem as well as practice in 
finding areas. Because of this, the actual relationship 
is left to the reader to evolve. Consider the following 
examples: 

I 03 

a) number of border nai ls : 1 0 

number of interior nai ls : 2 

area: 6 
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b) n umber of border nails : 10 . . A . . 
. L . r> . number of interior nails : 2 

l . L h . 
I J . area: 6 

. . . . . 

c) number of border nails : 12 . . r-
. r u . number o f inter ior nails: 4 

( . 
l 

area: 9 

. . . . . 

It is suggested tha t in order to discover the form
u l ation of Pick's theorem a table such as the following 
be used: 

number of 
border nails 

number of 
interior nails 

4 . Some "Traditional " Theorems 

area 

A large number of traditional theorems can be illustrated 
on the geoboard . Among them are the following : 

a) The medians of a triangle are concurrent (they 
intersect at a single point) 
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~ . . . .. 
. . A . . 
. ,, V~ \ I 

, . 
. •J :~,~ 1\. . 
. I/ ' '\ . 

b) The altitudes of a triangle are concurrent 

. . . . . 

. . · . . . 

.... . A 
, . 

' 
, 

·' ~~~ ~ . , I 

. ~- · . - ~ 

c) The diagonals of a parallelogram are mutually 
bisecting (see SECTION I, 01) 

d) The diagonals of a square are equal, perpendicular 
and mutually bisecting (see SECTION I , 01) 

e) The sum of the interior angles of a convex polygon 
is n - 2 straight angles, that is, (n - 2) • 180 

. . V'- . . . . 
/'r'-- . . 

. v . ) . v . p, 
( . . I . L / . If. 

I ..,., V" 
l.. r-: . '/ . '< r--:. . \ ·J . . . --:-- 'r--1 . . . -:----~ . 

(i) "triangulate" the given polygon as shown 

(ii) the n - triangles formed consist of n straight angles 

(iii) the sum of the angles around P is two straight angles 

(iv) thus the sum of the interior angles of the polygon 
is n - 2 straight angles. 

* * * 

I 03 
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As mentioned above, these are but a few of the 
elementary geometry theorems that can be illustrated on 
the 25-pin geoboard . Many other possibilities exist, and 
techers would do well to study the material presented in 
traditional textbooks to see how much of it lends itself to 
the kind of intuitive, illustrative approach that the 
geoboard permits. 

For, with the geoboard, students may not be able to 
evolve the "formal" proofs presented in the textbooks, but 
their feel for geometry will be enhanced significantly. And, 
in the final analysis, what is the usefulness of an ability 
to prove theorems if one does not at the same time possess 
a geometrical "sense"? 

I 03 



TOPIC: Geoboards - Geometry on the Circle 

SECTION I 

D4 

Three types of circular geoboards are available on 
the market: the octagonal, the decagonal, and the dodeca
gonal. The names refer to the number of nails placed at 
equal spacings on the circumference of a circle: 

octagonal decagonal dodecagonal 

In each case an extra nail is placed at the center of the 
geoboard. A variation of the dodecagonal board also exists 
in which one nail is placed at each corner of the board: 

Since, when a single rubber band is placed around all of 
the nails on the circumference of the circle, a regular 
octagon, a regular decagon, and a regular dodecagon are 
formed respectively, these boards are sometimes referred 
to as regular polygon boards. Although in general the cir
cular boards do not provide as rich a variety of activities 
as the square lattice boards, there are certain areas of 
geometry that can be studied best, or only, on the circular 
boards. 

For instance, equilateral triangles can be produced 
only on the dodecagonal board. Since this board lends it
self to more uses than the other two, it is the focus of the 
activities described in this chapter. 
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1. Introductory Activities 

As with all manipulative materials, a certain amount of 
time needs to be devoted to free play and empirical investi
gations on the dodecagonal board. 

Students stretching rubber bands at random on this board 
will usually produce a variety of interesting shapes, inclu
ding regular hexagons, diamonds, squares and equilateral tri
angles. 

Once they are fairly familiar with the board, the stu
dents can be asked to undertake qualitative activities such 
as the following: 

(i) stretch a rubber band around all the nails on 
the circle. What is the figure that is produced? 
(dodecagon) 

(ii) Stretch the band now around every second nail on 
the circle. What is the figure that is produced? 
(regular hexagon) 

(iii) And now around every third nail. (square) 

I 04 

(iv) And around every fourth nail. (equilateral triangle) 

(v) And around every fifth nail? Use one rubber band 
to stretch between each two nails, and keep going 
until you are back at the first nail. What fig
ure is produced? (twelve-pointed star) 

(vi) Is there another way of making a twelve-pointed 
star? (Yes, by superimposing two hexagons, or 
three squares, or four equilateral triangles). 
For instance: 

Are all these stars different? How? How can we describe 
these differences (look, for instance, at the shape generated 
around the central nail each time) . 
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2. Study of the Circle 

A large number of definitions can be illustrated on the 
circular board. For instance: 

I D4 

radius diameter chord minor arc major arc 

semi-circle central angle inscribed 
angle 

sector inscribed 
polygon 

More ·concepts can be illustrated if the board has nails in the 
corners: 

tangent circumscribed 
polygon 

secant 

Further, a num,ber of theorems and axioms from traditional geo
metry can also be illustrated on the board~ These include: 
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a) A diameter which is perpendicular to a chord bisects 
the chord and the subtended arc 

b) An inscribed angle in a semi-circle is a right angle 

c) An inscribed angle sub- tending a minor arc is acute, 
and an inscribed angle sub-tending a major arc is obtuse 

I 0 4 
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d) A central angle is equal to the arc it sub-tends 

e) An inscribed angle is equal to half the central 
angle sub-tending the same arc 

These theorems, of course, cannot be "proved" formally 
on the geoboard, but informal demonstrations of their truth 
can be provided. For instance, with theorem (b) above, the 
triangles that are produced are visibly always halves of 
squares or rectangles: 

I 04 
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If the geoboard has nails on the corners , more theorems can 
be illustrated: 

f) The tangent of a circl e is perpendicular to the ra
dius of the circle that meets it at the point of tangency 

g) Only two tangents can be drawn from any point out
side a circle to that circle , and these tangents are equal 

3. Study of Polygons 

The inscribed polygons (also called cyclic polygons) 

I D4 

that can be formed on the circular geoboards form a particular 
subset of the set of pol ygons. Many properties of polygons can 
be illustrated on the dodecagonal geoboard. 

Examples of properties that hold true for all polygons 
(see SECTION I, D3 for details) are: 
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a) The number of diagonals in a polygon forms a pattern 

number of sides number of diagonals 

3 0 

4 2 

5 5 

b) The sum of the interior angles of a polygon is 
(n-2) x 180° , where n is the number of sides of the polygon. 
This relationship is illustrated by triangulating the polygon 
using the center nail 

Other properties hold true only for inscribed polygons: 

c) The sum of the opposite angles in an inscribed quad
rilateral is 1800 . This relationship is illustrated by draw
ing the radii to the vertices of the quadrilateral and using 
the relationship between central angles and inscribed angles 
evolved earlier 
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4. Study of Equilateral Triangles 

Two sizes of equilateral triangles can be made with 
single rubber bands on the dodecagonal geoboard: 

Many of the properties of equilateral triangles can be illus
trated; 

a) The triangle made is in fact equilateral. 

If two of the smaller triangles are made in such a 
way that they share a side , a rhombus is produced 

Line segments a,b and c are all equal, since they are 
radii of the circle. S i nce segments d and c, and e and a are 
parallel respectively, they must also be equal, and equal to 
the radius of the circle. Thus 

a = b = c = d = e = radius of circle 

b) The side of a regular hexagon is equal to the radius 
of the circle that inscribes it. 

I D4 
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Six of the small equilateral triangles can be made 
side by side, to produce a regular hexagon 

Since all sides of the triangles are equal to the 
radius of the circle, the side of the hexagon is also equal 
to that radius. This relationship provides a ready method 
of constructing regular hexagons on paper. 

c) Equilateral triangles have angles of 60° . 

The three central angles shown below are each 120° 
(1/3 of the circumference) 

I 04 

From this, it is easy to see that the angles of the 
equilateral triangles that can be made (both sizes) are equal 
to half of 1200 
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d) The interior angles of a regular hexagon are 120° 

The above illustrations can be extended readily to 
the inscribed regular hexagon. 
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e) In an equilateral triangle, the altitudes, med i ans, 
angle bisectors and perpendicular bisectors a l l coincide with 
one another, and are concurrent at the center of gravity of the 
triangle 

* * * 

This chapter, and the three preceding it , have in a very 
real sense only scratched the surf ace of the potential uses of 
the geoboards. Like the rods , they lend themselves to a wide 
range of open-ended activities, which serve to develop and re
fine the students' mathematical awarenesses through inquiry
oriented activities. 

Teachers would do well to study the courses in elementary 
geometry they are asked to present to their students, and to 
adapt as much of the material as possible to the kind of in
structional activities and techniques geoboards were designed 
to permit . 
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TOPIC: Some Games with Relationshapes 

SECTION I 

E 

Basically, the Relationshapes are an extended set of 
attribute blocks, more complete than other similar mater
ials commercially available. Thus, they lend themselves 
to a wider set of activities, some of which are presented 
here. The Relationshapes can be used with students at 
all levels, from K through sixth grade. All these acti
vities are based on the properties inherent in the mater
ial. 

The Relationshapes possess four attributes: shape, 
size, color and thickness . For each of these attributes, 
however, there are a number of "values", as follows: 

ATTRIBUTES 

h s ape S1ze 1 Co or T 1c ness 

square small red thin (skinny) 

rectangle medium blue thick (fat) 

triangle large yellow 

circle green 

ellipse 
(oval) 

Thus there are five values for the attribute "shape"; 
three for size; four for color; and two for thickness. If 
we want to, we can increase the number of values for the 
attribute " shape", by including the different types of tri
angles in the set. There are equilateral triangles, 
45-90-45 triangles (isosceles), and 30-60-90 right triangles. 
This differentiation is probably not necessary in early work 
but can become part of the more advanced activities. It 
should also be noted that the green set is not complete. 
While there is a red piece for every description, there are 
no green ellipses . Other shapes are also absent from the 
green set. 
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1 . Preparing Attribute Cards 

In order to play most of the games the Relationshapes 
lend themselves to, a set of attribute cards will be useful. 
These can be made from squares of white-coated poster board, 
about 2-3 inches in dimension. Each card is to be marked 
with one value of the Relationshapes, such as "thick","red", 
"small", "circle", etc. Thus a total of 14 cards is needed 
for this basic set. For some activities, an additional set 
of 14 "negative" cards will be needed, with each card show
ing "not thick", "not red", "not small", etc. This is best 
represented with a line drawn through the value (ex.: t~k, 
r~d, s~l) , the students being made to know that the line 
ea(~h time is to be read as "not". 

If reading presents a problem to some of your students, 
the number of words on the cards can be kept to a minimum, 
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by using drawings of the five shapes for "circle", "rectangle", 
etc. , and smears of color for "red", "·green", etc. Thus, only 
five words (for the attributes size and thickness) need appear 
on the cards. 

2. Sorting Games 

Among the most elementary uses of the Relationshapes 
are various sorting games in which, in effect, students 
generate a variety of subsets of the material. 

Initially, these games can focus on one attribute only, 
producing the grossest subdivisions of the set . For in
stance "all the red pieces", "all the large pieces", "all 
the pieces that have no 'corners'", and so on. 

Gradually, more specificity can be incorporated into 
the sorting process by combining two, then three, then four 
attributes or values. 

Examples of subsets combining two values: 
all the blue rectangles 
all the thick small pieces 
all the green pieces that are not medium 

Examples of subsets combining three values: 
all the large green circles 
all the thin yellow medium pieces 
all the large triangles that are not red 
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Examples of subsets combining four values: 

all the small thick yellow squares 
all the thick rectangles that are not blue and 
not small 

These types of activities can be undertaken either 
orally, with the teacher or a student providing the verbal 
instructions for the subsets to be produced, or by using 
one, two, or more cards to define the subsets. 

As these sorting games develop a great deal of fam
iliarity with the Relationshapes on the part of the stu
dents , some exposure to them would benefit any class, ir
respective of grade level, as a preparation to more de
manding activities. 

3. Which Piece is Missing? 

For this game, select a suitable subset of the set of 
Relationshapes. Initially, it might be worthwhile to select 
a subset of between 8- 12 pieces. Some examples: 

a) the thick, large, blue square, rectangle, triangle 
and circle; and the thick, large, red square, rectangle, 
triangle and circle 

b) the thick, large squares in red, blue , yellow and 
green; and the thick, small squares in red , blue, yellow 
and green 

c) all the yellow rectangles 

Gather a group of 6-8 students around a table and 
to study the particular subset you have selected. 
one student to get up and turn away and , while he 
looking, remove a single piece f r om the tabl e. 

ask them 
Then ask 

is not 

Ask the student to return and, by looking at the pieces, 
to tell the group which has been removed . When he guesses 
correctly, replace the piece , ask another student to take 
his place and remove another piece. Once the game has been 
established, ask for progressively more accurate descriptions 
of the missing pieces. 

For instance: 
"the blue circle" if subset (a) above is being used 
"the small green square" if subset (b) above is 
being used 
"the small, thin, yellow rectangle" if subset (c) 
above is being used 

I E 
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When the students get to the point where they can 
play the game easily, increase the size of the subsets, 
always maintaining a great degree of commonality between 
the pieces. For instance: 

a) the thick, large, blue square , rectangle, triangle 
and circle; and the thick, large, red square, rec
tangle, triangle and circle; and the thick, small 
blue square, rectangle, triangle and circle; and 
the thick, small, red square, rectangle, triangle 
and circle 

b) the thick, large and small squares in red , blue, 
yellow and green; and the thin, large and small 
squares in red , blue, yellow and green---

c ) all the yellow and blue rectangles 

The game now becomes far more challenging, and requires 
both sharp perceptual ability and a detailed knowledge 
of the Relationshapes' attributes . 

4 . Guess My Card~) 

For this game, a piece of string or yarn (70- 80 in
ches long) tied into a circle or, if available, a plastic 
Grouping Circle, is needed . 

One student draws an attribute card from the pack, 
looks at it, and places it face down inside the circle. 
For the other 5- 6 students participating in the game, the 
task is to determine the value shown on the card without 
looking at it. This they do, in turn, by placing one piece 
at a time 1nside the circle and asking the first student 
whether it is acceptable or not. For instance , if the 
value on the card is "thick" and a player places a "smal l " 
"thin" "red" "square" inside the circle, it is not accept
able and is rejected by the first student. If the players 
are watchful and practiced with this game (which takes time) 
they know that the card does not show any of the four at
tributes of the p~.ece. 

At this point, various strategies are available to the 
following player. He can, for instance, place a piece in 
the circle that differs only in one respect from the pre-

I E 
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vious piece (ex: a small, thin, red triangle) in the 
hope that it would be acceptable and immediately tell 
him what the value on the card is (in this case "tri
angle"). This is a "high risk" strategy which has lit
tle chance of success but which may short-circuit the 
elimination process. Or he can be more cautious and se
lect a piece highly different from the previous one 
(ex: a large, thick , blue, rectangle which if accept
able indicates that the value sought is one of the 4 
possessed by the piece or if not acceptable eliminates 
4 more values from the realm of possibilities; or a 
large, thin, blue, rectangle, differing in 3 respects 
from the previous piece and again yielding a great deal 
of information whether acceptable or not) . 

The game goes on until a player correctly identifies 
the value card,and he then selects the card for the next 
game. Obviously, the function of the game is to let the 
students evolve the strategies and develop their reason
ing powers, so the process should not be explained to them. 
Instead, repeated sessions with the Relationshapes will 
serve to increase the students ' power. 

After sufficient practice with the above activity , 
the game can be made far more challenging by using two 
(and later three or more) cards together . The rules for 
this game are unchanged, except that the criterion for 
acceptability of any given piece must take into account 
all the cards being used. For example, if the game is 
being played with two cards (say " red" and "circle") then 
only red circles will be acceptable, and pieces with only 
one of these values not acceptable. 

As with all such activities , the teacher may need to 
be present when the game is introduced but, once the rules 
are known, the students can (and should) play it on their 
own. 

5. The "One-Difference" Game 

For this activity a large area, such as a big table, 
or preferably the floor, is needed. 

With the students sitting in a circle (up to 12-15 
students can participate) someone initiates the game by 
placing a piece down in the middle. Any other student 
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can now place a second piece next to the first, the re
striction being that the second piece must differ from 
the first in one respect only. Another student can place 
a third piece differing from the second in only one respect, 
and the game continues until as many pieces as possible have 
been placed in a long train, each differing from the pre
vious in one respect. For instance: 

1st piece 4th piece etc. 

small, thin 
red, square 

2nd piece 

small, thin 
blue square 

3rd piece 

small,thick 
blue,square 

small,thick 
blue,triangle 

At any stage, any student who feels that the latest 
piece placed does not respect the "one-difference" rule 
can call out "I challenge!", come to the middle and silent
ly replace the piece with one he thinks does belong. Ob
viously, the challenger in turn can be challenged, until 
all players are satisfied with the choice of the latest 
piece and the game can proceed. 

Variations on this game include: 

the sprouting of "branches" at pre-determined inter
vals along the train (ex: every seventh piece) so 
that the game can proceed along two, three or more 
paths: 

1 2 3 4 5 6 7 8 10 12 14 . . . . . . . 

9 

11 

13 

15 

(with the numbers indicating the order in which the 
pieces are placed) 

the far more challenging "two-difference" (and even 
''three-difference") game, in which pieces vary from 
one another by the given number of values. 

I E 
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An instance of a "two-difference" game would be: 

1st piece 

small thin 
red square 

2nd piece 

medium thin 
red circle 

3rd piece 

medium thick 
red triangle 

etc. 4th piece 

medium thick 
green triangle 

6. The Grouping Circles Game 

For this activity, two or three Grouping Circles (or 
circles of string or yarn) are needed. 

Six to eight students can participate. In its sim
plest form the game involves two intersecting circles: 

In each circle, a value card is placed, face up. The 
students, in turn, place pieces within the circles, accord
ing to the indications on the value cards. For instance, 
if "red" defines one circle, and "square" the other, then 
all pieces which fit these descriptions belong in them. 
After some experimentation, it will become obvious to the 
players that the pieces that are " red squares" belong to 
both circles and should thus be placed at the "intersection" 
of the two circles. When the game is completed, the re
maining portions of the circles will contain, respectively, 
all red pieces that are not squares, and all squares that 
are not red. All the remaining pieces will belong outside 
the circles. 

I E 
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This game is very valuable to students as an intro
duction to various elements of set theory and should be 
presented to them. 

Increasingly more difficult variations of this game 
include: 

using two circles and one (and even two) of the 
negative value cards 

using three intersecting circles with positive 
value cards only 

using three intersecting circles with one, two, 
or even three negative value cards . 

These, then, are some of the activities that can be 
carried out with Relationshapes. There are other pos
sibilities that you m1ght be interested in exploring on 
your own. 

Also, the book Attribute Games and Problems* contains 
a host of suggestions for activities that can be under
taken with the Relationshapes and other similar materials. 

* Teacher's Guide for· Attribute Games and Problems, Webster 
Division, r-icGraw- Hi l l Book Co. , 197 4. 

I E 
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E (cont'd} 

TOPIC: Attribute Blocks 

In the preceeding chapter, Relationshapes and some 
of the activities they lend themselves to , were presented . 
If this material is not available, but the more common set 
of Attribute Blocks is (for instance , the set manufactured 
by Invicta) there is no reason why it cannot be used in
stead. With a minimum of modification, the activities de
scribed on the preceeding pages can be undertaken with the 
Attribute Blocks. 

A typical set of these still possesses a large e 
nough number of attributes, and values for these attributes, 
to make the activities challenging and rewarding. Thus, a 
desk- top model (the best size for all classrooms except 
early childhood} of Invicta blocks can be tabulated as 
follows: 

ATTRIBUTES 

Shape Size Col or Thickness 

square small red thin 

rectangle large blue thick 

triangle yellow 

circle 

hexagon 

Also, a large number of possible uses for Attribute 
Blocks and other similar materials, beyond those descr1bed 
on the previous pages, can be found in Games Children Play* 
as well as in Attribute Games and Pr oblems. 

* J. Trivett, Games Children Play, Cuisenaire Company of 
America, 19 
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TOPIC: Other Manipulative Materials 

So far in this Section, the uses of a number of multi
valent materials have been detailed. It should be obvious 
by now that these uses, and the approach to mathematics 
teaching and learning they reflect, are very different from 
what is commonly assumed to be the function of "concrete" 
materials in elementary mathematics. 

Materials are useful not because they constitute "aids " 
in the drilling and memorizing of "facts", but because they 
enable students to acquire their own learnings. 

Teachers who wish to equip their classrooms with addi
tional manipulative materials should be careful to select 
only those which can be supportive of a learning-centered 
approach, even if they tend to be less multi-valent than 
rods, geoboards, or attribute blocks. And this criterion of 
selection needs to be adhered to consistently, if students 
are to be provided with a unified environment, in which all 
the resources available afford essentially similar instruct
ional opportunities. 

In this chapter, some of the commercially-available 
manipulative materials that pass the test of compatibility 
are listed , and one possible technique for putting them to 
good use is described . The list has been compiled from mat
erials available from three sources only, in order to mini
mize the administrative paperwork needed to obtain them.* 
Obviously, suitable substitutes could be acquired from al
ternative sources. Nor, of course, is it necessary to equip 
a given classroom with all the materials suggested here; an 
adequate selection will suffice . 

1 . Construction Materials 

Numerous kits of materials exist which involve students 
in the construction of shapes, buildings, etc •.. The best ones 
are those which are most open-ended and unstructured, i.e. 
which allow for the greatest degree of flexibility and ingenu
ity on the part of the learners. Others may be somewhat more 
restricted in scope or design, yet are useful if they enable 
students to explore a mathematically fertile set of situations. 
Others still have been developed for a specific, narrowly- defined 
purpose (such as the study of three-dimensional geometric solids) 

* See SECTION VIII, Bibliography and Index, for a complete 
listing of these materials and where to obtain them. 
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and are worthwhile for that purpose only if they allow students 
to acquire their own learnings and do not impose ready-made 
answers upon them. 

Here is a list of materials for each of these categories: 

a) Unstructured Materials : 

SuperStructures 
Construct- 0 - Straws 
Curved Space 
D-Stix 

b) More Structured Materials: 

Mira t-1ath 
Soma 

c) Specific-Focus Materials: 

Snowcrystals 
Georule 
Geo Strips 
Structo Brics and Structo 

Cubes 

Tangram (and Tangrarnath) 
Tangram Puzzles 

Plastic Geometric Figures 
Geo-Ring Polyhedra Kit (with book) 
Sets of Geometric Solids 

2. Math Garnes and Puzzles 

Here again, a great variety of materials has been produced 
for school use. Most however are concerned exclusively with 
"reinforcing" computational skills and, as such, are essentially 
no different from traditional textbook exercises -- they 
provide students with little more than the basic diet of 
repetitive, dull exercises, albeit sugar- coated in "game" formats . 

The games and puzzles listed here are of a different nature: 
they involve learners in open-ended , freely renewable activities, 
they lend themselves to use by students with differing degrees 
of mathematical ability and knowledge , and they can be played 
with lesser or greater mathematical awareness and still be 
educationally valid. 

Think-A-Dot 
QuizKid 
Tuf 
S..::ore Four 
Net Results 
rleads Up 

Mancala 
Nine Men Morris 
Ten go 
Action Fractions 
Puzzle Posters 
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3 . Paper Cutting , Stitching , Coloring etc .•. Activities 

These are designed for a variety of "hands-on" activities 
for students, involving them in the production of geometric 
solids, patterns, string sculptures , etc . •• 

Here also, the major virtues of the materials listed are 
their versatility and open-endedness, and the fact that, at 
the very least, they involve students in challenging appli
cations of some of the mathematical principles they acquire 
in other areas of their curriculum. 

Altair Design 
Arabic Geometr ical Pattern 

and Design 
Beyond Tic- Tac-Toe 
Pic-A-Puzzle 
Creative Constructions 

Line Designs 
String Sculpture 
Curve Stitching 
Space Spider 
Space Shapes Kit 
Nesting Polyhedra 

4. Open-Ended and Game-Like Workbooks 

As an adjunct to the activities presented in SECTIONS II 
and III of this manual , resource books , workbooks and worksheets 
(though not strictly speaking "manipulative" materials) 
containing open-ended exercises, game-like situations , inter
esting or unusual mathematical patterns or curiosities, cross
number puzzles and other similar opportunities for practice 
and investigation, can provide useful applications, extensions, 
research material, alternative beginning points, etc ... for 
the fund of mathematical knowledge the learners develop for 
themselves. 

Here is a list of readily available materials of this type: 

Notable Numbers by w. T. Stokes 
Cross Number Puzzles by Hestwood, Orf and Huseby 
Number Sentence Games by Seymour, Holler and Collins 
Coin Games and Puzzles by M. Brooke 
Mathematical Recreations by M. Kraitchik 
Mathematical Fun, Games and Puzzles by J. Frohlichstein 
Open-Ended Task Cards 

5. How to Use the Materials 

Though it is not necessary to acquire all the materials 
listed above to generate valid learning opportunities for 
students, it is desirabl e to have available at least one or 
two items from each category, in order to take into account 
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the differing tastes, needs and levels of mastery of the 
learners. 

Since the materials lend themselves variously to indiv
idual work, or work in pairs or in small groups, a range of 
possibilities needs to be provided. And the best overall 
organizational pattern that can be developed to take these 
variables into account is the multi-group, multi-level setting 
in which several activities are undertaken concurrently, with 
students grouped in any of the available possibilities (see 
SECTION V, C) and a number of learning centers in operation 
(see SECTION V, E) in conjunction with teacher-led instructional 
activities (see SECTION V, A and B). 

The materials listed in this chapter would all be part 
of a "Math Garnes" learning center, which could be put into 
operation as follows: 

a) Setting up the Center: Very little equipment is 
necessary to set up the center. A small table, desk top or 
shelf top for displaying the games, an area (floor space or 
medium-sized table) for students to build on, and a third area 
(piece of carpeting or table with chairs) for up to 4 or 6 
students to play board games, do small-group work, etc ... is 
all that is necessary. 

To get this center going, no more than two games or kits 
are necessary. In fact, it is better not to overwhelm the 
students all at once with a confusing array of possibilities. 

With the two initial items -- preferably selected from 
two different categories -- chosen for their ability to 
interest and motivate students immediately, the whole class 
is given some independent activity to work on. Four to six 
students are called over by the teacher and given instructions 
as to how to use one game. These instructions include not 
only how the garne-rs played, but also such specifics as how 
many students can use it at any one time (say, 4), for how 
long (say, 20 minutes), how it is to be repacked, where it is 
to be put back, etc ..• 

Then a group is allowed to use the materials, by itself 
and for the allotted period of time, the teacher merely glancing 
in their direction every so often to ascertain whether, on 
the whole, the instructions are being followed. In the mean
time, a second group of students is being initiated into the 
use of the other item, and given an equivalent opportunity 
to use it. 
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If time permits (or, if not, the next day) one of the 
"initiated'' students for each game is given the role of intro
ducing it to a new group of students. Then another "initiated" 
student, in turn, presents it to another group, and the pro
cedure is repeated until all students have had an opportunity 
to use both materials. 

As soon as a third (and possibly fourth) game is similar
ly put into circulation, the center is "open for business" on 
a regular basis. 

b) Managing the Center : Once the procedures for using 
the center are established, and the students have developed 
some familiarity with the materials it contains, an overall 
plan for managing it can be introduced. 

First, the specific times when the center is to be in 
operation are announced to the class , and posted near the 
center. For instance: 

every day, 11:00 - 11:25 a.m. and 2:25 - 2:50 p . m. 

every Tuesday and Friday, 1:00 to 1:50 p.m. 

Two boards, each about two feet square, and sets of pins with 
individual student names on them, are prepared : 

FIRST SESSION 

Geo
Strips 

6 stds 

Space 
Spider 

2 stds 

Done 

Heads Up 

4 stds 

Mira Math 

6 stds 

SECOND SESSION 

Geo
Strips 

6 stds 

Space 
Spider 

2 stds 

Done 

Heads Up 

4 stds 

t1ira Math 

6 stds 
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The boards show the four games available in the center 
and the maximum number of students who can use each at any 
given time. At the bottom are holders for the pins showing 
the students' names. These pins a r e either in the "waiting 
list" holder (meaning these students are in line to use the 
center) or in the "done" holder (meaning they are through 
with their turn, or are scheduled f o r another activity i n the 
room) . 

In departmentali zed or lab- type classrooms, as many sets 
of pins are needed as there are classes using the room, color
coded for easy identification. 

At some suitable point during the day, student s on the 
"waiting list" indicate their intention to work with one game 
during either session by pinning their name on the appropriate 
spot on the board. Obviously, not more than the maximum num
ber of students shown for each game can place their name on 
that spot . 

Here are a few more rules that would make for a smooth 
functioning of the center : 

students are not to monopolize a given game over a 
period of several days 

games are not to be removed to other areas of the 
classroom 

games designed for group use are not to be monopolized 
by one or two students 

all students using the center are responsible for en
suring that pieces do not get lost, broken , misplaced, 
etc .•• , and that games are repacked properly at the 
end of each session 

the noise level at the center is not to get out of 
control 

the teacher is not to be called in to explain uses of 
of materials, settle disputes , etc .•. except in absolute 
emergencies 

As the center is put into regular operation, the teacher 
should refrain from intervening every time something does not 
function as smoothly as could be desired . If serious and con
sistent problems occur, the best remedy is to conduct a whole
class discussion session , in which the students as well as the 
teacher assess how things are working ou t, identify the problems , 
propose solution and agree as to the ways these solutions are to 
be put into effect , 
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Then, a second discussion session can be held a week or 
so later to review t~e situation once more and make any further 
adjustments that may be necessary. If needed, this process can 
be repeated indefinitely, until the students are able to use 
the center in an efficient, trouble-free manner. Importantly, 
they will have had the responsibility for creating and maintain
ing these conditions. 

c) Renewing the Center: On average, any given game will 
not be kept in the center for more than a month or so, to pre
vent repetitiveness and boredom. If about four games are present 
in the center at any one time, one game will need to be repl?ced 
every week or so, thus ensuring a continuous renewal of interest 
and involvement. 

At times, new games can be introduced simply by placing 
them in the center and letting the students figure out what 
to do with them. At other times, the same procedure that was 
described above, of presenting a game to a small group of stu
dents and letting them initiate the rest of the class to it, 
can be . followed. 

As the supply of games in a particular classroom is ex
hausted, teachers can exchange their materials for those 
available elsewhere in the school, or some of the games that 
proved popular at an earlier time may be reintroduced (some
times, also, materials which were not popular at one point in 
the school year may be taken up by students with renewed in
terest, once they have studied and mastered certain topics) . 
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TOPIC: The Number Array 

The number array is an excellent illustration 
of a situation that can be made to yield "a lot from a 
little". It is simple and straightforward, its inherent 
properties can be grasped almost immediately, and at the 
same time it can serve as the basis for a sizable number 
of topics. It is compact yet multivalent, with uses ap
propriate for learners at all levels. 

1. Reading and Writing of Numerals 

If at the outset the students do not own the sounds 
for the first few numerals, preliminary exercises will 
need to be undertaken: counting out loud, counting beads, 
fingers, steps taken along a line on the floor etc •••• , 
until the sequence of sounds one, two, three •••• is mas
tered. 

Then the corresponding signs can be presented and 
learned,again through appropriate sorting, writing and 
pointing activities. By then, students should be able 
to recognize and produce the written sequence 

1 

2 

3 

4 

5 

6 

7 

8 

9 
with little difficulty. 
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From this point, it is easy to generate much of 
the number array. The addition of "ty" on the end of 
the sounds for the above numerals will produce a number 
of new ones, and the addi:ion of "hundred", more new 
ones still. And the understanding can quickly be esta
blished that, in writing numerals, "ty" translates into 
a zero written to the right, and "hundred" into two 
zeros. The number array now consists of 

100 1 

200 2 

300 3 

400 40 4 

500 5 

600 60 6 

700 70 7 

800 80 8 

900 90 9 

the numerals with "irregular" names being left out. The 
students should have little difficulty pointing to any 
numeral in response to an utterance ("five hundred", 
''Sixty", "three hundred", "fo(u)rty", "eigh(t)ty", and so 
on), or uttering any numeral pointed to. 

When asked to fill in the gaps the students, if they 
are very young, will unhesitatingly supply "fivety", 
"threety", "twoty" and "onety". These are perfectly ac
ceptable and can be used for a while with the class be
fore introducing t::..e notion that, in the outside world, 
these are conventionally given other names: fifty, thirty, 
twenty and ten respectively. 

Note that tne array can be further expanded to the left, 
witn the introduction of the sounds "thousand" (three zeros) , 
"hundred thousand" (five zeros) and "million" (six zeros) so 
that it now comprises 

II Al 
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1000000 

2000000 

3000000 

4000000 

5000000 

6000000 

7000000 

8000000 

9000000 

100000 

200000 

300000 

400000 

500000 

600000 

700000 

800000 

900000 

.... 3-

1000 

2000 

3000 

4000 

5000 

6000 

7000 

8000 

9000 

100 10 

200 20 

300 30 

400 40 

500 50 

600 60 

700 70 

800 80 

900 90 

1 

2 

3 

4 

5 

6 

7 

8 

9 
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And what of the column that is left unfilled? The students 
are quick to suggest a sequence of numerals with four zeros. 
What should these be called? By checking the columns al
ready written and noting that ninety, for instance, is placed 
between nine and nine hundred, it rapidly becomes obvious 
that the numeral between nine thousand and nine hundred 
thousand should be called ninety thou sand , and the names for 
this group of numerals is evolved without trouble. 

Returning for the moment to the array with three columns 
(that is, up to the "hundreds" only) a new activity can be 
undertaken which will produce the names of all numerals up 
to 999. 

Starting with the column an the left, the teacher points 
in succession to one numeral in each column, and asks the 
students to utter their corresponding sounds, in the same 
order as these have been pointed to . If the utterances are 
reasonably fluent , they will produce the traditional names 
for numerals. For instance "three hundred -- seventy -
two " .The only irregularities occur with numerals containing 
ten followed by another numeral. For most of these , however , 
a "rule" can quickly be evolved, namely that of reversing 
the last two sounds and of altering the utterances somewhat. 

For instance, the sequence 400 ---10----9 is to be read 
as "four hundred--nine- -ten" and this, in turn, amended to 
produce "four hundred--nineteen" . In the case of " five- ten" , 
and "three-ten", the changes need to be somewhat more ex
tensive to yield " fifteen" and " thirteen" . The only totally 
irregular names are " eleven" and " twelve", and these need to 
be memorized by themselves . 
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Note that, when pointing, one or even two of the col
umns can be skipped altogether, without giving rise to any 
ambiguities. The sequence 80--5 is readily read as 11 eighty-
five", the sequence 200-60 as "two hundred--sixty'' and the 
sequence 700--8 as "seven hundred--eight". 

After a certain amount of practice with this, the stu
dents can be introduced to the "short-hand" notation for 
numerals. The teacher erases the zeros that appear on the 
array, but asks the students to bear in mind the names they 
gave to all the numerals. The array now looks like this : 

1 1 1 

2 2 2 

3 3 3 

4 4 4 

5 5 5 

6 6 6 

7 7 7 

8 8 8 

9 9 9 

When a sequence of numerals is pointed to, again 
starting from the column on the left, the students are ex
pected to utter the same sounds they did before. Thus if 
the sequence 8(left column) -- 6(middle column) -- 4(right 
column) is shown, the utterance should be "eight hundred-
sixty--four" as it would have been with the zeros present. 

From this, it is but a small step to the "short-hand" 
notation, in which the numerals are pressed closely to
gether: 864 for the above example. 

But what of sequences such as "one hundred--nine", 
where one of the numerals is missing. These present no 
problems when the array is used , because the columns actu
ally pointed to can be seen. But, with the short-hand 
notation, writing it as 19 would be ambiguous. It usually 
takes students little time to decide on the use of a place
holder for the missing digit, and zero is seen as the logi
cal choice, since no numeral from the middle column has been 



II Al 
-5~ 

II Al 

pointed to. Thus, 109 naturally comes to be seen as the 
short-hand notation for "one hundred--nine", and its written 
form distinguishes it easily from 190 {and even 019, which 
will in fact be needed later when writing larger numbers 
such as 3,019 and decimals such as 4.019). 

2. Reading and Writing Numerals of Any Size 

If the short- hand notation for numerals of up to three 
digits can be read easily by learners, little additional 
knowledge is needed for them to be able to read numerals of 
any size. 

Consider the example 

747 345 

Each group of three digits can be decoded at a glance: 
"seven hundred--forty - seven" and "three hundred--forty-five". 

If the two groups are brought closer together, a comma 
placed between them, and the students told to read the comma 
as "thousand", the name for 

747,345 

will evolve without difficulty: "seven hundred--forty-- seven 
thousand--three hundred-- forty--five". 

A second comma can now be placed to the left of the num
eral, labeled "million", and a new group of three digits 
written to the left of it. For instance 

391,747,345 

Again, the reading of this numeral should present no 
problem for the students. 

The process can, of course, be continued with the intro
duction of additional commas {labeled "billion", "trillion" ••• 
in turnl between further groups of three digits: 

732,624,588,391,747,345 

And even examples with numerals missing and replaced 
by place-holders should not be difficult, if the learners 
have been taken through the preceding exercise. 

For instance: 
702,620,008,090,700,305 
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3. Complements 

The number array can also be used as a tool for in
creasing knowledge of complements, especially the com
plements in 10, 100, 1000 etc •.. 

These will have already been introduced (see SECTION 
II, A2) and now, through tapping exercises , some of the 
necessary practice can be provided. If, for instance, the 
complements in 10 are asked for, it would not take the 
students long to perceive how the numerals in the right 
hand column of the array are to be paired: the top one 
with the bottom one (1 + 9), the next to the top with the 
next to the bottom one (8 + 2) and so on. 

And they would also realize quickly that a shift to 
the next column to the left produces complements in 100 
(10 + 90, 20 + 80 .•. ), a shift to the next column com
plements in 1000 (100 + 900 , 200 + 800 ..• ) and so on. 
The awareness being the same, and the internal relation
ships between the numerals in different columns being 
fixed, the students find that they can generate "a lot 
from a little", and that the burden on their memory is 
minimal: from the knowledge of a very few "facts", they 
can produce a sizable number of expressions. 

4. From Complements to Addition and Subtraction 

If complements in 10 are known, the knowledge can be 
used to handle additions whose sums are greater than 10 
(i.e. those that traditionally require "carrying") . 

Thus, t~ question: "What needs to be added to 7 to 
make 10?" Lanswer - - 3] can be followed with: "And what 
if we gave it 8 instead?" 

Mentally, it is easy to figure out that since 8 is 5 
more than 3 (the complement of 7 in 10) the answer must 
be 5 more than 10 , that is, 15. 

Or, in writing: 7 + 8 = 7 + 3 + 5 = (7 + 3} + 5 = 15 

Further, no new awareness is needed to extend the exer
cise, for instance, to 

700 + 800 

The mental steps are the same: the complement of 700 
in 1000 is 300; but 800 is 500 more than 300; so 700 + 800 
equals 1000 + 500 or 1500. 

II Al 
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Also, if multiples of 10 (or 100, or 1000 ••• } are 
known, the awareness can be extended to examples such as 

17 + 6 

240 + BO 

4500 + 900 

with the mental steps involving passage through the ap
propriate multiple of 10, Thus 

17 + 6 = 20 + 3 

240 + 80 = 300 + 20 

4500 + 900 = 5000 + 400 

Finally, undertaking the activity in the opposite 
direction will yield subtraction. For instance: 

"What must be subtracted from 15 to get 10?" (5) 
"And if B is subtracted instead?" 

15 - B = 15 - 5 - 3 = 10 - 3 

And this awareness, once again, can be extended to larger 
numbers. 

5. "Funny11 Names for Numbers 

If the numerals in the right-hand column of the array 
are pointed to in sequence, the usual "counting numbers" are 
generated (.1,2,3,4 .•• }. The numeral that follows 9 is 10, 
in the next column to the left. 

When, say, 70 is pointed to before the numerals in the 
right- hand column , the sequence 70--1, 70--2, 70--3 ... 70--8, 
70--9 is obtained . The numeral that follows can either be 
called 80 or, in a new "funny" way, 70--10 {seventy--ten). 

Counting on from there will produce 70--10--1 or 70-11, 
70--10--2 or 70--12, and so on, as new names for 81, 82 ••• 

Th~s exercise can take a variety of forms, all aimed 
at giv,ing students the ability to transform "regular" names 
into 11 funny" names, and vice versa~ For instance: 

someone can say a "regular" name for a numeral 
and one or more students have to say its ''funny'' 
name, or tap it out on the array, or wr.i te it on 
the board 

II Al 
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someone can point to a "funny" name for a 
numeral, and members of the class have to 
provide its "regular" equivalent 

The activity can even be extended to "funny" names beyond, 
say, 50--19. The next numeral would be, variously, 50--
10--10, or 50--20, or 70, and would be followed by 50--10--
10--1, or 50--21, or 71. 

II Al 

If sufficiently thorough practice is given with this 
exercise, students should have no difficulty with additions 
such as 60 + 14. The connection to 60--14 would be immediate, 
as would the substitution of the "regular" name, 74. 

Problems such as 86 + 7 could be dealt with just as 
easily 

86 + 7~ 80--13 ~ 93 

and, with a little more effort, problems such as 

73 - 9 ~ (60---13) - 9~ 60-- (13 - 9) ----+ 60--4~ 64 

or 73-19 ~(50---23) -19~50--(23 -19)----+50--4~54 

As a further extension, the number array can be returned to, 
and four numerals pointed to, two from the "ty" column and 
two from the "units" column (for instance 20,40,6,7) and 
their sum asked for. If 20 and 40 are mentally replaced by 
60, and 6 + 7 by 13, the numeral 60--13 is arrived at, and 
easily renamed as 73. 

The aim here is to get the students mentally to replace 
as quickly as possible each pair of numerals pointed to by 
their sum. If 30 and 50 are tapped, they should be replaced 
by 80 immediately, as should, say, 6 and 9 by 15. Thus, the 
sequence of tappings 30--50--6--9 yields 80--15, which is in 
turn replaced by 95. 

The relevance of this activity to the solution of pro
blems such as 

36 
+59 

should be obvious to any teacher. 
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6. Different Bases of Numeration 

If a line is drawn horizontally across the array 

100 10 1 

200 20 2 

300 30 3 

400 40 4 

500 50 5 

600 60 6 

700 70 7 

800 80 8 

900 90 9 

and the students are told that, somehow, all the numerals 
below it no longer exist, could they still generate a sys
tem of numeration for the set of numbers? 

Obviously, counting still can take place beginning, 
as usual, with 1,2,3 ... But in this case, what is the next 
numeral after 5? If the (by now) well-established procedure 
of moving to the next column on the left is followed, the 
next numeral must be 10. And after that 11,12,13,14,15. 
Then on to 20,21,22,23 ... 

And what corv..e~ after 25? 
After 45? L50j 

And after 55? 

[30] 

If the students see that all the possibilities with the two 
right-hand columns have been exhausted, then the answer must 
be 100. 

And after 155? [200] 
After 555? [once 4lgain 

lOOOJ 
a move to the left is necessary: 

This exercise has yielded a system of numeration in base VI, 
that is, one in which only the numerals up to 5 exist and 
the "old" 6 has now become 10. 

II Al 
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At this point, the students can be asked to determine 
their ages, the number of their fingers, toes , books etc ..• , 
the number of boys, girls , desks etc ..• in the class, in this 
new base. They may of course refer to the array for assist
ance, if needed. 

They can also do counting exercises in the new base, 
and perform various manipulations with sets of Cuisenaire 
rods from which all rods longer than the dark green ones 
have been removed. 

Once the foundation for working in base VI has been 
laid, a number of exercises become possible, such as: 

counting by 3's, either mentally or from the 
array (when the sequence 3,10,13 , 20,23,40 ... 
is generated, it can be assimilated to counting 
by 5' s in base X) 

counting by 2's, to produce 2,4,10,12,14,20,22 .. . , 

working with complements in 10,100,1000 ... and 
generating "funny" names (the procedures to be 
followed are those described earlier in this 
chapter, but this time, with VI as the base) 

multiplying by 5 to yield the "table" 

which has 

(i) 
{ii) 

(iii) 

1 X 5 = 5 

2 X 5 = 14 

3 X 5 = 23 

4 X 5 = 32 

5 X 5 = 41 

10 X 5 = 50 

some interesting properties: 

the sum of the digits in each product is 5 
the products can be paired as "m~rror'1 wri
tings of each other : 14/41, 23/32, 05/50 
the left-hand digit in successive products 
"goes up" by one, the right- hand digit "goes 
down" by one 

(are all these observations also true of the table for 
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9 in base X? Will they be true of 7 in base VIII? \.Jhy?) 
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working with the four operations and fractions 
in the new base. 

The line that was drawn across the number array, of course, 
can be moved up or down at will, each time generating a dif
ferent base of numeration. If it is drawn just below the 
first row of the array, for instance, it will yield the bi
nary system (base II) 

And it can also be lowered further than the bottom 
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row of the array for bases larger than X. For these, how
ever, new signs will have to be invented for the numerals 
beyond 9. For instance, in the duo-decimal system (base XII) 
two new signs need to be minted, and two new rows added to 
the bottom of the array. Any convenient signs will do, such 
as R and s , with their RO and SO (arty and essty), ROO and 
SOO (ar hundred and ess hundred) ... 

Once students are familiar with the possibilities for 
work in different bases offered by the array, they can be 
asked quite a few challenging questions, such as: 

how many fingers do you have in base X, IX, VIII . .. 
III, II ? 

when is 13 an even number? and 14 an odd number? 

complete the following expressions in all bases 
from II to XII 

[] + 1 = 100 

half of 110 = [] 

11 + 101 :::: 0 
12 in base ? = 101 in base ? 

how will 36 in base X be written in base IX, VIII . . . II? 

what can you say about the sequence 1,3,10,12,14 in 
base V ? And about the consecutive sums of these 
numbers (1, 4,14, 31, 100) ? 

... 
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TOPIC: Complements 

Complements, or at any rate complementary lengths, 
are introduced at the level of the Cuisenaire rods through 
interlocking staircases (see SECTION I, A2). These acti
vities with rods provide the foundation for the study of 
one of the most basic concepts presented in this manual . 

For the knowl edge of a few pairs of complements, 
and the ability to generate sets of equivalent pairs will 
not only reduce sharply the number of "facts" needed to 
be retained by students, but also enable them to develop 
fast and effective methods of performing additions and 
subtractions on numbers of any length. And it will offer 
learners yet another opportunity to function as mathematic
ians, as they use the experiences they accumulate and re
structure them to yield an understanding of the properties 
of addition, subtraction, and of the relationship between 
the two operations. 

Most of the activities detailed below are aimed 
at learners in the primary grades , and are designed to give 
them solid mastery of complements . With older students, 
the activities can either be undertaken very quickly or 
adapted to their level of mathematical functioning, as a 
prelude to more advanced appl i cations of the dynamics of 
complements (see SECTION II, Al, SECTION II, Cl and SEC
TION II, C2 for details). 

1. Complements in 10 

Since the longest rods in the set are orange ones 
(equivalent to ten white ones) and since we have ten fingers 
on our hands, it is useful to initiate the detailed study of 
complements by focussing on 10. 

For instance, the teacher may begin by asking: "How 
many fingers do I have (holding out his hands)?" The reply 
is sure to be: "Ten!" The teacher (now folding down some 
of his fingers): ''And how many of them do you see now?" 
(seven, say J 
"And now?" [Eight) 

"And now?" [Three] 

"And now?" (None] 
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The activity proceeds in this manner for a while, 
the teacher showing various subsets of his set of fingers 
and eliciting responses from the students as to the number 
shown. One important ingredient that must be made part of 
the activity is to show several different alternatives for 
a given sub-setof fingers. For instance, the sub-set four 
can be made with four fingers of one hand; the thumb ana-
middle finger of one hand and the index and the little fin-
ger of the other; the two thumbs and index fingers; the middle, 
ring and little fingers of one hand and the index finger of the 
other; etc ... 

What is being established is that the label "four" 
does not correspond only to one specific group of fingers, 
but to the class of equivalent arrangements which, in answer 
to the question: "How many?" produces the response: "four" 
by counting. This is an important awareness in itself, and 
is also needed in the activities that follow . 

The teacher now asks the students: "If I show you 
this many fingers (say, nine) can you show me with your 
fingers what is missing?" Most of them will readily show 
one finger . 

"And if I show ~ou now this many (say, eight), how 
many will you show?" LTwo] 

"And this many (five)?" [Five] 

"And this many (seven)?" [Three] 

"And this many (three)?" [seven] 

During the activity, the students are of course al
lowed to use whatever configuration of fingers they choose 
in response to the teacher's questions, so long as it forms 
part of the needed sub-set. As the activity proceeds, two 
facts become clear to the students: 

that to each sub-set of fingers shown by the 
teacher corresponds only one specific sub-set 
of theirs; for instance, eight will correspond 
to two, three to seven, etc ... 

that the pairing of any two sub-sets is constant; 
for instance, three will correspond to seven and 
inversely seven to three; one to nine and nine to 
one, etc ... 
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Once established, the activity can progress from actual 
showings of fingers to virtual actions upon the set of 
fingers. The teacher now asks, for i nstance: " If I we re 
to show you six fingers (without actually doing so) how 
many would you show? Don't show me with your hands , tell 
me" . "Four" 

"And if I said 'five ', what would you say?" " Five" 

"One?" "Nine" 

"Nine?" "One" 

" Ten? " "None" 

"None?" "Ten" 

Thus the students pass from actions on fingers to 
the verbal system that corresponds to these a c tions . And, 
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from the system of sounds, they can pass to the corresponding 
system of signs, and be introduced to the appropriate notation . 
This is most simply done with a table such as the following: 

10 0 

9 1 

8 2 

7 3 

1 9 

0 10 

which shows all the complementary pai rs of numerals arranged 
systematically. 

One more fundamental awareness remains to be gained 
by students in order to free them f rom the imme diacy of the ex
perience , and to eliminate the need for them to retain more 
than one " fact ": how to pass from one line of the table to 
the next or, more generally, from any line to any other . 
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At the level of fingers, this awareness is generated 
as soon as learners notice that folding or unfolding one (or 
two, or three, ... ) of them results in the transfer of that 
number of fingers from one member of a given complementary 
pair to the other. One sub-set of fingers increases while 
its complement decreases by the same number. 

And, at the level of numerals, they can see that, 
when moving up or down the table, one number gets bigger by 
a certain amount while the other gets smaller by the same 
amount . Thus, from any complementary pair, all the others 
can be generated, and the transformation is so simple that 
it can be mastered in a very short time . 

Once equipped with the three awarenesses described 
so far, the students can be given a number of alternative 
notations (and therefore languages) to express what they have 
mastered . For instance: 

( 9, 1) read as "the pair nine-one is com
plementary" 

(9,l)rv(7,3) read as "the complementary pairs 
nine-one and seven-three are equi
valent" 

(9, 1)--+ 10 read as "the pair nine-one is com
plementary in ten" or, more simply 
"nine and one are complements in ten" 

9 + 1 = 10 

-- 0 = 10 - 9 

read as "nine plus one equals (or is 
equivalent to) ten" 

read as "what is the complement in 
ten of nine?" or, alternatively, 
"what equals ten minus nine?" 

All these equivalent languages and notations are important, 
as they reflect in various ways the awarenesses that have 
been gained, Rather than restricting the learners to a single 
language and notation (and hence a single mode of thought) tea
chers would do well to give practice with all of them, until any 
one is able to trigger the others in the students' minds. 

Thus, a given written exercise might include: 

Write some of the pairs of complements in 10 

(9 10) ( 0 I 6) (3 , 0) 
5 +0= 10 10 =D+ 2 10 = 10 +D 
10 - 3 = 5 = 10 - = 10 - 8 
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The Cuisenaire rods, too, can be used by students in their 
study of complements, either to generate the set of pairs 
(see SECTION I, A3 (a)) or to provide additional practice 
with finding the missing members of given pairs. 

For instance, the students can be shown, or asked 
to produce, a situation such as the following 

0 I 
t I 

g l 
B I 

wl 
y I 

p I 
b I 
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and asked to find for each line the one rod that will com
plete the pattern. Or to look at the given rods and to say 
which rod is needed to complete each line. Or to write in 
numerical terms (using the white rod as 1) the relationships 
they perceive between the orange rod and each of the succeed
ing rods (ex: 10 - 8 = []) and then to provide the missing 
element in-each written expression. 

2. Complements in 9 

From the pairs of complements in 10, it is a simple 
matter to pass to the complements in 9. For instance, at the 
level of rods, the two interlocking staircases that show com
plements in the orange rod can be slid one step "down" with 
respect to one another to yield complements in the blue rod 
(see SECTION I, A2). 

And, at the level of fingers, one of the thumbs can 
be fixed in the folded-down position, and all the configurations 
for complementary sub-sets in nine evolved in the same way that 
complementary pairs in ten were obtained with the full assort
ment of fingers. Some of the same activities described above 
can be undertaken anew, progressing from actions on fingers 
(with the thumb down) to verbalization and to notation, until 
the new set of equivalent pairs is thoroughly familiar to the 
students: 
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9 0 

8 1 

7 2 

1 8 

0 9 

[obviously, complements in 8,7,6, . . . and 11,12,13, . .. can 
also be met, but since these are to some extent less use
ful than those in 10 or 9 for later work, it is left up to 
each teacher to decide how extensive a study of complements 
to undertake with his students . ] 

3. Complements in 100, lOOO , ... and 90, 900, . . . 
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Knowledge of complements in 10 and 9 can be readily 
extended. Calling each finger "ten" instead of "one" will 
yield ten, twenty, thirty , ... , hundred for the full set of 
fingers and hence the exercise described above will produce 
complementary pairs in 100 : (100, 0) rv (90, 10) 'V (80, 20) 

And, with a thumb folded down, complements in 90: 

(90, 0) 1'V(80, l0)1'V(70, 20) 

Similarly, if each finger is called "hundred", complements 
in 1000 and 900 will be evolved: 

(1000, 0) "" (900 , 100) I'V (800 , 200) 

(900, 0) ""-J (800 , 100) I'V (700, 200) 

And if each finger is called "thousand", "hundred thousand", 
"million"," billion ;• etc ... the knowledge of complements can 
be extended indefinitely. The awarenesses remain the same 
and can therefore be transferred to numerals of any length. 

4. Filling in the Gaps 

The previous activity, of course. did not yield all 
the complements in 100, 1000, ..• and 90, 900, How can 
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the remaining pairs be evolved? 

Two students are brought to the front of the c lass 
and hold out their hands for the rest of the students to see . 
The following conventions are adopted: the first student 
holds out all his fingers, and each is called "one"; the sec
ond student, standing to his right , holds out nine fingers 
only (one thumb being folded down permanently) and each of 
these is called "ten". 

The students in the class can readily see that what 
is shown is one of the pairs of complements in 100 evolved 
earlier, namely (90 , 10) . 

The two students up front are now asked to fold 
down some of their fingers, and the rest of the class to 
read what they see . For instance if five fingers are shown 
by the student with his thumb down, and eight by the other , 
the answer would be "fifty eight". 

If they are asked to call out the fingers that have 
been folded as well, that answer would be "forty two". 

But since the total of folded and unfolded fingers 
is 100, the two answers are seen to be a new pair of comple
ments in 100: (58 , 42). 

And, as the students up front fold and unfold some 
of their fingers, a succession of new pairs of complements 
are produced. For instance : (71 , 29) (13,87) (64,36) etc . .. 

A third student can now be asked to step up to the 
front of the class and , standing on the second student ' s right , 
to hold out nine of his fingers . These are each called "hundred", 
so that the group of three now shows complements in 1000 . 

The exercise proceeds as above , and from the fingers 
shown and not shown by the group, complementary pairs in 1000 
are evolved: (283 , 717) (651,349) (804 , 196) etc ... 

With additional students, of course, complements in 
lO , OOO, 100,000 etc .. • can be met in the same way . And the 
students come to rea lize that, to find the complement of a 
numeral of any length in the next h i gh er order of the powers 
of ten (that is, 68 in 100 , 346 in 1 000, 8209 in 10,0 0 0 etc . . . ) 
they need the complement in 10 of the digit of the first order 
(the "ones") and the complements in 9 of the digits of all suc
ceeding orders (the " tens 11 

, "hundreds 11 
, etc . .. ) . 
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Thus: 

+76 

~ 24 100 or 24 + = 100 

+468 
532 + 14 681 532 1000 or = 1000 

-61 
§] 100 ) 39 or 100 - = 39 

-843 
1000 - [8431 1000 > 157 or = 157 

5. Applications 

Once at their disposal, this facility with comple
ments can be used by students to effect, surely, and swiftly, 
additions and subtractions on numbers of any size . For in
stance: 

(i) 68 + 45 

The complement in 100 of 68 is 32 

The addition can be transformed into: 

(68 + 32) + (45 - 32) = 100 + 13 = 113 

(ii) 4768 

+2495 

The complement of 768 in 1000 is 232. Thus adding 
232 to the top numeral and subtracting it from the bottom 
one yields the equivalent addition 

5000 

+2263 

7263 
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(iii) 142 - 75 

The complement of 75 in 100 is 25. Subtracting 
75 from 100 (taken from the first numeral " one hundred 
forty two") yields 25, to be added to what 1s left of the 
first numeral (forty two) . Hence 

142 - 75 = 25 + 42 = 67 

(iv) 3,231 1 , 000 + 2,231 
897 can be changed to - 897 -------

The complement of 897 in 1000 is 103, to be 
added to the remaining portion of the top numeral (2,231). 
Hence 

3,231 
897 

2,334 

II A2 



TOPIC: Math Tic- Tac-Toe 

SECTION II 

A3 

Tic-tac-toe is a game known to virtually all children 
of school age. The following activity utilizes their know
ledge to introduce elementary concepts of coordinate geo
metry, and may be used to provide practice in working with 
fractions , decimals, polynomials and bases . 

Draw a coordinate system similar to the following on 
a chalkboard. 

I 

! 

0 

Space the lines at intervals of at least two inches. 
Now, with a different color chalk if possible, draw a tic
tac-toe board between the lines of the coordinate system. 
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0 

Divide the class into two teams, boys vs. girls being 
one possibility. Now the procedure for making a correct 
move on the board must be explained. 

To place an X or an 0 on a given square within the 
tic-tac-toe board, one must give the correct name for the 
point of intersection of the coordinate lines that fall 
within that square. Thus, to place an X in the upper left 
hand corner, one must give the correct name for the point 
indicated: 

\ 

0 

II A3 
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Now the rules for naming the intersection points 
must be given. Draw two arrows near the coordinate sys
tem. 

0 

a) These arrows give the rules for naming the inter
section poin1:s. 

b) Two numbers must be given to name an intersection 
point. 

c) Always start from the zero point. 

x3 

d) The particular arrows shown indicate that the first 
number called refers to the distance to be moved 
vertically from zero, each line counting as two 
units (this being indicated by the x2) . The second 
number refers to the distance to be moved horizon
tally from zero, each line counting as 3 units. 

Thus, to place an X in the upper left hand corner of the 
board shown below, one must call "eight, six (8,6)". 

II A3 
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/' 

[ l\ 
\. v 

·-r 

0 

An 0 in the center of the board requires a call of (6,9). 
To initiate the game, ask one spokesman for the first team to 
call out the two numbers he/she feels defines a particular 
point on the coordinate system . Write what is said on the 
board, next to the grid. For instance: (8,5). Three pos
sibilities arise: 

a) The numbers given do not correspond to an inter
section of two coordinate lines. Do nothing , and 
let the second team have its turn . 

b) The numbers given do correspond to an intersection 
of two coordinate IInes , but that point falls out
side the tic-tac-toe board. Draw an X or an 0 on 
the appropriate point, then let the second team 
have its turn. 

c). The numbers given correspond to an intersection of 
two coordinate lines, and that point is within the 
tic-tac-toe board. Again draw an X or an 0 on the 
appropriate point, then l et the second team have 
its turn. 

The game proceeds in this manner until one side has won 
or the game is drawn. 

Many variations of the activity are possible depending 
on the mathematical emphasis desired. First it should be 
noted that the tic-tac-toe board can be moved to other lo
cations on the coordinate system . Some examples using the 
conventions for the arrows are given below: 

1. xl~ 
)o 

First number called indicates 
horizontal movement -~ to the 
right is positive . Scale is 
1 ~- Second number called in
dicates vertical movement - -
down is positive . Scale is 2 1/3 . 
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2. 

3. 

4. 

< xl. 7 

jx2.3 

x3 > 
p 

1 X (t-1 ) 
x(2t+l>,. 
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First number cal l ed indicates 
horizontal movement -- left is 
positive-- scale is 1.7. Second 
number indicates vert ical move -
~ is positive -- scale is 2 . 3 . 

First number called i ndicates 
vertical movement -- up is posi
tive - - scale is 2 in "yellow 
world" (base V) . Second number 
called indicates horizontal move
ment right is positive - - sca l e 
is 3 in "purple world " (base IV)* . 

In the coordinate system below 

,~, , I' 
( t\ 

' v 

0 

the two moves shown by the X and the 0 would be made as fol 
lows in each of the above games: 

X 0 

Game 1 ( 1 1/2, -7} ( 3 ' -4 2/3} 
Game 2 (-1.7, 6 . 9) (-3 . 4 , 4 . 6) 
Game 3 (11 , 3) (4,12) 
Game 4 (3t - 3,2t +1) (2t -2, 4t + 2) 

It can be seen that the _ocus of the activity is deter
mined by the rules of the game as i ndicated by the conventions 
on the arrows. Practice in the use of fractions, decimals, poly
nomial expressions, negative numbers and bases , as well as count-

* The colors of these "worlds" , of course, refer to the colors 
of the corresponding Cuisenaire rods . 
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ing by whole numbers are benefits that can be derived 
this activity. The standard conventions for plotting 

on a coordinate system, would be indicated by xl 
> 

and are one of the simplest cases of this activity . 

from 
points 

jxl, 
A final variation for more advanced classes. Introduce 

two different origins on the same coordinate grid. Each 
team can also have different plotting conventions. If 
teams A and B, using the origins A and B respectively , 
used the following conventions 

Team A (X) 

x2 
< 

the game shown below 

'~ \, f./ 

r r\ 
\. v 

,[/' , [/'~ 
./ I' "'" 

B 

,v.2. 
/ I'-

r t"\3 
\.. v 
,I/~ 
"' I' 

Team B (0) 

x2~ 
> 

~ 

would have been a result of the following moves: 

Team A (x) Team B (0) 

1st move (-3, 10) ( 7 ~ 1 15) 
2nd move ( 0, 6) ( 5 , 18) 
3rd move (-3,6) (10, 15) 
4th move ( -31 8) 

II A3 
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TOPIC: Doubling and halving ~ Extens i ons 

The ability to double and halve numbers of any magni
tude can become a fundamental tool for students, used by 
them to perform a great variety of computations . Moreover, 
this ability can easily be made available, and will not only 
add a powerful dimension to the resources at the students' 
disposal for solving numerical problems, but also provide 
a ready means for developing detailed knowledge of numbers , 
the relationships betwe en them , and some of the "clusters " 
into which they can be grouped . 

Thus , here again , a mastery of halving and doubling 
will yield learners "a lot from a little" . 

1. The Basic Awaren~ss 

Some of the activities that can be undertaken with the 
Product Chart (see SECTION I , B) initiat e the study of how 
to double and halve . 

If students are having difficulty doubling , they need to 
be brought back to the level of listening to what they utter 
when reading numerals. For instance , 64 is read as 60--4 
(see SECTION II, Al for details). Doubling any number then 
means doubling each of its constituent parts , and adding 
together the various partial results . Thus: 

(i ) 64 60 --4 

Double of 60 i s 120 

Double of 4 is 8 

Hence double of 64 is 128 

( ii) 128 100--20--8 

Double of 100 is 200 

Double of 20 i s 40 

Double of 8 is 16 (or 10--6) 

Hence double of 128 is 200--40- - 10-- 6 or 256 
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Note that in the above examples, doubling is carried out 
from the left, which is the direction in which numerals are 
written and read. 

The same technique can, of course, be used to work out 
halves of numbers of any size. For instance: 

( i) 86 80 - -6 

Half of 80 is 40 

Half of 6 is 3 

Hence half of 86 is 43 

(ii) 274- 200- - 70--4 or 200--60-- 14 

Half of 200 is 100 Half of 200 is 100 

Half of 70 is 35 Half of 60 is 30 

Half of 4 is 2 Half of 14 is 7 
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Hence half of 274 is 
100--35-- 2 or 137 

Hence half of 274 is 137 

2. Rapid Computations ~rom the Left 

Once students are able, mentally and on paper, to use 
with ease the technique for doubling or halving detailed 
above, they can be aske d gradually to eliminate the 
intermediate steps, and to perform the operation merely by 
looking at the given number and working out the answer directly. 

To do this for doubling, all they need to notice is that 
whenever a digit in any given number is greater than 4 (i . e. 5 
to 9) a "carry" will occur with the doubling . Thus given 293 
to work on: 

The double of 2(hundred) will be 4(hundred) 

The double of 3 will be 6 

But the double of 9(ty) will be 18(ty) or 1--8(100--80) 

Hence the result will be 4+1 or 5(hundred) 8(ty) 6 
that is , 586 
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Once this fact is established, the students are asked to 
look ahead, at each step of the doubling, to the next digit 
on the right, and note each time whether it is greater than 4. 
If it is, 1 must be added to the result of the doubling they 
are effecting. 

For instance, to double 8,926: 

Double of 8 is 16. Look ahead. Next digit is 
greater than 4. Hence write 16+1 or 17 

Double of 9 is 18. 
not greater than 4. 

Look ahead. Next digit is 
Hence write 8 

Double of 2 is 4. Look ahead. Next digit is 
greater than 4. Hence write 4+1 or 5 

Double of 6 is 12. Write 2 

Thus double of 8,926 is 17,852 

With a little practice, the mental steps can be tele
scoped even further, to the point where the partial results 
are worked out as fast as they can be written down. 

For instance, to double 428,693: 

Think 8, write 8 

Think 4, write 5 

Think 16, write 7 

Think 12, write 3 

Think 18, write 8 

Think 6, write 6 

Hence the double of 428,693 is 857,386 

The procedure for halving is essentially similar, and 
can be acquired with equal ease. Here, what needs to be noted 
is that for any odd digit in a given number, there will be 
a "remainder" after the halving is effected, which will have 
to be "carried" to the next digit on the right (that is, 74, 
say, is to be thought of as 60--14). 
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For instance , to halve 258 : 

Half of 2 (hundred) is 1 (hundred) 

Half of 5 (ty) is 2 (ty) with 1 (ty) "carried over" 

Half of 10--8, or 18, is 9 

Hence half of 258 is 129 

Once again, as their understanding of the dynamics of the 
situation becomes firm, the students can be led through the 
steps which enable the elimination of the intermediaries . 

For instance, to halve 3,672: 

Half of 3 is 1, "carry" 1. Write 1 

Half of 16 is 8. Write 8 

Half of 7 is 3' "carry" 1. Write 3 

Half of 12 is 6. Write 6 

Hence half of 3,672 is 1,836 . 

And, to halve 974,138 with the mental steps reduced 
to their minimum : 

Write 4 . Think "carry" 1 

Write 8. Think "carry" 1 

Write 7 

Write 0 . Think "carry" 1 

Write 6 . Think "carry" 1 

Write 9 

Hence half of 974,138 is 48 7 , 069 

These techniques can be mastered quickly by all stu
dents, and can be of vital importance in certain kinds of 
computations (see, for instance, the duplation algorithms 
described in SECTION II, C3 and C4). 

II A4 
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3. Applications in Multiplication 

Consider the problem 8 x 17. If 8 is taken to be 
2 x 2 x 2, then the given problem can be transformed into 
2 x 2 x 2 x 17, and effected simply by repeated doublings. 

Thus 2 X 2 X 2 X 17 = 

2 X 2 X 34 = 

2 X 68 = 136 

Similarly, 128 x 629 can be replaced by 
2 x 2 x 2 x 2 x 2 x 2 x 2 x 629, and worked out by successive 
doublings of 629: 

629 ~ 1,258~ 2,516~ 5,032 ~ 10,064 __..,. 20,128 ~ 

40,256 ~ 80' 512 

Hence 128 x 629 = 80,512 
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The use of doubling does not have to be restricted to 
instances in which one of the factors is a power of 2. Factors 
which are close to a power of 2, or sums or differences of 
powers of 2, can also be transformed, and the same basic 
technique applied. 

For instance : 

17 X 47 = (2 X 2 X 2 X 2 + 1) X 47 

= 2 X 2 X 2 X 2 X 47 + 1 X 47 

= 752 + 47 

= 799 

The following examples will give some idea of the scope 
of this technique, and the variations to which it lends itself. 

Example A: 35 X 73 = (2 X 2 X 2 X 2 X 2 + 2 + 1) X 73 

= 2 X 2 X 2 X 2 X 2 X 73 + 2 X 73 + 1 X 73 

= 2,336 + 146 + 73 = 2,555 
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ExamJ2le B: 31 X 63 = (2 X 2 X 2 X 2 X 2 - 1) X 63 

= 2 X 2 X 2 X 2 X 2 X 63 - 1 X 63 

= 2,016 - 63 = 1,953 

or, since 31 32 - 1 = 1 + 2 + 4 + 8 + 16 

31 X 63 = 1 X 63 + 2 X 63 + 4 X 63 + 8 X 63 + 16 

= 63 + 126 + 252 + 504 + 1,008 

= 1, 953 

Example C: 71 X 278 =(2 X 2 X 2 X 2 X 2 X 2 + 
2 X 2 X 2 - 1) X 278 

doubles of 278 

278 = 2 X 2 X 2 X 2 X 2 X 2 X 278 

556 
X 2 X 278 - 1 X 278 1112 + 2 X 2 

2224 
17 , 792 + 2,224 - 278 4448 = 

8896 
20,016 - 278 = 19,738 17792 = 

Compensatory dynamics, in which one of the factors in a 
given pair is, say, doubled while the other is halved, can 
also be used to effect a variety of multiplications. For 
instance: 

(i) 35 X 18 = (2 X 35) X (~ X 18) = 70 X 9 = 630 

(ii) 125 X 72 = (125 X 4) X (~ X 72) = 500 X 18 = 

1,000 X 9 = 9,000 

As can be seen from this last example, numbers which are 
sub-multiples of 10, 100, 1000, etc ... (or close to it) can 
also be transformed, yielding operations in which doublings 
and halvings play an important role: 

II A4 

X 63 
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678 X 24 = 678 X (25 - 1) 

= 678 X 25 - 678 X 1 

= 678 X 100 X ~ X ~ - 678 

= 67800 X ~ X ~ - 678 

= 33900 X ~ - 678 

= 16950 - 678 

= 16,272 

4. A Doubling and Halving Chart 

Here is a chart, which the students can be asked to 
generate, and from which many patterns and mathematical 
properties can be evolved. 

Ste12 1: Start with 1 and double repeatedly: 

1 2 4 8 16 32 64 

SteE 2: Write repeated doubles of 2 , 3 , 4 , 5 , 6 , ... under this 
first line: 

1 2 4 8 16 32 64 

2 4 8 16 32 64 128 

3 6 12 24 48 96 192 

4 8 16 32 64 128 256 ... 
5 10 20 40 80 160 320 

6 12 24 48 96 192 384 

II A4 

Step 3: The chart can be used for the study of doubling and 
halving (horizontally), arithmetic progressions (ver
tically), and acding and subtracting (also vertically) : 
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B E c 

2 4 16 

4 8 32 

A 6 12 48 

4 8 16 32 64 128 

5 10 20 40 80 160 

6 12 24 48 96 192 

Thus ~; 3 x 2 = 6 ~ X 24 = 12 

6 X 2 12 ~ X 12 = 6 

12 X 2 = 24 ~ X 6 = 3 

B: l + 2 = 3 2 + l = 3 

3 - 2 = 1 3 - 1 = 2 

C: 32 + 64 = 96 ... 

D: 128 + 192 = 320 ... 

E: 8 16 24 32 40 ... 

Step 4: If the chart is partitioned as 
traditional x/7 "number table" 

l 2 4 8 16 32 

2 4 8 16 32 64 

3 6 12 24 48 96 

4 8 16 32 64 128 

5 10 20 40 80 160 

6 12 24 48 96 192 

D 

64 

~ 2 

256 

~ 
384 

(doubling and 
halving) 

(adding and 
subtracting) 

II A4 

(arithmetic progression, 
or counting by 8's) 

shown, a part of the 
is produced: 

64 

128 

192 

256 

320 

384 
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Step 5: The chart can now be extended to the left by repeated 
halvings, thus introducing fractions (note that the 
properties and patterns evolved in Step 3 are all 
maintained) : 

1 1 1 1 
1 2 4 8 16 8 4 2 

1 1 1 
1 2 4 8 16 8 if 2 

3 3 3 3 
3 6 12 24 IT 8 if 2 

Step 6: The chart can also be extended upward by counting 
"backwards", thus introducing negative numbers 
and again maintaining all the patterns and rela
tionships of Step 3: 

1 1 1 
-1 -2 -4 -8 -16 -8 -4 -2 ... 

1 1 1 1 
-1 -2 -4 -8 -16 -8 -if -2 . . . 

0 0 0 0 0 0 0 0 

1 1 1 1 
1 2 4 8 16 8 if 2 

1 1 1 
1 2 4 8 16 8 if 2 

3 3 3 3 
3 6 16 8 4 2 12 24 
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What kinds of expressions , patterns , relationships , 
etc . . . can be evolved by the students from this chart? 
Teachers would do well to look for some of them on their 
own before undertaking the study with their students. 

II A4 
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AS 

TOPIC: 0----D Activities 

As always, the activities presented here will allow 
both teachers and students to get "a lot from a little". 

The ~ activities , however, are somewhat more 
unco~entiona:C, at least in appearance, than those pre
sented elsewhere in this section. 

Like all truly effective instructional techniques, 
they were inspired by the work of a group of students, 
and the fact that they are totally original stands as a 
tribute to these students' ingenuity and insight. 

The ~ activities lend themselves to a 
variety of uses at many levels of mathematical sophisti
cation, and to individual and homework assignment as well 
as large group work . Their initial introduction, and some 
of the extensions they allow for, are probably best under
taken in a teacher-led setting, with the follow-up work 
done by the students on their own. 

1. The Basic Activity 

Begin by writing, say , ~on the board. 

Ask the students to "do something (arithmetical) to 5" . 

Possibly with some hesitation, someone will say, " Add 7" . 

Now the ~ becomes ~ 

"And how much is it?" 

"Twelve". 

{;'\ ~ Now the ~ becomes ~ 

(At this point the basic conventions of the game have 
been established) . 

"Now do something to 12 '' . 

"Multiply by 2" . 

''How much is it now? ''Twenty four" . 

"Subtract 2". "Twenty two". 
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"Now let's start again at ® and get to 
ways". 

in different 

Thus the above might become: 

Of course, even in this simple example, there is an in
finite number of paths from S to 22 if only + and - are 
used (and millions of paths if only + is used with positive 
integers) . Since starting and finishing points can be ar
bitrarily chosen, endless variations of this activity are 
possible. Thus the student is able to express himself in 
an original manner. And the teacher has a valuable source 
of feedback, for instance, regarding which operations a 
given student feels comfortable in using and which he ap
proaches reluctantly. 

2. Restricted Domains: focusing the activity 

By restricting the domain of allowable operations and 
types of numbers, the students' attention can be focused 
on particular operations and/or types of numbers . For ex
ample: 

"Start at (2) finish at @ no + allowed "(thus focus 
ing on x and -). 

Possible solution: 
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Some other examples of focusing through restricting: 

Start Finish Restriction Focus 

a) 9 53 At least one Powers 
exponent 

b) 6 1/4 9 2/5 Operations 
on fractions 

c) 3.7 8.2 Operations 
on decimals 

d) 5 -3 Operations on 
negative 

e) 6 37 At least two Division 
. 

Possible solutions to each of the above: 

a) -28 

b) 

c) +.4 x2 

d) S X (-2) +7 

e) 

The restrictions used should be based on needs of 
students but should not preclude a large number of avail
able solutions. Both totally open-ended creative expres
sion~and res~icted domain activities are basic uses of 
the ~ activities. In proper combination, these 
two basic uses can fit all ages and levels of competence, 
and thus be an important factor in the development of stu
dents' computational skills. On the following pages, more 
specialized applications of the ()---+() activities are 
explored. Of particular note is #4 below, which yields 

numbers 
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a non-traditional insight into the nature of the al
gebraic equation. 

3. Parentheses and Order of Operations 

II AS 

Consider a variety of expressions in the Q--0 notation: 

a) 

b) 

c) 

d) 

If these are rewritten in the traditional (horizontal) 
notation 

a) 5 x 2 + 12 = 22 
b) S + 6 X 2 = 22 
c) 32 x 4 = 36 
d) 3 X 22 = 36 

it can be seen that b) and d) are not correct as they 
stand, but can be corrected by the insertion of parentheses. 
Thus: 

b) (S + 6) X 2 = 22 

d) ( 3 X 2 ) 2 = 3 6 

Have students rewrite some of the ~ nstories"· 
they produce ~n traditional notation, inserting parentheses 
where necessary, and respecting the conventional order of 
operations: exponents first, then multiplication and divi~ 
sion and finally addition and subtraction. 
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4. Equations 

A problem such as the followi ng can be posed to the 
students: 

"Where did I begin if I finished at 17 by the 
following path? " 

One of them might volunteer: 

"Third circle must be @. 
"How do you know that? " 

"Because 17 - 1 = 16". 

(The student perceives that he has to "un-add", or 
subtract) . 

-1 
"Go on". 

"Unmultiply by 2 or divide by 2, then unadd 3 or 
subtract 3". 

"Therefore ®·" 

-3 -1 

Similarly, the point of 

is found by backwards": 

x4 +1 x3 

II AS 

This type of problem not only helps fix the relation
ship of all operations to their inverses (addition/subtraction, 
multiplication/division and powers/roots) , but it also gives 
the students all the background they need both to understand 
and to solve simple equations . 

For, if in the first exa~le abo~, "where did I begin" 
is replaced with, say, N, the ~ story can be re
written in "traditional " terms as follows: 
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2 (N + 3) + 1 = 17 

and its solution (provided by working backwards) : 

17 - 1 
2 - 3 = s 

Similarly translating 

(N2 + 4 1) . 
4 - 7 

and its solution 

the 

3 = 

~4(3 X 3 + 1) - 4 = N 

that is, N = S 

second example would 

3 

or N = 6 

Conversely, typical "algebra" equations such as 

a) 4 (x + S) - 3 = 4S b) 2y2 + 3 
7 = s 

yield 

can be solved first by converting them into ~ 
notation, with the unknown in the first circle and then 
workinq backwards to obtain the value of that unknown . 

Thus, for (a): 

from which one obtains 

-5 7 4 +3 

I X = 71 
And for (b) : 

II AS 
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5. Equivalent Equations 

Consider one of the equations from the preceding section: 

~Form Traditional Form 

Each step in the solution yields an equivalent equation: 

2 +4 

~ 

x2+4 -1 = 9 
4 

x 2+4 = 10 
4 

2 
X +4 = 40 

2 
X = 36 

X = 6 
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6. Open Sentences 

The preceding activities can be used to write "open" 
sentences with fixed solution sets. For example, to write 
an open sentence with solution set t3} , start with c=r--+ 
and continue with any operations 

for any number of steps. Now erase all circled numbers, 
except the final number and place an N in the first circle . 

Rewriting in standard notation 

(2N + 1) 2 + l 
s = 10 

is an open sentence whose solution is (. 3] . 

II AS 



SECTION II 

A6 

TOPIC: Bases of Numeration ; Modular Arithmetic 

The incorporation of the study of bases of numeration 
in the elementary mathematics curriculum has led to a great 
deal of confusion for both teachers and learners. As usually 
presented , the topic is introduced in a most illogical manner 
(ex: "base five is the base where there is no five" ! ) and 
the fundamental, and educationally valid, reasons for study
ing different bases of numeration are either neglected or 
misunderstood. This is evidenced by the common emphasis on 
exercises involving conversions from a given base to " base 10", 
which not only places unwarranted stress on this base , but also 
results in the side- stepping of valuable understandings into the 
world of numbers the study of bases can yield. These exercises 
thus beco me one more instance of ster ile, mechanical computa
tions to be performed by students without insight into why they 
a r e being asked to undertake them. 

In this chapter two approaches to the study of bases of 
numeration are presented, which enable students to reach deep
er awarenesses into the nature of numbers and the relationships 
that link them . These approaches lead to the ability to com
pute in any base , to convert from any base to any other , and to 
disentangle properties of numbers that hold true in any base 
from those which are merely consequences of a particular choice 
of a base . The relationship of bases to modular arithmetic is 
also detailed. 

1 . Introduction to Bases 

a) The Number Array : In SECTION II, Al the various uses 
of the number array were described . These included the intro
duction to different bases of numeration . Thus, if a line is 
drawn horizontally across the array , say below the row made up 
of 4 , 40, 400, . . . , and the convention is established that all 
numerals below the line are eliminated , the new array produced 
is: 

100 10 1 

200 20 2 

300 30 3 

400 40 4 
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Labels for the set of whole numbers can still be evolved 
from this array, by pointing in succession to 1 , 2, 3, 4 , 10 , 
10-- 1(11), 10- -2(12), and so on. 

If students doubt that this is in fact so, a number line 
can be drawn, and each of the successive notches given its 
particular label : 

new base 

II A6 

0 1 2 3 4 10 11 12 13 14 20 21 22 23 24 30 31 32 33 34 40 41 42 43 44 100 

It is obviously the same number line that would be drawn 
to represent numbers in the "ordinary" base (i.e . in which 10 
follows 9) , with the same notches used to represent succ essive 
numbers. The only difference here is that the labels given 
to particular notches have changed: 

new base 

0 1 2 3 4 10 11 12 13 14 20 21 22 23 24 30 31 32 33 34 40 41 42 43 44 100 

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 

"ordinary" base 

Thus the use of the number array and the corresponding 
number line can serve to disentangle what is absolute -- the 
existence of a 11 fixed"set of numbers-- from what is only 
conventional - - the set of labels used to denote these numbers. 

Of course, the line can be drawn anywhere across the 
number array , each time yielding a new base and a corresponding 
set of labels for the set of numbers . Some of these bases are 
more useful than others from an instructional point of view . 
For instance, the one shown above is easy to work with , since 
the number of fingers on one hand is called 10, and activities 
with complements using one's fingers -- such as those described 
in SECTION II, A2 -- can be undertaken readily in this new base . 

Or, if the line is drawn under the first row of the array , 
to yield 

100 10 1 
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the base in which 10 follows 1 (the binary system) is evolved, 
and its usefu l ness in situations that use iterations of yes/no 
responses (such as computers) can be studied . 

2. The Cuisenaire Rods 

The rods can also be used to introduce fundamental con
cepts about bases of numeration. For instance, the question 
can be asked: "Do we need all the different rods we have in 
the boxes to represent the set of numbers?" "What if all 
rods longer than the yellow ones did not exist? Could we 
still do everything we have learned to do with rods with those 
we have left?" 

And, as the students investigate the possibilities offered 
to them by this new and restricted set of rods , they will per
ceive that , in fact, all the manipulations the full set lends 
itself to are still available: trains , staircases, patterns, 
complements , crosses and towers, all can be made. 

Trains, of course , will be measured in terms of yellow 
rods: 

p p g r r r 

y y y g 

And staircases will be iterated for all lengths greater 
than the yellow rod: 

r--

r--

-
r--

r--

r---

r--

r--

r--

r--

r-
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From these situations, it is easy to derive numerical 
equivalents for those rods that are available: 1 for the 
white one, 2 for the red, 3 for the light green, 4 for the 
purple and 10 for the yellow. 

All work in this base, therefore, in which 10 follows 4, 
can be referred to as being "in the yellow world", and an 
appropriate subscript used in all written expressions in 
order to avoid ambiguities. 

II A6 

Thus, the equivalent trains shown above would be expressed 
as 

4 + 4 + 1 + 3 + 2 + 2 + 2 = 33y 

and the results of all manipulations in this "yellow world" 
similarly denoted. For example: 

2 X 4 = 13 y 

32 - 14 = 13y 

43 12 = 3y remainder 2 

In sum, then, the use of different bases of numeration with 
the rods provides teachers with an alternative (and intriguing) 
entry into the activities that can be undertaken with the 
material, and students with numerous opportunities for re
discovering the constancy of mathematical relationships, even 
though the arithmetic changes from one base to another. For 
instance, the similarities and differences evident in the two 
equivalent statements 

3 x 5 = 150 ( "ordinary" base) 

3 X 10 = 30y ("yellow world") 

help make evident the distinction between the fundamental 
relationship between the two numbers in questions (i.e. 3 
and 5 in the "ordinary" base) and the arithmetic that expresses 
it. 
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3. Computations 

Here again, the use of different bases of numeration 
can help establish the distinction between algorithms 

II A6 

(which remain unchanged) and the arithmetic of given situations 
(which depend on the choice of the base beinq used) . 

Thus, some basic addition "facts" in the "yellow world" 
are: 

1 1 1 1 2 2 2 3 3 4 

+1 +2 +3 +4 +2 +3 +4 +3 +4 +4 

2 3 4 10 4 10 11 11 12 13 

Here are some examples, in the "yellow world", of 
computations derived from manipulations with rods , and of 
computations on paper that use transformations and equiva
lences similar to those presented elsewhere in this manual. 
In all cases, the chapter which details the particular 
manipulation or algorithm is listed . 

a) Computations derived from rods : 

( i) g p 3 + 4 = 12 I A3(a) 
y l r 

(ii) y y 
21 - 13 = 3 I A3 (a) 

y g I 

(iii) qp E[§ ~ 

l 3 X 4 = 22 I A3(b) 

p p p 

y y I r 
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(iv) ~--~y--~~--~Y~~--~--~g~,~~ 23+4 = 3 R.1 
p p p w 

I A3(b) 

(v) y g 

p p ~ X 13 = 4 I A3(b) 

(vi) p p y r I r 

1: I y lw I y lw I y I A3(b) 

! 
y JwJ 

!_X 
3 

(4 + 4 + 10 + 2 + 2 + 1) :::: 1 1 

b) Computations on paper: 

(i) 13 - 1 12 II C1 

+14 +1 +20 

32 

(ii) 41 +1 42 II C2 
-14 +1 -20 

---"22 

(iii) 24 20 + 4 II C3 
x12 X 10 + 2 

13 
40 
40 

200 

343 
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(i v) 

(v) 

(vi) 

14 R.3 

12 231 
-120 

lll 
-103 

3 

multiplication by 

12 
x24 

24 
103 

+211 
"343 

- 7-

10 

4 

doubling and 

@x 24 
G) 103 
CD 211 

division by duplation (II C4) 

12 ) 231 1/ 12 
2 24 
4 103 

13/ 211 

solution: 14 R.3 

4. Rationale for the Use of Bases 

halving 

2 31 
- 211 

20 
-12 

3 

II C4 

(II C3) 

12 is odd! 

13 
+ 1 

14 

It should be clear from the illustrations given above 
that working in different bases does not require any new 
mathematics, but rather offers an opportunity to re- examine 
techniques and understandings previously acquired. This 
possibility should be especially valuable to teachers of 
older students who, although they have not mastered the 
"required" elementary mathematics curriculum, may resist 
going over it again and again in the same fashion. 

II A6 

By asking them to work with what appears to be new and 
radically different material, t eachers will enable them to 
overcome their feelings of frustration and boredom, while 
ensuring that they come in contact with the essential insights 
they need to make sense of operations and their properties. 
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Some teachers express concern that working in a number 
of bases may confuse young children. This will not occur 
if teachers are clear that what matters is the mathematics 
of given situations, not arithmetical "facts", and are thus 
able to present the topic to their students in its proper 
perspective . 

II A6 

While it is true that knowing 2 + 3 = 10 in the "yellow 
world" is of little practical importance, knowing that this 
"fact" can yield 10 - 3 = 2, 2 + 2 + 1 = 10, 200 + 300 = 1000, 
etc ... is of value to one's overall understanding of the al
gebra o~relationships. 

Working with bases allows both teachers and students to 
re- examine carefully the content of their mathematical know
ledge, and to make distinctions between absolutes and con
ventions. For instance, in the example given above for multi
plication by doubling and halving, it was noted that 12y is an 

odd number. This seemingly contradicts one common definition 
of odd numbers ("odd numbers end in 1,3,5 ... ") when, in fact, 
it points up the inadequacy of this definition. 

More mathematically precise definitions("cannot be measured 
by a train of red rods", or "cannot be divided by two without 
remainder '') would hold true irrespective of the base used. 

5. Conversions from One Base to Another 

Conversion of a fixed magnitude from one base to another 
is usually handled in g r eat detail, and with much confusion, 
in traditional courses . Here again, the rods provide an un
ambiguous model of the mathematics involved, and enable con
versions to be made easily, accurately and with understanding. 

Consider the following pattern: 

0 I b 

B I t 

t I t l w 
b I b I g 

d d y 

y [ y I y [ r 

p I p I p p lw 
g I g g I g g I r 

r I r I r r I r I r r J r f w 
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The label for each train is given in the "world" in 
which it is measured. The length of the trains can there
fore be expressed variously as: 

Or, if Roman numeral subscripts are used to denote the bases: 

II A6 

17 = 18. = 21 . :=. 23 . := 25 . = 32 = 101 == 121 .. =r 1001 .. 
X 1X V111 V11 V1 V iv 111 11 

Note that the same pattern of rods would have been produced 
in order to answer the following sequence of problems in the 
"orange world" ("ordinary" base X) 

5W 3ll7 

This close relationship between divisions and conversions 
from one base to another provides the basic awareness needed 
to develop the ability to convert from base to base (see 
SECTION II, B3 for examples of conversion tables). 

6. Modular Arithmetic 

In modular arithmetic , numbers are replaced by their 
remainders after a division. Consider, for instance, 17 in 
the"ordinary" base X. Since 

17 5 3 R.2 

it can be stated that 17 = 2 modulo 5 
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Thus the pattern of rods shown above can be made to 
yield the following modular equivalents for 17: 

17 = 7 (mod.lO) 17 = 3 (mod. 7) 17 = 1 {mod.4) 

17 = 8 (mod. 9) 17 = 5 {mod.6) 17 = 2 {mod. 3) 

17 = 1 {mod. 8) 17 = 2 {mod.S) 17 = 1 (mod. 2) 

The relationship between modular equivalents, divisions 
and conversions from base to base can be illustrated by: 

17 = 1 (mod. 8) 17 7 8 = 2 R.l 

The clock provides the most common example of a modular 
system. (Note that on the clock zero is replaced by twelve) . 
And modular arithmetic can be used to solve problems such as: 

Problem A: What time will it be 6 hours after 10 o'clock? 

a) 
b) 

hence c) 
d) 

10 + 6 = 16 
16 12 = 1 R.4 
16 = 4 (mod.l2) 
answer: 4 o'clock 

Problem B: What time will the clock indicate in 28 hours, 
if it is now 3 o'clock? 

a) 28 + 12 = 2 R.4 
b) 2 8 = 4 (mod.l2) 
c) 3 + 4 = 7 
d) answer: 7 o ' clock 

If the tables of basic addition and multiplication 
"facts" for various modular systems are produced, they can 
be made the basis of some interesting studies, abounding in 
unusual and surprising observations. Here are two examples 
of such tables: 



II A6 
- 11-

Modulo 4 

+ 0 1 2 3 X 0 1 2 3 

0 0 1 2 3 0 0 0 0 0 

1 1 2 3 0 1 0 1 2 3 

2 2 3 0 1 2 0 2 0 2 

3 3 0 1 2 3 0 3 2 1 

What can be gleaned from these tables? How do they 
compare with tables in modulo 3, 5 , 8 , .. . ? These, and other 
similar questions, can b e the basis of challenging research 
problems for students (and teachers too ! ). 

II A6 



TOPIC : "Quickies 11
: Rapid Mental Calculations 

SECTION II 

A7 

One of the more efficient (and enjoyable) ways of 
developing the ability for rapid and accurate mental reck
oning in students is the game of "Quickies 11

• As with so 
many of the original -- and truly effective - - techniques 
presented in this manual , the game of "Quickies " was ini
tially evolved by a group of students at a school taking 
part in an HEI project, and the credit is therefore theirs. 

The game can be played with both s mall and large groups, 
at f irst led by the teacher but , after it has been estab
lished, by students a l one . Since only a few minutes at a 
time need be devoted to it , and since it is an excellent 
.. attention grabber .. , the game lends itself well to those 
often unproductive moments of the school day: at the end 
of a period, just before or after lunch, P.E . , recess , 
etc . .• Further , it can , and sometimes needs to , be played 
regularly , often two or three times a week. Lastly, as 
its name implies, the focus is on speed , and allowing it 
to lag can destroy much of its effectiveness. 

The rules of the game are very simple: a leader utters 
a number , and the rest of the players are to give back 
(out loud and as quickly as they can) the number that is 
obtained by following the "rule" that has been set by the 
leader . The leader then utters another number , and another , 
and another • • . with the group each time providing the appro
priate response. 

For instance , the leader might say : 

"My rule is ' add one ' 11 

" r.iy first number is ' eight ', What ' s yours?" 
Response : "Nine " 

"My number now is'twelve '" 
Res ponse: "Thirteen" 

"Twenty- five " 
Response: " Twenty-six" 

and so on . 

That i s all the game involves but , as with other activities 
described in this section, it can yield "a lot from a little 11

• 

First, the game can obviously focus on a particular 
area of elementary mathematics (say, addition) and thus 
be responsive to the needs of the students in the group 
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as it enables them to improve their ability to handle the 
specifics of the area under study. 

Second, it allows students to develop an increasing
ly comprehensive network of relationships, connections, 
short-cuts etc ... , between numbers, and of possible 
transformations and equivalencies in terms of various 
operations. To promote this, the leader must be careful to 
present to the group clusters of numbers which make evi
dent a particular relationship. 

For instance, with the given rule being 'add ten~, 
the game can proceed as follows: 

Leader: 
Response: 
Leader: 
Response: 
Leader: 
Response: 
Leader: 
Response: 

Leader: 
Response: 
Leader: 
Response: 

Leader: 

Response: 

and so on. 

"My first number is 'twelve'" 
"Twenty-two" 
"Twenty-two" 
"Thirty-two" 
"Thirty-two" 
"Forty-two" 
"Forty-two" 
"Fifty-two" 

"Two hundred forty-two" 
"Two hundred fifty-two" 
"Eight hundred forty-two" 
"Eight hundred fifty-two" 

"Sixty-three thousand eight hundred 
forty-two" 

"Sixty-three thousand eight hundred 
fifty-two" 

Also, if a certain number of basic rules are given and 
practiced over a period of time, the students will ac
quire remarkable facility with almost all kinds of 
computations, both mental and written. These basic 
rules include: 

add one 
subtract one 
add, or subtract, two (or three) 
add ten 
subtract ten 
add or subtract, a hundred (or a thousand, 
a million etc ... ) 
double 
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halve 
treble 1 
"third" ) to some extent 
multiply by ten 
divide by ten 
multiply, or divide, by a hundred (or a thousand, 
a million etc ... ) 
square (of numbers up to, say, 30) 
find the square root (of perfect squares up 
to about 1,000) 

It is obvious that these rules can be given in a variety 
of equivalent forms, as appropriate. For instance: 

divide by 2 
find .s of 
find 50% of 

and so on. 

Further, once these basic rules have been adequately met 
by the learners, the game can be made more challenging (and 
the students' facility with computations correspondingly 
more extensive), by stringing two, three or more operations 
together, and asking the group to provide the final answer 
only. For instance: 

Leader: "The rule is 'add ten, then subtract 

Leader: 
Response: 
Leader: 
Response : 

and so on. 

one._" 
"Twenty-eight" 
nThirty-seven" 
"Thirty-seven" 
"Forty-six" 

Obviously, this particular rule given practice with add
ing nine. 

Here are a few more examples of strings of operations, 
and the focus for practice each one provides: 

Rule 

subtract ten, then add 
one 
subtract ten, then one 
more 

Practice with 

subtracting nine 

subtracting eleven 
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Rule 

double, then multiply by 
ten 

multiply by ten, then 
halve 

Practice with 

multiplying by 
twenty 

multiplying by 
five 

divide by a hundred, then 
double, then double again 

dividing by twenty
five 

double, then treble multiplying by six 

square, then double, then 
add ten 

a variety of opera
tions 

Lastly, the practice can be reversed, with the leader pro
viding only one rule, and the group having mentally to sub
stitute a string of intermediary steps in order to work out 
the answers. For instance: 

Rule Given 

subtract seven 

multiply by eight 

multiply by fifty 

multiply by forty
nine 

26% of 

Mental Substitutions 

subtract ten, add back 
three 

double, double, and double 
again 

multiply by a hundred, 
then halve 

as above, then subtract 
number given initially 

halve, then halve again; 
keep number in mind; di
vide initial number by a 
hundred; add result to 
number kept in mind 
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TOPIC: Other Techniques for Increasing Learning Efficiency 

The activities detailed thus far in this SECTION have 
had as a focus "a lot from a little". A few more techniques 
which increase learning efficiency are presented here, not 
to exhaust all possibilities, but to give teachers further 
suggestions about ways to maximize learning while minimizing 
teaching. 

] . Finite Differences 

From given sequences of numbers, new sequences can be 
generated by working out the differences between consecutive 
terms. Differences of consecutive terms of the second se
quence will produce a third sequence, and so on . 

Finding these differences will often lead students to 
the discovery of interesting relationships between certain 
numbers, or of properties of operations, or of generalizations 
and theorems, and so on . 

Thus it is a mathematically fertile undertaking, and it 
can be carried out by learners with varying degrees of com
petence or sophistication . 

A sequence of numbers that is encountered often is the 
set of squares (see SECTION I,C) : 

12 = 1 

22 = 4 

32 = 9 

42 = 16 
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Finding the differences between consecutive terms yields: 

12 = 1 

22 
>3 

= 4 

32 
>5 

= 9 

42 
>7 

= 16 

52 
>9 

= 25 

62 
>11 

= 36 

72 
>13 

= 49 

s2 
)15 

= 64 

These "first" differences display an obvious pattern, and the 
"second" differences are constant: 

12 = 1 

>3 
22 = 4 >2 

>5 
32 = 9 >2 

>7 
42 = 16 >2 

>9 
52 = 25 >2 

>11 
62 = 36 >2 

>13 
72 = 49 >2 

>15 
s2 = 64 >2 
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What would happen if the set of cubes was similarly 
investigated? Would a recognizable pattern emerge with the 
first, the second, the third , •. . differences? Will a constant 
difference be reached at a certain point? 

And can similar patterns be predicted for the set of 
4th powers, 5th powers, etc ... ? Do these predictions come 
true? 

In SECTION I, D3 the study of the number of diagonals 
of polygons yielded the following results: 

number of sides number of diagonals 

3 0 

4 2 

5 5 

6 9 

7 14 

8 20 

If the technique of finite differences is applied to the 
sequence of the number of diagonals , it yields: 
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Again, a constant difference is attained, with the 
pattern resembling closely one of the patterns evolved 
earlier. In all these examples, is there a correspondence 
between the degree (that is, the highest power of the 
variable) of the expression describing the relationship on 
the one hand, and the number of differences needed to attain 
a constant on the other? For instance: 

x2 second differences 

n (n-3) second differences 
2 

x3 ? 

x4 ? 

By applying this technique to a variety of sequences, 
comparisons can be made, and generalized conclusions arrived 
at. And, with only a minimal amount of direction from the 
teacher, students are given opportunities both to exercise 
their computational skill and to become involved in inter
esting research questions. 

2. "Calculus" 

Very often, the study of calculus is introduced via 
an examination of what happens in a given situation when 
only small changes are made. In fact, calculus evolves 
when the limiting cases of infinitesimal changes are con
sidered. 

While the topic of calculus is beyond the scope of this 
manual, students can be given some experience with "pre
calculus" activities, based on the examination of what happens 
when changes (often small ones) are made within certain kinds 
of patterns. 

The questions that can be asked at this "pre-calculus,. 
level, and the investigations students undertake as a result, 
provide in many i nstances efficient learning opportunities. 
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At the level of the four operations, two basic questions 
can be asked: 

a) in what ways can the given problem be changed while 
leaving the answers unchanged? 

b) in what ways does the answer change when, in a given 
problem, changes other than those of (a) are made? 

Consideration of the first question leads to a variety of 
computational techniques , labelled in this manual as "com
pensatory dynamics" (see SECTION II,Cl,C2,C3 and C4) . The 
changes that are effected in each instance are basically 
transformations which yield equivalent expressions, and 
these are also summarized in SECTION II,B4. 

Typically, the aim of each transformation is to change 
a "hard" problem into an "easy" one equivalent to it. Ex
amples include" 

(i) 98 +2 

+73 -2 

(ii) 71 +3 

-17 +3 

100 

+ 71 
171 

74 

- 20 

54 

(iii) 8 X 14 = 4 X 28 = 2 X 56 = 1 X 112 = 112 

(iv) 288 . 16 = 144 8 = 72 4 = 36 . 2 = 18 . 1 = 18 
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Investigation of the second question often leads to the 
generation of productive patterns . Examples include: 

(i) 11 

+ 7 

18 

(ii) 23 

-10 

13 

(iii) 2R.l 
6)13 

(iv) 8 X 8 

9 X 7 

10 X 6 

11 X 5 

= 

= 

= 

= 

11 

+ 8 

19 

23 

-11 

12 

64 

63 

60 

55 

= 64 

= 64 

= 64 

11 

+ 9 
20 

23 

-12 

11 

2R.2 
6)14 

12 

22 

32 

11 

+10 
21 

23 

- 13 

10 

2R. 3 
6}15 

Some of these patterns, and the awarenesses they yield, 
are presented in SECTION II,B2 . The last example given above 
can also b e used to evolve the generalized relationship 

a2 - b2 = (a+b) (a-b), which is arrived at through the use 
of manipulative materials in SECTION I,C. 

Here, the sequence of expressions can be rewritten as: 

8 X 8 = 64 = g2 

9 X 7 = (8+1) ( 8-1) = 63 = 82- 12 

10 X 6 = (8+2) ( 8-2) = 60 = 82- 22 
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from which (a+b) (a- b) = a 2 - b 2 c an be generated . 

3. Inquiry Games 

Inquiry games are an extension of the "Guess My Rule " , 
or "Quickies " , activities detailed in SECTION II, A7. 

In any inquiry game, a mathematical process known only 
to the leader of a group (not necessarily the teacher) is 
exemplified on the chalkboard - - a single example being given 
to initiate the game - - with the r emainder of the group then 
attempting to determine the nature of that p rocess . 

This determination is effected solely by having members 
of the group propose, one at a time , further examples which 
they feel also reflect the given process. The leader, using 
his knowledge of that process, ascertains in each case whether 
the example proposed does in fact follow his "rule" . With 
the chalkboard divided i nto two sections , al l successful 
attempts (i.e. those that do fol l ow the " rule " ) are written 
on one side, all unsuccessful ones on the other. 

For the members of the group, then, the task consists 

II AS 

of formulating - - to themselves - - various hypotheses concerning 
the nature of the given process , and of testing each hypo
thesis by proposing specific examples. Also , as the array 
of successful and unsuccessful attempts displayed on the 
board increases , more information becomes available upon which 
to base the tentative hypotheses. 

Consider the following example : 

The l e ader writes 

on the " successful " side of the board and tells the group : 
"My process converts two numbers , 1 and 5 , into a single 
number , 5. What is my process? " 

As the rest of the group proposes further examples , the 
board might look like this: 
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successful attempts 
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unsuccessful attempts 

vv 
G{~CQ~ 

0' &; 

~~ 
(i!) 

CQ}V 
@) 

Of course, it is not possible to convey in writing the 
dynamism with which this activity is usually undertaken. The 
students develop experiments to elicit the maximum amount of 
information from each attempt , whether successful or not. 
They evolve strategies for testing the validity of the hypo
theses they formulate. They become excited as two or three 
of their attempts are entered into the " successful" column, 
only to have a counter-example provided by someone else fall 
into the "unsuccessful " category , thus destroying the line of 
reasoning they had been pursuing. And they come back with 
a new idea, a new hypothesis, more refined than the previous 
one because it is based on a greater amount of information. 

As the number of attempts written on the board grows, 
and as the students take more and more information into 
account, the range of possibilities for the leader's "rule" 
is narrowed, until it is finally evolved. 

Using the information provided by both sides of the array 
above, the reader is invited to formulate his own hypothesis 
as to the "rule" being used in this instance, before reading 
on . It may also be useful to try to discover the line of 
reasoning which was followed for each of the "unsuccessful" 
attempts shown above . 

If the relationship between the number triplets is 
represented by 

the "rule" for the above example is given by 

c = a + b - 1 

II A8 
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Many other "rul es" are possible, of course, ranging 
from the elementary 

v c = a + b 
1 

v c = a x b 
2 

v c = a + 2b 
9 

to the more advanced 

v v c = HCF (a,b) 

v c = ab 

v c = a2 + b2 
9 

v c = remainder of a . b 

and so on . 

As with so many of the activities described in this 
manual, inquiry games have a wide range of applicability. 
Each teacher can therefore select those parameters that make 
inquiry games relevant to the needs of students in a partic
ular classroom. 
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B 1 

TOPIC: Algebra 

This chapter and the three that follow are central to the 
understanding of the approach to mathematics teaching detailed 
in this manual. Each chapter presents a principle fundamental 
to the view of mathematics upon which all instructional tech
niques and activities described here are based. Without a firm 
grasp of these principles, and of the reasons why they are 
crucial, teachers can do little more than borrow ready-made 
ideas and suggestions, to be used in largely unknowing ways with 
their students. Which all but guarantees that the power and 
efficacy inherent in these suggestions will be drained away, as 
they become mechanically conducted "lessons" deprived of capa
city for touching learners' minds. 

To be truly effective, interactions between teacher and 
learner must be knowing on the part of both, though that "knowing" 
is different for each. For the learner, the interactions must 
present challenges that are perceived by him as being worthy of 
his efforts. He can then mobilize his capacities for making 
sense of new or unknown situations, and hence overcome the 
challenges. Thus he knows what he is doing, and why he is 
being asked to do it. 

For the teacher, the knowing must be at the level of the 
mental steps a learner needs to take in order to understand 
given concepts, or acquire a certain body of knowledge, or make 
sense of particular dynamics and relationships, or move from 
one level of awareness to another. 

Thus the teacher shapes and defines the nature of the 
learning that takes place, by knowing how the reality of situ
ations needs to be structured in order to be - comprehensible 
to the uninitiated. 

In mathematics, algebra is the medium that provides this 
structure. Numbers, for instance, the ways they behave, and 
the relationships between them, cannot be comprehended without 
an understanding of the algebra which underlies them. And 
learners, therefore, cannot be expected to grasp the arith
metic of numbers if they are not equipped with the algebraic 
awarenesses which infuse meaning and reality to that arithmetic. 
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Algebra has been defined in a variety of ways, such as 
"doing math with letters", or "solving equations with unknmvns". 
This chapter provides a mathematically accurate, and educa
tionally fruitful definition of algebra, which will enable 
teachers to generate and use activities that respect both the 
requirements of the subject area and the demands of the act 
of learning. 

1. What Is Algebra? 

An algebra is created whenever an initial axiom, principle 
or restriction is used to mathematize a particular set of situ
ations. That is, the initial "given" enables the development 
of a wide field of study, as it provides the "necessary and 
sufficient'' essence upon which to build extensions, applications, 
special or limiting cases, etc ... Chapters of the curriculum 
thus arise naturally, as each of the possibilities the initial 
"given" lends itself to is studied in turn. 

One example of such a "given" is 

a+b--+c 

where a 1= b F 0 

which can be stated as: "the sum of two distinct, non-zero 
elements of a set can be mapped onto a third element of that 
same set", or, more simply, if for instance the set of integers 
is being considered, "the sum of any two integers is a third 
integer". 

This fundamental definition of addition, apart from being 
mathematically accurate and quite easy to grasp, can form the 
basis for much of what is usually made part of the elementary 
curriculum. The "given" itself can be re-stated in a number 
of ways, yielding new awarenesses of the algebra it gives rise 
to. These include: 

to each pair of elements (a and b) will correspond 
a single, and unique, sum (c) 

if a + b = c, then c = a + b (reflexive property 
of equality) 

if a + b = c then b + a = c (commutative property 
of addition) 
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a + (-a) = 0 (zero as the identity element of 
addition) 

if a+ b = c, then c- a= b , c - b =a, etc ... 
(concept of addition and subtraction as inverses 
of each other) . 

And the "given" can be made the basis of various extensions, 
special cases, etc ... , which enable the study of a host of 
new topics. These include (in no special order): 

associativity of addition 

relationships between addition and subtraction 

additions and subtractions "with a gap" (equations) 

families of equivalent additions and of equivalent 
subtractions 

repeated addition and repeated subtraction 

arithmetic progressions 

complements 

corespondences (one- to-one, one-to-two, etc . . . ) 

permutations 

combinations 

degrees of freedom. 

That is what the algebra of the situation is able to produce, 
and the study of these topics yields algebraic awarenesses of 
mathematical structures. 

II Bl 

And though these topics, and the ways in which they are 
tackled, may at first glance seem too "difficult" or "advanced" 
for young learners, they do in fact provide the only educa
tionally defensible approach to the teaching of elementary 
mathematics. 

And the multi-valent materials (particularly the Cuisenaire 
rods) which are given extensive consideration in the early 
chapters of this manual, are efficient and reliable models for 
algebraic structures, enabling these structures to be placed, 
literally, at the learners' fingertips. 
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A careful study of the early chapters (in particular, 
SECTION I, A 2 and A 3(a)) will reveal how the materials are 
able to provide awarenesses of the algebra the above "given" 
yields . And this algebra at the level of materials, in turn, 
is made the basis of new topics (such as those detailed in 
SECTION II, A 2 and B 4) which ultimately yield algorithms 
for performing additions and subtractions (SECTION II , C 1 
and C 2) on numbers of any size -- i.e. computational skill. 

The possibilities made available by this "given" are 
not, of course, exhausted in this manual (for instance, 
combinations and permutations are not studied here) and 
teachers may wish to explore how additional topics may be 
generated using a + b ~ c, or one of its extensions, as 
the point of departure. 

2 . A New Restriction 

One of the topics that the "given" above yielded was the 
special case of repeated addition , in which the two (or more) 
elements of the set that were added together were not differ
ent . If the restriction of iteration is adhered to, a new 
basic "given" can be evolved, and stated as 

c = n x a + r where r <a 

i.e. any element of a set (c) can be produced by iterating a 
smaller element (a) n times, with r as the "remainder". 
This "remainder",-of-course, can be zero in those instances 
where the iteration of a will produce £directly. 

This "given", which is obviously related to the pre
vious one, since 

n x a= a+ a+ a+ ...• +a 

can serve as the basis for a large number of topics in ele
mentary mathematics. These include: 

multiplication as repeated addition 

division as repeated subtraction 

factors and products 

families of equivalent products and of equivalent 
quotients 
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prime and composite numbers; factorization 

divisibility; HCF's and LCM ' s 

powers, logarithms, fractional and negative 
indices 

geometric progressions 

fractions 

operations on fractions 

decimals and percents 

polynomials. 

Thus this new "given" yields the study for nearly all the 
topics of the elementary curriculum which cannot be generated 
directly from the previous one. And again , the rods can 
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serve to give learners all the necessary algebraic awarenesses 
(see , for instance, SECTION I, A 3(a) , A 3(b), A 4(a), A 4(b) 
and A 5) and these, in turn, provide the basis for the study 
of multiplicative and fractional relationships between numbers 
(SECTION II, A 4 , A 5 and B 4), and of the algorithms for 
multiplication, division and operations on fractions (SECTION II, 
C 3, C 4, C 5 and C 6). 

3. The Distributive Property 

If the additive and multiplicative "givens" above are 
combined, a new algebraic awareness can be generated, that of 
the distributivity of multiplication over addition or subtrac
tion. Again, this awareness isbestintroduced using the rods 
and, since this topic h as not been presented elsewhere in the 
manual, it is developed here. 

Starting with a rectangle of rods of equal length, with 
the width of the rectangle being defined by the appropriate 
rod placed atop the rectangle 

B 

B 

g B 
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it is obvious that, if each of the blue rods is replaced by 
an equivalent yellow and purple train, the new rectangle 
produced is equivalent ot the initial one: 

y p 

y p 

y g p 

Further, it can readily be perceived t hat the two smaller 
rectangles (yellow and purple) can be physically separated 
and, if their sum is what is kept in mind, that sum is still 
equivalent to the original rectangle. To be consistent , a 
light green rod needs to be placed atop each smaller 
rectangle to indicate its width: 

y p 

y + p 

g y g p 

Thus the initial lengths (the blue rods) have been trans
formed into a sum , and the l i ght green rod has been 
distributed over the t erms of that sum : 

g X B = g X (y + p) = g X y + g X p 

Or , numerically , if the white rod is taken as the unit : 

3 X 9 = 3 X (5 + 4) = 3 X 5 + 3 X 4 

II Bl 
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This distributive property can be extended variously 

(i) 3 X 9 = 3 X (2+3+4) = 3x2 + 3x3 + 3x4 

(ii) 7 X 9 = (5+2) X ( 6+3) = 5x6 + 5x3 + 2x6 + 2x3 

(iii) 3 X 9 = 3 X (10-1) = 3 X 10 - 3 X 1 

( iv) 7 X 9 = ( 10- 3) (10-1) = lOxlO - 3xl0 - lOxl + 3xl 

with all but the last relationship being easily obtainable 
through manipulations of rods. 

And, of course , the process can be reversed, with the 
smaller rectangles being recombined into a single, larger 
one, to yield the inver se operation of factorization : 

(i) 3 X 2 + 3 X 5 = 3 X (2+5) = 3 X 7 

(ii) 3 X 7 - 3 X 2 = 3 X (7 - 2) = 3 X 5 

(iii) 4x3 + 4x7 - 4x2 + 4x6 = 4 x (3 + 7 - 2 + 6) = 4 x 14 

(iv) 3xl0 + 3x5 + 4xl0 + 4x5 = 3x (10 + 5) + 4x (10 + 5) 

II Bl 

= (3 + 4) X (10 + 5) = 7 X 15 

(v) 5x9 - 5x4 - 3x9 + 3x4 = 5 x (9 4) - 3 X (9 - 4) 

= (5 - 3) X (9 - 4) = 2 X 5 

4. Pairing Operations 

The technique used above, of presenting an operation and 
its inverse simultaneously has, it will have been noted , been 
followed often in this manual . Such pairings have been 
deliberate, because the algebra of given situations demanded 
the explicit linking of each to its inverse. 

To present one and not the other does not, as is often 
claimed, avoid confusing or overburdening learners . On the 
contrary, it robs them of the opportunity to come to grips 
with the algebraic structures that give meaning and reality 
to the situations they are being asked to study. By pre
venting learners from freeing themselves from the narrow 
scope of a particular topic , the study of operations as 
isolated entities ensures that their view of mathematics 
remains fragmented , limited and unknowing. 
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Thus addition and subtraction , multiplication and 
division (or fractions), e xponents and roots , and distri 
butivity and factorization , at least, should be seen by 
learners for what they are : inverse ways of looking , in 
each case, at the same si t uations. Thus the algebra of 
these situations will be respected , and the students will 
be enabled to broaden their mathematical horizons effi
ciently and with understanding . 
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TOPIC: Transformations 

SECTION II 

B2 

The concept of transformations is basic to almost 
everything that is detailed in this manual. The approach 
to mathematics, and to teaching, that it embodies is based 
not on the presentation of individual facts to be learned 
by heart, or on the rote memorization of given procedures 
for carrying out operations, but on giving learners the 
ability to transform any problem they confront into a sub
stitute that 1s familiar to them, upon which they are able 
to operate, irrespective of the amount of knowledge of facts 
and procedures they may possess. 

Their mathematical ability, with this approach, is 
determined precisely by the number and kinds of transformations 
they can effect upon any given problem. At first, their know
how may be quite limited but, as they investigate more of the 
situations the manipulative materials or the open- ended acti
vities lend themselves to, they develop the capability to 
generate an increasing variety of transformations . 

No "fact", then, is perceived as a discrete, sep
arate entity, devoid of relationship to any other one. On 
the contrary, each comes to be seen as the center of a con
stellation of other, related, facts, capable of being evolved 
from the given one at any moment, because the dynamics that 
link one to the other are known and understood. 

Thus, it serves little purpose to know, for example, 
that 

5 X 5 = 25 

in a static, rigid fashion . 

Rather what is important is to know that it does not equal 
24 or 26, and why. And it is equally important to be able 
to see in that "fact'' the possibility for a variety of trans
formations, at the same time endless and unique. For instance: 

5 X 5 = 25 

= 5 2 

= 30 - 5 

= ~ X 100 

= ~ X 10 X 5 

= J625 
and so on 
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It is that range of possibilities that defines 
the initial fact and gives it meaning, at once connecting 
it to a host of other ones and contrasting it from any other 
that does not belong to the "constellation" (such as 8 x 9) . 

As mentioned above, the mathematical growth of 
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learners can properly be assessed at any given moment in terms 
of their capacity to generate transformations. The more ad
vanced they are, the greater the set of available relation-
ships that exist in their minds for any given expression. And 
their mathematical skill, in turn, can be judged by their ability 
to use the right transformation at the right time for the right 
purpose . 

* * * 

Two basic kinds of transformations are available for any given 
expression: 

those that yield equivalent expressions 

those that produce changes in the expression 

Numerous examples of the first kind are detailed throughout 
this manual. Some basic relationships that can be generated 
through equivalence are described in the next two chapters. 

Examples of the second kind are not as numerous , 
as they are not based on equivalence . Those that do exist, 
however, because they lead out of families of equivalent ex
pressions, help give l earners a new dimension to their per
ception of mathematics, and add one more degree of freedom 
to their grasp of mathematical reality . 

1. 

Some of the possibilities are detailed below. 

Non-Equivalent Multiplications 

Consider, say, 13 x 19 

What happens when one of the factors is increased 
by 1 and the other decreased by 1? Does it matter 
which factor is increased? 
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13 X 19 = 247 13 X 19 = 247 

14 X 18 = 252 12 X 20 = 240 

15 X 17 = 255 11 X 21 = 231 

It is apparent that the result does change when the factors 
are altered . A number of useful follow-up questions can be 
pursued, such as: 

when does the answer get smaller? bigger? 

how much is the change each time? Why is the 
difference between consecutive answers always 
an odd number? is there a way of predicting 
this difference? 

For an answer to this last question, learners will need to 
study a situation such as 

16 X 16 = 256 

15 X 17 = 255 

14 X 18 252 

which is detailed in SECTION II, A8. 

2. Non- Equivalent Divisions 

Consider the example 62 -:- 2 

What happens when both terms (dividend and divisor) 
are increased by 1? 

62 2 = 31 

63 . 3 = 21 

64 . 4 = 16 

65 - 5 13 

II B2 
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Again, follow-up questions can be asked concerning 
the nature and amount of change in the answers. For instance: 
do the differences between consecutive answers always get smal
ler? Why? 

3. Non-Equivalent Fractions 

a) Given the fraction, say , 1 
7 

What happens if we add 1 to the numerator? 
Does the fraction become bigger or smaller? 

.!.<~<3 < 
7 7 7 

What happens if we add 1 to the denominator? 

1 
9 > 

And what happens if we add 1 to both numerator and 
denominator? 

Is this always true? Why? (consider the example 

~ before answering these last questions) 

b) In the fami l y of equivalent fractions 

1 2 3 
5 = 10 = 15 = 

What happens if we add the v~lue of the denominator 
to the numerator: 

1 t 5 

5 

2 + 10 

10 

3 + 15 

15 
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Why do we obtain a second family of equivalent 
fractions: 

6 

5 = 
12 

10 = 
18 

15 = 

Is this always true? Would we also obtain a new 
family of equivalent fractions if we added the 
numerator to the denominator: 

Why? 

1 

5+1 

2 

10+2 

* * * 

3 

15+3 

These and other similar transformations bring new 
insights to the learners ' view of the world of mathematics, 
and yield a more precise vision which serves to increase 
mastery over computational skill as well as to structure and 
deepen perception of the dynamics of situations. 

II B2 
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TOPIC: Patterns 

A "pattern'' refers to the result of any organization 
of a situation (whether at the level of materials or of 
written expressions) in terms of a specific relationship 
between its elements. The formation of any pattern, be it 
spontaneous or intentional, will usually occur at an inter
mediate point in the sequence of learning steps for any 
field of study, when the need is felt to organize the random 
results of an empirical investigation according to some prin
ciple of coherence. 

The intent that motiva~es the search for a pattern is the 
intuitive perception that such random results are not totally 
unconnected, but must belong to a unified and organized whole, 
to which the various parts relate in a rational fashion. 

For all of human experience is similarly structured: the 
environment is not composed of disparate events and phenomena, 
each existing independently of all the others, devoid of con
nections and inter-relations to any other. On the contrary, 
the various manifestations of the environment proceed from 
defined (or at least definable) motive forces, even though the 
relationships between them may be complex, numerous, and at 
times unknowable. And the meaning of any particular occurrence 
cannot be reached unless it is placed in its appropriate context, 
that is, explicitly related to the larger universe of which it 
forms part. 

There can be no growth, no progressive development of a 
human being's mastery over his environment without the paral-
lel evolution of his awareness of the relationships which 
control that environment. The history of civilization is pre
cisely the record of such an evolution, and the psychological 
growth of a child is a reflection (not necessarily in chrono
logical order) of that history. 

Thusr as the students' manipulations with materials, and 
the verbal and written expressions that correspond to these 
manipulations, become more assured, they come to feel the need 
for systematizing or classifying somehow the information they 
produce, for grouping individual instances in some significant 
fashion, for finding and organizing all the elements that be
long to a given situation. 
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This phase of the learning process is crucial as it 
enables learners to generate, and therefore to study, the 
dynamics of these situations. Patterns develop as the var
ious elements are integrated , and the structures that enable 
their synthesis are perceived consciously . The "facts" are 
unified into an organized reality, its properties displayed 
and ready to be grasped . 

II B3 

And any extensions, applications , limiting cases etc .. . 
can also be discerned and studied, as the possibilities that 
the situations lend themselves to become evident. Even in 
instances when the exhaustive production of all the possibili
ties is impossible or too time-consuming, at least the capacity 
of generating them virtually exists, and it is sufficient to 
know that they are potentially available, and to know also the 
means of realizing them from particular instances, should the 
need arise. 

* * * 

This chapter presents a number of examples of patterns 
that can be produced , either spontaneously by students as a 
result of their investigations into the world of mathematics, 
or deliberately by teachers at the means of focussing students' 
attention on the dynamics of a given situation . 

These examples do not by any means constitute an exhaustive 
list of possible patterns , nor are they to be seen as "must" 
activiti es to be thrust at learners, willy-nilly. Rather, they 
are illustrations of what is feasible in classrooms in which 
children are given the freedom to explore , and in which teachers 
are constantly asking themselves questions such as : "What are 
the students doing with themselves?" "What level of awareness 
are they working at?" "What can I do to help take them from 
where they are to where they could be?" "How do I structure 
my intervention so it is the learners who are sharpening their 
own perceptions and evolving their own understandings?" 

Some of the patterns presented here are elementary, others 
much more complex. However, all share the common characteristic 
of lending themselves to discussion and elaboration, and hence 
to the discovery of important mathematical structures. 
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1. Patterns and Properties of Operations 

Students, either when mani pulating rods or composing 
freely on paper, will hit upon many of the basic patterns 
that will enable them to come to grips with the fundamental 
properties of operations . These are described in detail 
elsewhere in this manual. Here are some additional examples 
of patterns from which the study of important algebraic re
lationships can be evolved. 

a) 16 = (5 + 5) + (3 + 3) 

= (5 + 4) + (3 + 4) 

= (5 + 3) + (3 + 5) 

or 16 = (10 1) + (8 - 1) 

= ( 11 - 2) + ( 9 - 2) 

= (12 - 3) + (10 - 3) 

or 16 = (10 + 1) + (6 - 1) 

= (10 + 2) + (6 - 2) 

= (10 + 3) + (6 - 3) 

b) 3 = 1 X 6 
2 

= 1 
3 

X 9 

= 1 X 12 
4 

= 1 
5 

X 15 

II B3 
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or 1 = 1 2 2 X 

2 = 1 
X 4 

2 

3 1 
6 = 2 X 

4 = 1 
2 X 8 

12 = 1 X 22 + 1 X 2 or 2 2 

1 20 1 4 = 2 X + 7 X 

= 1 
2 X 18 +.!_X 

2 
6 

1 16 = 2 X + 
1 

8 2x 

this last pattern, by the way, can be extended by analogy to 
include; 

12 = l X 21 + 1 X 3 
2 2 

1 1 
5 = 2 X 19 + 2 X 

= 1 17 + 1 7 
2 

X 2x 

c) 6 = 3 x 2 

12 = 3 X 4 

24 = 3 X 8 

48 = 3 X 16 

II B3 
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or 144 = l X 144 = 2 X 72 = 4 X 36 = 8 X 18 = 16 X 9 

= 3 X 48 = 6 X 24 = 12 X 12 

or 48 = 2 X 23 + 2 X l 

= 2 X 22 + 2 X 2 

= 2 X 21 + 2 X 3 

= 2 X 20 + 2 X 4 

2. Patterns and More Advanced Mathematics 

Once the basic properties of operations are known to the 
students, their investigations will turn more and more to the 
unique properties of certain kinds of numbers, of certain kinds 
of relationships, etc .•. They will become fascinated by the 
unusual, the original, the ingenious, and will produce patterns 
such as the following : 

a) 

or 
0 

4 ••• 

or l = = = = 500~ 

b) 13 = 6 X 2 + l = 7 X 2 l 

= 4 X 3 + l = 5 X 3 2 

= 3 X 4 + l = 4 X 4 - 3 

= 2 X 5 + 3 = 3 X 5 2 

= 2 X 6 + l = 3 X 6 5 

= l X 7 + 6 = 2 X 7 l 

= l X 8 + 5 = 2 X 8 3 
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which can be rewritten as 

6 X 2 <13 < 7x 2 

4 X 3 < 13 < 5x 3 

3 X 4 < 13 < 4 X 4 

2 X 5 < 13 < 3 X 5 

2 X 6 <13 < 3 X 6 

1 X 7 < 13 < 2x 7 

1 X 8 <13 < 2 X 8 

which yields the awareness that 13 is a prime number 

c) 22 21 = 21 

23 - 22 = 22 

24 - 23 = 23 

25 - 24 = 24 

This is a special property of the successive powers of 2, 
which is interesting in itself, but which can also form the 
basis for a new pattern: the writing of expressions equivalent 
to the set of integers using only addition and the powers of 2 
(with each power being used once only for any integer) : 

1 = 20 6 = 22 + 21 11 = 23 + 21 + 20 

2 = 21 7 = 22 + 21 + 20 12 = 23 + 22 

3 = 21 + 20 8 = 23 13 = 23 + 22 + 20 

4 = 22 9 = 23 + 20 14 23 22 21 = + + 

5 = 22 + 20 10 = 23 + 21 15 = 23 + 22 + 21 + 20 
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This pattern can, in turn , lead to the development of 
notation in the binary system (base II) . In the following 
table, a 1 is written under every power of 2 needed to 
form a particular integer , and a 0 under the powers not 
required: 

Integer 25 24 23 22 21 20 

1 1 

2 1 0 

3 1 1 

4 1 0 0 

5 1 0 1 

6 1 1 0 

7 1 1 1 

8 1 0 0 0 

9 1 0 0 1 

10 1 0 1 0 

11 1 0 1 1 

12 1 1 0 0 

1 3 1 1 0 1 

14 1 1 1 0 

15 1 1 1 1 

16 1 0 0 0 0 

17 1 0 0 0 1 

Thus , in t he binary notation , 2 = 10, 6 = 110 , 9 = 1001, 
16 = 10000, etc . . . 

II B3 
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The same kind of pattern can, of course, be evolved 
for the powers of 3 1 4 1 5 1 etc ... For instance with the powers 
of 3 I if addition alone is used, expressions equivalent to all 
integers will be generated only if given powers can be used 
twice. Thus: 

1 = 30 10 = 32 + 30 

2 = 30 + 30 11 = 32 + 30 + 30 

3 = 31 12 = 32 + 31 

4 = 31 + 30 13 = 32 + 31 + 30 

5 = 31 + 30 + 30 14 = 32 + 31 + 30 + 30 

6 = 31 + 31 15 = 32 + 31 + 31 

7 = 31 + 31 + 30 16 = 32 + 31 + 31 + 30 

8 = 31 + 31 + 30 + 30 17 = 32 + 31 + 31 + 30 + 3 

9 = 32 18 = 32 + 32 

This pattern can lead to the following table: 

Integer . . . 34 33 32 31 30 

1 1 

2 2 

3 1 0 

4 1 1 

5 1 2 

6 2 0 

7 2 1 

8 2 2 

9 1 0 0 

10 1 0 1 
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Thus , in base III, 4 = 11, 6 = 20, 10 = 101. And if 
the above table were extended, it would be seen that 
14 = 112, 18 = 200 , 26 = 222, etc ... 

d) Consider the following pattern: 

Cube of Sum of 
Integer Inte9:er Cubes 

1 1 l 12 

2 8 9 = 32 = {1 + 2)2 

3 27 36 = 62 = (1 + 2 + 3) 2 

II B3 

4 64 100 == 10 2 = {1 + 2 + 3 + 4) 2 

5 125 235 = 152 (l + 2 + 3 + 4 + 5)2 

6 216 441 == 212 == (1 + 2 + 3 + 4 + 5 + 6) 2 

This relationship between cubes and squares always fascinates 
children. That the sum of consecutive cubes should always 
equal a square is most unusual and unexpected! As is the 
fact that the relationship can be rewritten as: 

1 3 + 23 = (1 + 2} 2 

and so on. 

And asking the students fo find out why such a relationship 
exists can prove most challenging and thought- provoking . 
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Perhaps the most fundamental, and powerful 
awarenesses that can be given learners in order to 
enable them to make sense of elementary mathematics 
involve families of equivalence . If teachers cease 
to be preoccupied exclusively with the retention of 
"facts", and instead focus on the growth of the stu
dents' mathematical capacities, they will recognize 
that the generation of families of equivalents con
stitutes one of the most effective tools at their 
disposal. 

For an understanding of these families enables 
the synthesis and structuration of individual "facts" 
into coherent wholes, linked together in the learners' 
minds according to fundamental relationships or laws . 
The burden on the memory is thereby considerably re
duced, as learners no longer are forced to retain large 
numbers of "bits" of information, each acquired statically 
and each to be kept rigidly apart from all the others lest 
any confusions set in. Instead, each "fact" will be seen 
as containing the seed for a host of others, all dynamic
ally connected one to the other, and all capable of being 
generated or derived from each other instantaneously, in 
response to the demands of the moment. 

Because the mathematical structures that under
ly the arithmetic of numbers are known to the students, 
their level of mastery and certainty over any situation 
(ex: find the answer to 3,495 + 13) is enhanced immeasurably. 
Instead of trying to recall which of the procedures they have 
been taught applies in a particular case, that is , instead of 
looking outside of themselves for the information and knowledge 
they need, they learn to rely on their own resources, to turn 
inwards and to draw upon their own knowhows for the solutions 
to the problems they face. They come to see themselves as 
fully equipped to resolve difficulties, because they own the 
tools with which to turn obstacles into opportun1t1es for 
testing their power over the world of numbers. 
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1. Families of Equivalent Additions 

In an empirical,trial and error fashion, additions 
whose sums are equal can be produced: 

4 + 4 = 1 + 7 = 3 + 2 + 3 = ... = 8 

Organizing these facts in a number of ways will yield basic 
awarenesses about the nature of addition. 

a) Equivalence through commutativity: The permutation of 
the terms of a given addition produces new expressions 
equivalent to it : 

4 + 3 = 3 + 4 

6 + 7 + 8 = 8 + 6 + 7 = 7 + 8 + 6 = 6 + 8 + 7 = ... 

This is true irrespective of the number and magnitude of the 
terms in the given addition. 

b) Equivalence through associativity: In any given addition, 
the substitution of two or more of its terms by their sum 
(or vice versa) yields new expressions equivalent to it: 

5 + 9 + 4 = (5+9) + 4 = 14 + 4 

4 + 1 + 7 + 3 + 0 + 6 = (4+1) + (7+3+8) + 6 = 5 + 18 + 6 

24 + 7 = 20 + 4 + 7 = 20 + (4+7) = 20 + 11 

Again this property is not dependent on the particular num
bers chosen . 

c) Tables of decompositions : The combination of both the 
associative and commutative properties of addition enables 
the complete table of decompositions of any number to be 
generated: 
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1 2 3 4 5 

1 + 1 2 + 1 3 + 1 4 + 1 

1 + 2 1 + 3 1 + 4 

l + 1 + 1 2 + 2 3 + 2 

1 + 1 + 2 2 + 3 

2 + 1 + 1 3 + l + 1 

l + 2 + 1 1 + l + 3 

1 + 1 + l + 1 1 + 3 + 1 

2 + 2 + l 

1 + 2 + 2 

2 + 1 + 2 

2 + 1 + 1 + 1 

1 + 2 + l + 1 

1 + 1 + 2 + l 

1 + l + 1 + 2 

1 + 1 + 1 + 1 + 

Since the number of lines in successive tables of decompo
sitions doubles each time, the point is soon reached when 
it becomes impractical to generate it actually. However, 
the use of associativity and commutativity ensures that it 
is virtually possible to produce it for any number. Thus 
it can be stated with certainty that the following are part 
of the table of decompositions for 54: 

20 + 7 + 15 + 12 

15 + 20 + 12 + 7 

35 + 19 

1 
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d) Compens atory dynamics: From the total table of de
c ompositions for a given number, those that possess 
two terms only (i . e. complements) can be isolated and 
studied more closely. In particular t hey can be ar
ranged so t hat one of the terms decreases while the 
other increases: 

8 

7 + 1 

6 + 2 

5 + 3 

4 + 4 

3 + 5 

2 + 6 

1 + 7 

8 

It can readily be perceived that , to pass from one line 
of this table to the next, 1 needs to be subtracted from 
one term and added to the other; and that , to pass from 

II B4 

any l ine to any other, whatever is subtracted from one term 
need s to be added to the other. In general, then 

a + b = (a - m) + (b + m) 

2 . Fami l i es of Equivalent Subtractions 

Subt ractions whose differences are equal can be 
generated: 

7 = 9 - 2 = 14 - 7 = 8 - 1 = 312- 305 = ... 

16 = ( 2 X 10 + 8) - ( 4 X 3) = (5 X 13) - ( 7 X 7) 

Equivalent subtractions made up of two simple terms can be 
r e arranged s ys t ematically to produce tables such as the fo l
lowing: 
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7 = 8 - 1 

= 9 2 

= 10 - 3 

= 11 4 

= 12 5 

In any such. family of equivalent subtractions, to pass 
from one line to the next requires either the addition o f 
1 t o both terms , or the subt raction o f 1 f rom both terms; 
and to pass from any line to any other requires either the 
addition to or the subtraction from both t e r ms of the same 
magnitude . In general: 

a - b = (a + m) - (b + rn) = (a - n) - (b - n) 

3 . Families of Equivalent Products 

Multiplications whose products are equal can be 
generated; 

4 X 3 = 1 X 12 = 2 X 6 = 12 

6 X 6 = 9 X 4 = 3 X 4 X 3 = 2 X 2 X 9 = 36 
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A systematic study of the ways in which these relations hips 
can be assimilated to one another will yield basic properties 
of multiplication. 

a) Eruivalence through co~utativity: For' any given multi
P i c ation, t he rearrangement of terms will give r i se to 
equivalent products : 

2 X 5 = 5 X 2 

6 X 4 X 7 = 7 X 4 X 6 = 4 X 7 X 6 = 
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b) Equivalence through associativity: In any given 
multiplication, two or more of the terms can be re
placed by their product (and vice versa) to p r oduce 
equivalent expressions: 

4 X 9 X 7 = (4 X 9) X 7 = 36 X 7 

10 X 2 X 6 X 3 X 4 = (10 X 2 X 6) X (3 X 4) = 120 X 12 

64 X 28 = 16 X 4 X 4 X 7 = 16 X (4 X 4) X 7 = 16 X 16 X 7 

c) Relationships between factors: If all the factors for a 
particular product are found and rearranged in order of 
their magnitude, the relationship that links the pairs of 
equivalent factors for that product is evolved. Thus 
for 18: 

l 

2 

9 

18 --~ 

That is: 18 = 1 X 18 = 18 X l 

= 2 X 9 = 9 X 2 

= 3 X 6 = 6 X 3 

Alternatively , the use of the commutative and associative 
prope~ties of multiplication for any product will yield 
all the possible combinations of factors for that product: 

9 X 4 = 4 X 9 

= 2 X 2 X 9 = 2x (2 X 9) = 2 X 18 = 18 X 2 

= 4 X 3 X 3 = (4 X 3) x3 = 12 X 3 = 3 X 12 

= 2 X 2 X 3 X 3 = 2 X 3 X 2 X 3 =(2 X 3) X (2 X 3)= 

= 4 X 9 X 1 = (4 X 9) X 1 = 36 X 1 = 1 X 36 

6 X 6 
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d) Compensatory dynamics: If the pairs of factors for any 
given product are looked at more closely, it can be seen 
that , to pass from any pair to any other, one of the fac
tors must be multiplied and the other divided by the same 
magnitude: 

9 X 4 = (9 X 2) X (4 2) 

= (9 3) X (4 X 3) 

= (9 X 4) X (4 4) 

Or, in general: a x b = (a x m) x (b . m) 

4. Families of Equivalent Divisions 

Expressions can be produced whose quotients are 
equal: 

12 + 4 = 27 + 9 = 6 + 2 = 303 + 101 = ... = 3 

These can be rewritten systematically to produce families 
of equivalent divisions: 

4 = 4 . 1 

= 8 . 2 

= 12 3 

= 16 ':" 4 

In any family such as this one , all the numbers are obtain
able from the firs t one (the "irreducible pair") by multi
plying both of its terms by the same integer; to pass from 
any number of the family to any other requires that both 
terms of the initial expression be either multiplied or 
divided by the same magnitude (which can be a fraction). 
In general: 

a + b = (a x m) (b x m) = (a ~ n) (b 7 n) 
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5. Families of Equivalent Fractions 

Ordered pairs of numbers whose ratio remains 
constant can be produced. This type of relationship can 
be expressed variously as: 

2:5 = 4:10 = 8:10 = 64 :80 = 12:30 = 

(9,4) = (27 ,12) = (1800, 800) = ... 

6/26 = 9/39 = 15/65 = 3/13 = ..• 

Rearranging the expressions in a systematic manner yields 
series such as 

3/7 = 6/14 = 9/21 = 12/28 = 

in which the corresponding terms in the successive ordered 
pairs form two arithmetic progressions (3,6,9,12, ... and 
7,14 ,21,28, ... ). The common differences for each progression 
are equal to the respective terms of the first member of the 
family (the "irreducible pair", in this case 3/7). 

Hence a family of equivalent fractions can be generated 
from its irreducible pair, as follows: 

l + l + l + l 
3 + 3 + 3 + 3 = 

This property of fractions is called equivalence A (for 
"additive'') and is usually expressed as: 

= 
3 X l 
3 X 3 = 4 X l 

4 X 3 = 

Thus, in any family of equivalent fractions, any number can 
be produced from the irreducible pair according to the general
ized relationship; 

a 
b 

= m x a 
m x b 
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Also, given any two members of a particular family 
(a "proportion" ) a third member of the same family can 
be generated by the addition of the respective terms of 
the given members: 

3 6 
8 = 16 

Or , in general : 

3 + 6 = a + 16 

m x a 
m x b = 

9 
=24 

n x a 
n x b = 

(m + n) x a 
(m + n} x b 
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A second type of relationship exists between fractions 
which also enables the production of families of equivalent 
fractions (or, more appropriately, fractions of fractions). 
For instance: 

2 2 5 
3 = 5 X 3 

5 = 5 9 
X 

10 
X 

3 
7 9 X 10 3 7 

This property is called equivalence M (for "multiplicative") 
and can be expressed generally as: 

a a c 
b = - X b c 

or a a c d m n 
b = - X d X - X • • • • X X b c e n 

Finally, reversing the order of the terms in a family of 
equivalent fractions yields a second, "reciprocal", family. 
Thus: 

2 
3 

3 
2 

= 

= 

4 
6 

6 
4 

= 

= 

6 
9 

9 
6 

8 
= 12 

12 
=a 

* 

= 

= 
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All of these families of equivalence described here, and 
the relationships that link their members to one another, 
can be produced and studied with the Cuisenaire rods (see , 
in particular, SECTION I, A3(a), A3(b) and A4(a) for de
tails) . It is vital to note, however, that mathematics is 
not to be found at the level of the material, which somehow 
"contains" mathematics and needs merely to be manipulated 
to yield up its secrets. 

Mathematics is an activity of the mind. The rods only 
enable certain kinds of situations to be produced physically, 
but these situations will remain inert and devoid of meaning 
unless the mind of the human being creating them infuses 
them with his perceptions, his awarenesses, his reality. 

The discovery of the principles detailed here will not 
be made because students engage in "activity" with the rods, 
but because (and to the extent that) they are able to enter 
into a dialogue with the dynamics that the material embody . 
When they elaborate upon the experiences the rods provide, 
when they systematize the empirical findings they derive 
f rom the rods, and above all when they perceive the mathe
matical structures that govern the organization of these 
findings, they move from the "concrete" context and into 
the world of alge braic relationships that hold true for 
any and all situations of a certain kind. 

Thus freed from the immediacy of the particular , the 
students are able to operate at the level of the generalized 
perceptions of mathematical truths. These not only eliminate 
the need for the retention of a multitude of individual 
"facts", but they also enable students to know what they 
are doing and why, and to perceive in any given situation 
a number of valid possibilities for overcoming the chal
lenge it presents. 

At the computational level, students who are equipped 
with the understanding of families of equivalence will be 
able to develop, with ease and confidence , a comprehensive 
network of conscious techniques for the solution of any 
problem. Their computational skill will be knowing, accur
ate and trusted, since they will have at their disposal all 
that they need to manipulate numbers and opera·tions ration
ally (see SECTION II, Cl through C6 for details) . 
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This chapter focusses on alternative approaches 
to the algorithm for addition. The usual procedure, which 
often requires "carrying", is not included among these al
ternatives, as it is far removed from the knowledge of al
gebraic structures, or of properties of addition. 

The alternatives that are presented fall into two 
main categories: those that utilize transformations and 
those that do not. The first four methods described below 
are those that do not use transformations . Teachers will 
perceive in them some link to the traditional algorithm, 
and also the fundamental departures from this algorithm 
that they embody. 

1 . Expanded Notation 

In order for this method to be used successfully, 
students need to be able to refer to numbers by their 
" right" names. Thus, 64 should be read as "sixty four", 
and 275 as "two hundred seventy five". The numerals in any 
given number should not be seen merely as a succession of 
digits: a two, a seven, a five for 275. 

This ability serves the students well , as they can 
listen to what they say in order to rewrite numbers in ex
panded notation: 

32 ~ 30 + 2 379 ~ 300 + 70 + 9 

When written in expanded notation, the answers to 
many addition problems (all those that traditionally would 
not require " carrying) become obvious . For instance: 

( i) 32 30 + 2 

+47 +40 + 7 

70 + 9 = 79 

( ii) 531 500 + 30 + 1 

+264 +200 + 60 + 4 

700 + 90 + 5 = 795 

II Cl 
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And even those that would require "carrying" 
can be tackled, if an extra step is taken: 

48 40 + 8 

+37 +30 + 7 

70 + 15 = 70 + 10 + 5 = 80 + 5 = 85 

As the students gain confidence with the method , the re
writings into expanded notation can be by-passed, and 
vertical notation used: 

( i) 51 

+36 

7 

+80 

87 

(iv) 978 

253 

+626 

17 

140 

+1700 

1857 

(ii) 342 

+251 

3 

90 

+500 

593 

(iii) 275 

+362 

7 

130 

+500 

637 

II Cl 
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(v) 2473 

3855 

4398 

+9289 

25 

290 

1700 

+18000 

5 

110 

900 

9000 

+10000 

5 

10 

1000 

9000 

+10000 

5 

10 

10000 

+10000 

20015 
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2. "Curly" Addition 

An obvious e x tension of the above method is to 
eliminate all the intermediate writings and to go directly 
from the given problem to its solution. Here is how it can 
be developed: 

Using once again expanded notation 

32 30 + 2 

+47 +40 + 7 

addition being both associative and commutative, the sum 
can be arrived at by following any of the paths shown below 
(21 other paths are also possible) 

( i) 30 + 2 ( ii) 30 + 2 (iii) 30 + 2 

n n X 
+40 + 7 +40 + 7 +40 + 7 

For these particular paths , the intermediate steps would be 

(i) 40 + 30 = 70 (ii) 7 + 2 = 9 

70 + 2 = 72 9 + 30 = 39 

72 + 7 = 79 39 + 40 = 79 

(iii) 4 0 + 2 = 42 

42 + 30 = 72 

72 + 7 = 79 

With some practice , the use of expanded notation and the 
writing of the intermediate steps is dropped, and the "curly" 
additions performed mentally. (The intermediate steps are 
shown here only to make the process clear). For instance : 
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For instance: 

(i) 4 3 5 a) 300 + 400 = 700 
{'J 

+3 6 2 b) 700 + 30 = 730 

c) 730 + 60 = 790 

d) 790 + 2 = 792 

e) 792 + 5 = 797 

( ii) 7 8 9 a) 5 + 9 = 14 
\.../) 

+6 7 5 b) 14 + 80 = 94 

c) 94 + 70 = 164 

d) 164 + 600 = 764 

e) 764 + 700 =1,464 

Thus, the method is particularly suitable to the 
development of rapid and accurate mental computational 
ability. 

3. Addition from the Number Array 

The technique that uses " funny " names for number s 
generated from the number array has a l ready been described 
(see SECTION II, Al) . 

4. Complements in 10, 100 , 1000 . 

Complements also have been met (see SECTION II , A2). 

II Cl 

If the students are familiar with complements, they can be 
introduced to an alternative for the algorithm that uses this 
knowledge . 

If need be, this method can be initially presented 
at the level of the rods. A random pile of rods is placed 
in front of each student, and a way of working out its sum 
is asked for, other than placing all the rods end to end 
and measuring the resulting train with orange rods. 
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After a few tries , someone would suggest combining 
together rods in such a way that their sums equal orange 
rods. Thus, two yellow ones can be combined, a black one 
and a light green one, two purple ones and a red one, etc. 
From these combinations , the total number of orange- rod
equivalents can be arrived at, and the sum of the remaining 
rods ascertained readily . 

A more advanced version of this activity is to place 
piles of up to 10- 15 rods in front of the students and ask 
them to combine them int o orange-rod-equivalents mentally , 
i.e. without touchi ng o r physically rearranging the rods. 
In this instance , the students must obviously be able to 
see complementary pairs or triples and make a mental reck
oning of the sums. 

This type of exercise would prepare them well to 
handle complements in ten in activities such as the follow
ing: 

Find the sum of 
7 + 5 + 6 + 5 + 1 + 8 + 9 + 7 + 5 + 3 + 3 + 2 + 4, 
either by rearranging the numbers into (7 + 3) + 
(5 + 5) + (6 + 4) etc . .. , or by scanning the numbers 
and crossing out complementary pairs, or by scanning 
the numbers and making mental notes of the "tens" that 
can be produced. 

Obviously, this activity can be extended to complements 
in a hundred: 

Find the sum of 
60 + 20 + 30 + 90 + 10 + 40 + 70 + 70 + 80 

Or a thousand: 

Find the sum of 
300 + 800 + 600 + 500 + 400 + 500 + 200 + 700 + 300 

Then these elements can be brought together: 

Find the sum of 
675 + 283 + 425 + 837 

And if vertical notation is used : 

6 Obviously , this method lends it-
345 self best to "column" addition, and 

24 the students can be given some exper-
705 ience at deciding when it is to their 

92 advantage to use it . 
67 

+83 

* * * 
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The two alternatives that follow make use of transformations 
and dynamics based on properties of addition other than com
mutativity and associativity. 

5. Compensatory Dynamics 

This method is based on the awareness that families 
of equivalent additions can be produced by adding to one 
term of a given addition and subtracting from the other the 
same magnitude . Thus : 

6 + 3 = (6 - 1 ) + (3 + 1) = 5 + 4 

This property is extremely useful for converting 

II Cl 

11 hard 11 problems (i.e . those that would traditionally require 
''carrying .. ) into equivalents that can be effected at a glance. 
For instance: 

( i) 99 +1 

+76 - 1 

(ii) 38 -4 

+56 +4 

(iii) 487 +3 

+326 - 3 

(iv) 43 , 694 

+27 , 877 

) 

-2123 

+2123 

100 

+75 

175 

34 

+60 

94 

490 

+323 

+10 500 

-10 +313 

813 

41 , 571 

+30,000 

71 , 571 
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6. "What If 11 Method 

This alternative is closely related to the preceding 
one. In this method, one or more of the terms of a given 
addition are transformed and " rounded off '' . The crucial 
awareness is that in this case the answer will be similarly 
affected. Thus given: 

47 

+98 

What if 98 was replaced by 100? The answer would 
be obvious -- 147. But since 98 is 2 less than 100, this 
answer is too big by 2 , and the answer to the original 
problem must be 147 - 2, or 145. 

47 47 Hence 47 
--- - ~ 

+98 +2 +100 +98 

147 147 - 2 = 145 

Other examples: 

(i) 129 +1 1 30 Hence 129 
--- __ ,.. 

+269 +1 +270 +269 

400 400 - 2 = 398 

(ii) 161 -11 150 Hence 161 
- - - - ~ 

+147 +3 +150 +147 

300 300 + 8 = 308 

(iii) 252 - 2 250 Hence 252 

379 +21 400 379 
---- -- - ~ 

+123 - 23 +100 +123 

750 750 + 4 = 754 

II Cl 
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TOPIC: Algorithms: Alternatives for Subtraction 

This chapter deals with a number of alternatives for 
the algorithm of subtraction . As in the previous chapter, 
these are alternatives not merely in the sense of different 
paths to a common end but, more fundamentally, they are de
partures from the traditional "borrowing" or "exchanging" 
methods. For these methods, as teachers well know, cause 
great difficulties among students, and it takes many of them 
months and even years to memorize the correct "recipes" for 
carrying out subtractions . 

The methods presented below all rely on awareness of 
various equivalences and relationships, and are based on 
properties of operations. Thus students are able not only 
to understand why these alternatives work, but also to de
velop rapid and accurate computational skill, certain in 
the knowledge that they know what they are doing. 

Ideally, all the alternatives should be presented to 
students at some point in their educational experience . 
l'l.s to which they elect to adopt for consistent use, the 
choice should be entirely theirs. 

* * * 

The three methods that follow can be described as being, 
in some sense, linked to the traditional algorithm though, as 
noted above, they all eliminate the difficulties usually en
countered with "borrowing" . 

1. Expanded Notation 

Any pair of numbers can be rewritten in expanded notation: 

47 
-23 

becomes 40 + 7 
-20 + 3 

Subtracting 20 from 40 and 3 from 7 vwuld yield 20 + 4, or 24 . 
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This method works well for "easy" problems (i.e. where 
the digits in the first number are bigger than those in the 
second one). For instuncc: 

4,786 4000 + 700 + 80 + 
-3,524 becomes -3000 + 500 + 20 + 

1000 + 200 + 60 + 

or 1,262 

The standard vertical notation can also be used 

678 8,679 
-421 -2,453 
- -7 6,000 

50 200 
200 20 

6 

but it is essentia l to get students in the habit of calling 
numbers by their "right" names (ex: "six hundred seventy 
eight") so that, when performing-the operation, they know 
that they are subtracting, for instance, four hundred from 
six hundred, and not just a four from a six. 

2. "Curly" Subtraction 

II C2 

6 
4 
2 

If one takes a closer look at the individual steps taken 
to perform the subtractions given above, it is obvious that 
both addition and subtraction are present concurrently. In the 
expanded notat~on, all horizontal writings are additions: 
47 is 40 plus 7, 23 is 20 plus 3, and the difference is 20 plus 4. 
Subtractions are performed only vertically: 40 - 20, and 7 - 3. 

If this is borne in mind and the individual steps are com-
bined, "curly" subtraction can be evolved: 

40 + 7 a) 20 from 40 = 20 (vertical) 

I ~ 
-20 + 3 b) 20 plus 7 = 27 (horizontal) 

c) 27 - 3 = 24 (vertical) 

If a diffe rent path is used: 

40 + 7 a) 
~ I 

3 from 7 = 4 

-20 + 3 b) 4 + 40 = 44 

c) 44 20 24 
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In order to eliminate confusions and the possibility 
of error, it is best to settle on one standardized convention 
for the "curl": 

Either 87 
f1 

a) 30 from 80 = 50 

-35 b) 50 + 7 = 57 

c) 57 - 5 52 

Or: 87 
l4 

a) 80 - 30 = 50 

-35 b) 50 + 7 = 57 

c) 57 - 5 = 52 

Once the convention is adopted any given subtraction 
can be \vorked on: 

6 8 7 a) 600 300 = 300 
VtA - 3 6 6 b) 300 + 80 = 380 

c) 380 60 = 320 

d) 320 + 7 = 327 

e) 327 6 = 321 

4 1 2 a). 400 300 = 100 
li1A 
3 7 8 b) 100 + 10 = 110 

c) 110 70 = 40 

d) 40 + 2 = 42 

e) 42 8 = 34 

3. Subtraction from the Number Array 

If the students, through the number array (See SECTION II, 
Al) become familiar with the possibility of renaming, say, 
74 as 60--14 (sixty-fourteen) then they can quickly put their 
renaming ability to use with any given subtraction. 

Thus 74 
-58 
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can be renamed as 60--14 and 50--8 . Subtracting 50 f r om 
60 and 8 from 14 yields 10--6, or 16. 

Another example: 532 
-369 

can be renamed as 400 --132 and 300--69, and then again 
as 400--120--12 and 300--60-- 9. Effecting the subtractions 
yields 100--60--3, or 163. 

* * * 
The following two alternatives are more radical 

departures from the traditional algorithm, being based on 
different properties of subtraction. The transformations 
they utilize are other than some form of expanded notation, 
and may possibly be less familiar to teachers. 

4 . Complement Subtraction 

Two key components to this method are the awareness of 
certain transformations, and facility with complements. 
The mathematical maturity of the students will determine 
the speed with which the following steps can be completed. 

a) The basic awareness: 

(i) Ask students to find difference problems whose 
answers are 4 (or 5, or 3 etc •• • • ). Responses 
might be 

5 1 = 4 

10 6 = 4 

7 3 = 4 

Those children who need the rods at this point 
should be allowed to use them. 

(ii) Arrange the answers in the following pattern 

5 1 

7 3 

10 6 

II C2 
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Fill in the pattern as additional answers are 
given. 

5 1 

6 2 

7 3 

9 5 

10 6 

11 7 

16 12 

18 14 

Eventually the following pattern emerges 

4-0 14-10 24-20 34-30 

5-l 15-11 25-21 . . . . . 
6-2 16-12 26-22 ..... 
7-3 17-13 .. ... . . . . . 
8-4 ..... . ... . . . . . . 
9-5 . . . . . . . . . . ..... 
10-6 . . . . . . . . . . . .... 
11-7 . . . . . . .... 
12-8 ..... 
13-9 ..... 
It becomes apparent that if one adds 1 (or 2 
or 3 or 10) to each number in a difference 
problem, the answer does not change. This 
transformation is easily demonstrated with 

II C2 
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the rods: 

B - g ( B + w) (g + w) = 0 p = d 

or in numbers 

9 3 = (9 + 1) (3 + 1) = 10 4 = 6 

- - - - -., 

g d 

B - g = d 
B 

l 
- -

I I 
--, 

w g d 
(B+w) - (g+w) =d 

w B 

l 
- - ---, 

p d 
0 - p = d 

0 
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Variations and extensions of this activity should 
be studied at length by the learners, first with the 
teacher and then independently, as the awareness of this 
transformation is the cornerstone of the algorithm. 

b) The generalization: Transform various "hard" problems 
without altering the answer: 

(i) 71 72 73 
- 18 ____,. - 19 - -20 

53 

(ii) 91 92 93 94 95 96 
-25~ -26 --+ -27 --. -28~ -29-----.-30 

66 

(iii) 72 73 79 
- 33 ___... -34 ~ ... ~ -40 

39 

c) The algorithm: Ask students to attempt to determine 
the number of simple changes that must be made before a 
"hard" problem becomes "easy". In fact this number depends 
only on the lower right hand digit and is equal to the 
complement of this digit in 10 . 

(i) 71 
-1® 2 simple changes as the complement of 8 in 10 

(ii) 91 
~ 5 simple changes as the complement of 5 in 10 

(iii) 72 
~ 7 simple changes 

Since the students know that 2, 5 , 7, or any number can 

is 

is 

be added to both numbers in a difference without changing the 
answer, the writing of the previous problems could be shortened 
to 

(i) 71 
-18 +2 

73 
-20 
53 

2. 

5. 
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( ii) 

(iii) 

91 
-25 

72 
-33 

-8-

+5 

+7 

96 
-30 

79 
-40 

After a certain amount of practice of this kind, the 
students can be asked to determine what happens to each of 
the digits in such a problem. This leads to the elimination 
of all writing except the answer. The generalization that 
is arrived at is: 

upper left digit remains unchanged 

lower left digit increases by 1 

lower right digit becomes 0 

upper right digit increases by the compler:\ent in 
10 of lower right digit. 

II C2 

Thus the transformed problem will always have a zero as 
the lower right digit, making the subtraction easy to perform. 

d) Hen tal computations: 

(i) 71 complement of 8 is 2. 
I 2 + 1 = 3 

-18 (right digit of answer); 7 - 2 = 5 
53 (left digit of answer). 

(ii) 91 complement of 5 is 5· I 5 + 1 = 6 
-25 (right digit of answer); 9 - 3 = 6 
66 (left digit of answer) . 

(iii) 72 complement of 3 is 7 . 
I 7 + 2 = 9 

-33 (right digit of answer); 7 - 4 = 3 
39 (left digit of answer) . 

e) Extending the algorithm: Consider the examples 

( i) 423 ( ii) 5,321 
-247 -2,879 
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If these are transformed as in (b) above, the "hard" 
problems become "easy" problems as follows: 

(i) 423 
-247 

(ii) 5,321 
-2,879 

+3 
426 

-250 

5,322 
+1 -2, 880 
~--=--

+20 

+50 

5,342 
-2,900 

476 
-300 

+100 
5,442 

- 3,000 
2,442 

When developing the algorithm, if one proceeded as 
in (c) above, one would obtain . 

( i) 423 Step 1: complement of 7 in 10 is 3; 3+3=6. 
-247 Step 2: complement in 10 of 4 is 6; 6+2=8 . 

186 Step 3: 4 3 = 1 

( ii) 5,321 Step 1: complement of 9 in 10 is 1; 1+1=2. 
- 2,879 Step 2 : complement in 10 of 7 is 3; 2+3=5 . 

2,552 Step 3: complement in 10 of 8 is 2; 2+3=5. 
Step 4: 5 3 = 2 

In both instances, after the first complement, the 
process does not yield the correct answer. By analyzing 
the transformations shown above , it becomes apparent that 
complements in 9 are required beyond the "units" digit, 
rather than complements in 10. 

Now the correct procedure can be evolved : 

(i) 423 Step 1: complement of 7 in 10 is 3; 3+3=6. 
- 247 Step 2: complement of 4 in 9 is 5; 5+2=7. 

176 Step 3: 4 3 = 1 

(ii) 5,321 Step 1: complement of 9 in 10 is 1; 1+1=2. 
-2,879 Step 2 : complement of 7 in 9 is 2; 2+2=4 . 

2,442 Step 3: complement of 8 in 9 is 1; 1+3=4 . 
Step 4: 5 3 = 2 

Larger numbers can be broken into smaller "possible" 
problems each of which is done by the above algorithm. Thus: 

5 2 3 9 2 9 8 2 1 0 3 4 
- 3 8 9 7 7 2 3 7 7 6 5 9 

can be considered as four separate problems as follows: 

II C2 
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5 2 3 9 2 9 8 2 1 0 3 4 
-3 8 9 ' 7 7 2 3 7 7 6 5 9 

Each problem is considered separately leading to the following 
mental computations 

523 92 9 821034 Step 1: complement of 9 in 10 is 1; 1+4=5. 
- 389 77 I 2 377659 Step 2: complement of 5 in 9 is 4; 4+3=7. 

Step 3: complement of 6 in 9 is 3; 3+0=3. 
Step 4: complement of 7 in 9 is 2; 2+1=3 . 
Step 5: complement of 7 in 9 is 2; 2+2=4. 
Step 6: 8 4 = 4 
Step 7: 9 2 = 7 (

11 easy 11 problem) 
Step 8: complement of 7 in 10 is 3; 3+2=5. 
Step 9: 9 8 = 1 
Step 10 : complement of 9 in 10 is 1; 1+3=4. 
Step 11: complement of 8 in 9 is 1; 1+2=3. 
Step 12 : 5 4 = 1 

Note that: steps 1 to 6 constitute the "first" problem 
step 7 constitutes the 11 Second 11 problem 
steps 8 to 10 constitute the " third" problem 
steps 11 to 12 constitute the "fourth" problem 

With this algorithm, any subtraction can be worked out. 
Though from the preceding description it may appear lengthy 
and cumbersome, a little practice will show that, since each 
step is "small 11

, the method is in fact easy and fast, as 
well as highly reliable. The numbers being handled at any
time are always smaller than ten, and the opportunities for 
error are thus greatly diminished. 

5. "What If" Method 

In many instances, given numbers can be rounded off to 
produce "easier" subtractions. 

For instance, given 81 
- 59 

One can ask: What if 59 was replaced by 60? The problem 
would become 81- 60, or 21 . But since a number 1 bigger 
than the given number was subtracted, the result (21) is 
too small by 1, and the answer to the original problem must 
therefore be 22. 
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Similarly : 87 
- 41 

If 41 was replaced by 40 , the answer would be 47. But since 
40 is 1 less than the given number, too little was subtracted, 
and the answer to the original problem is 1 less than 47 , or 
46. 

A number of variations of this method are possible: 

312 
- 89 

401 
- 293 

Step 1 : If 89 was changed into 100, 
312 100 = 212 

Step 2 : 89 is 11 less than 100 

Step 3: answer is 11 more than 212 , 
or 223 

Step 1: If 401 was changed to 400 , 
and 293 to 300, 400 
300 = 100 

Step 2: 401 is 1 more than 400, and 
293 is 7 less than 300 
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Step 3 : answer is 8 more than 100 , or 108 

648 
-251 

Step 1: If 648 was changed to 650 and 
251 changed to 250 , 650 -
250 = 400 

Step 2: 648 is 2 less than 650 , 251 is 
1 more than 250 

Step 3: answer is 3 less than 400, or 397 
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Algorithms: Alternatives for Multiplication 

Multiplication, though in essence a "shorth~nd" 
form of repeated addition, possesses a number of ba~1c 
properties of its own: it is for instance commut~t~ve, 
associative, and distributive with respect to add1t1on 
and subtraction. These properties can all be used, singly 
or in conjunction with each other, to evolve alternative 
algorithms for the operation. 

Basically, any algorithm for multiplication in
volves the transformation of the given product into a sum, 
which is then effected. Even the traditional procedure for 
multiplication follows this pattern. 

As with the previous two chapters, the alternatives 
that are presented here differ from this traditional proced
ure, and are based on the properties of multiplication men
tioned above. Once again, they enable students to understand 
what they are doing when carrying out the operation (instead 
of merely performing it mechanically) and also to choose at 
any given time the path to the answer of a particular problem. 

Also included in this chapter are a number of special 
cases, in which the numbers in given products, because of their 
unique properties or relationships to one another, enable the 
answers to be arrived at in highly ingenious ways. Although 
limited only to certain types of problems, these cases are still 
useful, at least as much for the insights into the world of num
bers they yield, as for the opportunities for rapid computation 
they provide. 

Finally, an algorithm that is probably unknown in 
Western societies is described, both because it is instructive 
and useful, and because it serves to illustrate how different 
cultures have tackled the problem of developing a procedure 
for carrying out multiplications. 

1. Expanded Notation 

At the core of this alternative is the distributive 
property of multiplication (see SECTION II, Bl) which enables 
the product of a sum or a difference to be transformed into 
a set of partial products. Some of the possible transforma
tions are: 
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(i) a x (b + c) = ab + ac 

(ii) a x (b - c) = ab - ac 

(iii) (a + b) x (c + d) = ac + ad + be + bd 

(iv) (a + b) x (c - d) = ac - ad + be - bd 

These relationships can be applied to numerical situations, 
in which the expanded notation is used for one or both of 
the terms of the given products. For instance: 
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(i) 8 X 14 = 8 X (10 + 4} = 8 X 10 + 8 X 4 = 80 + 32 = 112 

(ii) 23 X 19 = 23 X (20 1) = 23 X 20 - 1 X 2 3 = 460 - 23 = 437 

(iii) 13 x 12 = (10 + 3) x (10 + 2) = lOxlO + 10x2 + 10x3 + 3x2 

= 100 + 20 + 30 + 6 = 156 

(iv) 84 x 69 = (80 + 4) x (70 - 1) = 80x70 - 80xl + 70x4 - lx4 

= 5600 - 80 + 280 - 4 

= 5800 - 4 = 5796 

Vertical notation can also be used: 

(i) 47 

X 3 

(ii) 27 

X 99 

40 + 7 

X 3 

21 

+ 120 

141 

27 

X 100- 1 

2700 

- 27 

2673 
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(iii) 28 20 + 8 

X 63 X 60 + 3 

24 

60 

480 

+ 1200 

1764 

(iv) 74 70 + 4 

X 58 X 60 - 2 

4200 

140 

+ 240 

8 

4292 

Note that the order in which the partial products are calculated 
is immaterial, and the operation can be performed "from the left" 
or "from the right" indifferently (as well as "from the middle", 
for that matter) 

2 . The Traditional Algorithm Revisited 

As the students develop their ability to perform the op
eration as described above, they can be introduced to short-cuts 
in which the intermediate writings are progressively eliminated, 
because more of the steps are carried out mentally. 

For instance, the solution to the problem 

32 

X 24 

can be shortened if the partial products are added up mentally 
two by two: 
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(i) 4 X 2 = 8 } 
128 

4 X 30 = 120 

( ii) 20 X 2 = 40 } 
640 

20 X 30 = 600 

The operation as performed would be written: 

32 

X 24 

128 

640 

768 

Thus, although the mental steps differ somewhat from those 
taught for the traditional algorithm, the resulting writings 
look the same. 

3 . One - Line Multiplication 

Taking the process of eliminating intermediate writings 
to its logical conclusion, why not develop a method in which 
all such writings are done away with, and only the final answer 
is put down? 

If the students have become fairly comfortable with the 
alternatives described above, if they have a firm knowledge of 
the basic ~multiplication facts", and if they are able quickly 
to produce equivalents such as 

2 X 30 = 60 ;::: 

2 X 300 = 600 = 

70 X 80 = 5600 = 

6 tens 

60 tens = 6 hundreds 

560 tens = 56 hundreds = 5 thousands 
6 hundreds 

they are ready to undertake one-line multiplications. 
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A closer look at the following example 

32 

X 24 

8 

120 

40 

+ 600 

will yield the understanding of how such multiplications are 
carried out, with all the intermediate steps being worked out 
mentally: 

step 1: look for "units" 4 x 2 = Ia units 

step 2: look for "tens" (i) 4 X 30 ~ 120 ~ 12 tens 

(ii) 20 X 2 = 40 = 4 tens 
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adding these toqether 12 tens + 4 tens = 16 tens = 

step 3; ;Look for "hundreds" 

adding the hundreds 

hence the answer is 768. 

1 hundred + 16 tens J 

20 x 30 = 6 hundreds 

6 hundreds + 1 hundred 

j 7 hundreds 
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Consider a further example : 

79 Mental steps 

X 82 work out write hold 

step 1: 2 X 9 = 18 

step 2: (i) 8 X 9 = 72 
(tens) 

(ii)2 X 7 = 14 

86 

+ 1 

87 
7~ (hundreds) 

step 3: 7 X 8 = 56 (hundreds) 

+ 8 ~ 

64 64 

Thus 79 

X 82 

6478 

The following representation for any 2-place multiplication 
may help to fix the steps to be taken. The order of the steps 
is indicated (though of course the reverse order is also feasible, 
and the operation could be carried out "from the left") 

X 



II C3 -7-

Here is another example, worked out in detail: 

6 2 work out write hold 

IX! 6 X 2 = 12 2 1 

X 4 6 
( i) 6 X 6 = 36 

2 8 5 2 
( ii) 4 X 2 = 8 

+ 1 

45 

4 X 6 = 24 

+ 4 --
28 28 

Obviously, this method will not be handled effectively by the 
students unless a certain amount of practice is undertaken. 
It will yield maximum speed and accuracy, however, within a 
relatively short time. 

And, as this is achieved, the procedure may be extended 
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to 3-place (and even higher order) multiplications. For 3-place 
multiplications, the following schema applies: 

; 

... . . · .... 
X 
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For instance: 

342 

X 876 

-8-

work out 

step 1: 6 X 2 = 12 

step 2 : ( i) 6 x 4 = 2 4 

(ii) 7 X 2 = 14 

+ 1 

39 

steE 3: ( i) 6 X 3 = 18 

(ii)7 X 4 = 28 

(iii)8 X 2 = 16 

+ 3 --
65 

step 4: (i) 7 x 3 = 21 

(ii) 8 X 4 = 32 

+ 6 

59 

step 5: 8 X 3 = 24 

+ 5 

29 

write 

2 

29 

Therefore the answer to the problem is 299592. 

II C3 

hold 
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4. Compensatory Dynamics 

This alternative uses the awareness that equivalent 
pairs of factors for any product can be produced by multiplying 
one of the given factors and dividing the other by the same mag
nitude . Thus: 

5 X 6 = (2 X 5) X (1/2 X 6) = 10 X 3 

Or 2 X 9 = (3 X 2) X (1/3 X 9) = 6 X 3 

This property has been developed fully in an earlier chapter 
(see SECTION II, A4). Here are a few examples of multiplications 
that lend themselves to its use: 

(i) 14 X 45 = (1/2 X 14) X (2 X 45) = 7 X 90 = 630 

(ii) 125 X 16 = (4 X 125) X (1/4 X 16) = 500 X 4 = 2000 

(iii) 93 X 37 = (1/3 X 93) X (3 X 37) = 31 X 111 = 3441 

(iV) 12 X 115= (5 X 12) X (1/5 X 115) = 60 X 23 = 1380 

5 . Special Cases 

As mentioned earlier , unusual properties of some num
bers or pairs of numbers can be used to produce rapid solutions 
to certain types of problems. Three possibilities are given 
here. 

a) MultiJ2l~ing by 5, 50, 25: Because of the ready re-
lationships of these numbers to various powers of 10 , solutions 
such as the following can be effected : 

(i) 14 X 5 = 14 X 10 2 = 140 2 = 70 

( ii) 31 X 5 = 31 X 10 2 = 310 2 = 155 

(iii) 67 X 50 = 67 X 100 2 6700 2 = 3350 

(iv) 54 X 25 = 54 X 100 4 = 5400 4 = 1350 
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b) Multiplying by 11: If a two-digit number is multi
plied by 11 

36 

X 11 

36 

360 

396 

it can be seen that, because of the peculiarity of 11 and the 
partial products it yields (1 x 6, 1 x 30, 10 x 6, 10 x 30) the 
multiplication produces a three-digit number in which the left 
and right-handed digits are those of the original number (36) 
and the middle digit is the sum of these . Thus: 

26 X 11 = 286 

41 X 11 = 451 

63 X 11 = 693 

In cases where the sum of the two digits is 10 or more, 
one (hundred) must be "carried". For instance 

84 X 11 = 8(12)4 = 924 

76 X 11 = 7(13)6 = 836 

c) Difference of Two Squares: Though everyone has 
learned the following "identity" as part of his mathematical 
education 

(a + b) (a - b) = a 2 b 2 

it is hardly, if ever, used in appropriate arithmetical situ
ations. This identity can be evolved with the Cuisenaire cubes 
and prisms (see SECTION I, C) and used whenever the terms of a 
multiplication are suitably transformable. Thus: 

23 X 17 = (20 + 3) (20 - 3) = 20 2- 3 2= 400 - 9 = 391 
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Further examples: 

(i) 56 X 64 = ( 60 4) (60 + 4) = 60 2 - 42 = 3600 - 16 = 

(ii) 82 X 78 = 80 2 22 = 7200 - 4 = 7196 

(iii) 21 X 29 = 25 2 42 = 625 - 16 = 609 

(iv) 112 X 88 = 1002 - 122 = 10000 - 144 = 9856 

6. Doubling and Halving Algorithm 

This method is still in use in certain parts of Central 
Asia. It is presented here for the following reasons: 

it is a novel, thought-provoking alternative 

it demonstrates how different cultures have histori
cally developed widely divergent solutions to the 
problem of computation 

it can be very useful in remedial situations with 
older students who have not been able to master the 
traditional procedure 

The method is as follows: 

a) Given, say, 39 rewrite in horizontal form 
x26 

b) Halve one factor repeatedly while doubling 
the other. When halving, drop all frac 
tions. Thus ~ x 7 becomes 3. Stop when 
1 is reached in the halving column 

c) Circle all the odd numbers in the 
halving column 

26 X 39 

13 78 

6 156 

3 312 

1 624 

26 39 

@ 78 

6 156 

G) 312 

G) 624 

3584 
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d) Add together all the 
doubling column that 
the circled numbers. 
sum is the answer to 
problem 

Thus 26 x 39 = 1,014 

New e x ample: 412 

X 273 

412 

6592 

+ 105472 

112476 

numbers in the 
are opposite 

The resulting 
the original 

@ 
136 

68 

34 

@ 
8 

4 

2 

CD 

78 

31 2 

+ 624 

1014 

X 412 

824 

1648 

3296 

6592 

13184 

26368 

52736 

105472 

Since doubling and halving are the only operations in
volved, this method should be useful to older students who 
may have been waging a losing battle with the retention of 
"multiplication facts" and their application in the tradition
al algorithm. 

For all students , moreover, the investigation of why this 
proce dure yields correct answers can prove very rewarding . 

II C3 
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TOPIC: Algorithms: Alternatives for Division 

Of the four operations division (in the sense of 
"long" division) is the one least amenable to the kinds of 
transformations that enable the other operations to be performed 
in a number of alternative ways. The algorithms for division, 
therefore, that can be developed with students will suffer 
from a certain degree of inflexibility, as they are based on 
the few properties of the operation that do exist. 

Two such algorithms are presented here. The first 
relies on an understanding of division as repeated subtraction 
and of the equivalence of expressions such as: 

2 
2 X 4 = 8 4)8 

8 2 = 2 !_ X 8 = 2 
4 

Both of these awarenesses should be well within the 
grasp of students before they are asked to undertake the activ
ities described here (see, for instance, SECTION I A3 (b) and 
I a4 (a) for details of how to generate these awarenesses). 

The second algorithm is based solely on the ability to 
double, and is therefore quite different from the usual methods 
of effecting divisions. 

1. The Traditional Algorithm Revisited 

If the sign 1 is read by students as "has how many", 
any division that is given will be expressed orally in a manner 
that immediately makes sense. Thus 

8132 

is translated into "thirty two has how many eights? " and 

23} 8592 

into "eight thousand five hundred ninety two has how many twenty 
threes?" 
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Whereas the first problem can be answered informally in a 
variety of ways using knowledge of the relationships between 
small numbers, the second cannot, and a more standardized ap
proach to its solution must be evolved. 

One method, of course, would be to subtract 23 re
peatedly from 8592 until this number has been reduced to 
zero or near zero. A tally is kept of the number of 23's 
that are subtracted, and is toted up at the end. Such a 
calculation would look like: 

23 ) 8592 

- 23 

8569 

- 23 

8546 

- 23 

8523 

- 23 

8500 

Though this method is perfectly valid mathematically, 
is is obviously very tedious and time-consuming. How can it 
be made less so? It is readily apparent that, if multiples 

II C4 

of 23 were subtracted instead of 23 itself, the number of steps 
would be reduced. And the multiples of 23 which are easiest to 
generate are: 

10 X 23 = 230 

100 X 23 = 2300 

1000 X 23 = 23000 

If those decimal multiples of 23 that can be subtracted from 
8592 are used, the operation is now performed as follows: 



II C4 
-3-

II C4 

23 J 8592 

- 2300 100 

6292 

- 2300 100 

3992 

- 2300 100 

1692 

- 230 10 

1462 

- 230 10 

1232 

- 230 10 

1002 

- 230 10 

772 

- 230 10 

542 

- 230 10 

312 

- 230 10 

82 

- 23 1 

59 

- 23 1 

36 

- 23 1 

13 
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The numbers in the right-hand column record the number of 23's 
subtracted at each step. In this case the total equals 373. 

While this procedure has certainly reduced the number 
of steps in the operation, it still is quite lengthy and in
volves a fair amount of writing and calculating. Can it be 
shortened even further? 

II C4 

If the students are quite familiar with number "facts", 
it would not take them long to realize that, by using the larg
est possible multiples of the decimal multiples, they would re
duce the operation to its smallest number of easily taken steps. 
Thus, the example becomes: 

23 ) 8592 

- 6900 300 

1692 

- 1610 70 

82 

- 69 3 

13 373 

In this form, the procedure is virtually identical in format 
to the traditional algorithm 

373 R. 13 
23 8592 

-69 

169 

-161 

82 

-69 

13 
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and transfer to this algorithm (if the teacher insists on it) 
can be made by the learners with little difficulty. 

It must be stressed once again, though, that as the 
shorter forms of the algorithm are progressively substituted 
for the longer ones, the question that is uniformly being an
swered is "has how many?" If this is lost sight of, the final 
stage becomes nothing more than a recipe which can always be 
misapplied, forgotten or altered, since the underly1ng purpose 
is no longer apparent. 

A final note concerning this algorithm. One skill, 
which is often very useful and which is sometimes overlooked 
in the activities presented to students, is the ability to 
estimate rapidly the particular multiple that may be needed 
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in a given instance. Thus, if 4 x 4 = 16 is known, it can be 
used as the immediate first step in all the following examples: 

4 3 4 3 
4 ) 173 4 157 39 } 1611 42 } 1588 

The skill can be developed by focussing on the relationship 
of divisor to dividend in patterns such as: 

4116 4)i7 4 )i8 4 )19 4 f2o 

5 )i6 7 )16 

(see SECTION II, B2) 

2. The Duplation Algorithm 

This algorithm offers what appears to be an entirely 
different approach to long divisions, and since it does not 
rely on fluency with "multiplication facts", it may be wel
comed by students who have had a long history of difficulty 
with the traditional algorithm. 

Using the same example as before, 
steps in this procedure are as follows: 

23 ) 8592, the 
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a) Double the divisor repeatedly until it surpasses 
the dividend . Record the individual multiples of the divisor 
obtained at each doubling: 

doublin9:s of the divisor multiples of the divisor 

23 

46 

92 

184 

368 

736 

1472 

2944 

5888 

11776 ( > 8592) 

b) Subtract the largest possible 
visor from the dividend. From the result 
the largest possible doubling remaining. 
cess until no further subtractions can be 

8592 

- 5888 

2704 

- 1472 

1232 

- 736 

496 

- 368 

128 

- 92 

36 
- 23 

13 

1 

2 

4 

8 

16 

32 

64 

128 

256 

512 

doubling of the di
obtained, subtract 
Continue this pro
performed: 

II C4 
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c) Check the multiples of the divisor that have 
been used: 

doublin9:s of the divisor multiples of the divisor 

@ 1 ./ 

46 2 

@ 4 / 

184 8 

@ 16 / 

~ 
32 / 

64 ./ 2 

2944 128 

@ 256 
.,..,. 

11776 512 

d) Add these numbers together to obtain the solu
tion to the problem: 

l 

4 

16 

32 

64 

+ 256 

373 

Thus, 8592 . 23 = 373 R. 13. 

II C4 
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The following example provides a complete picture of the 
procedure: 

47) 5218 ~;: 47 5218 1 
94 - 3008 2 

II C4 

4/ 
8./ 

188 2210 4 solution: 
376 - 1504 8 

16 752 706 32 111 R.l 
32 ,./ 1504 376 64 
64 ./ 3008 330 111 

188 
128 6016 -142 

94 
48 
47 

1 

Notice that this procedure relies solely on doubling, which is 
why it may be attractive to students who have not been able to 
memorize basic multiplication facts and hence cannot perform 
long divisions by traditional means. 

As with the similar algorithm presented in SECTION II, 
C4, the investigation of why it works is left to teachers and 
students to undertake on their own. 
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TOPIC: Equivalence A: Addition and Subtraction of Fractions 

SECTION I, AS introduced families of equivalent fractions 
at the level of manipulations with Cuisenaire rods, and SECT
ION II, B4 included a summary of the properties of equivalent 
fractions. 

Thus, the family equivalent to 1 
2 

is given by: 

Also, a "move to the right" in a family of equivalent 
fractions is effected by repeated addition of the terms of 
the first member: 

3 3+3 = = 4 4+4 
3+3+3 
4+4+4 

= 3+3+3+3 
4+4+4+4 = 

This relationship can be expressed in general terms as 

a m x a 
b = m x b 

and is usually given the name of equivalence A. 

For students who have manipulated the rods, generated 
families of equivalent fractions, and acquired a solid know
ledge of fractions (as operators and as ordered pairs) as 
detailed in earlier chapters, the equivalence A relationship 
provides the key to the understanding and mastery of addition 
and subtraction of fractions. 

1. Basic Awarenesses 

Although nearly all teachers faithfully require of their 
students the memorization of the terms "numerator" and "de
nominator" when studying fractions, few go beyond this step 
and ask themselves (or the learners) what the words mean . 
This is one instance in which the labels do have a very pre
cise, and important, meaning. Both words are derived from 
Latin, "numerator" from the Latin equivalent of "number", 
and "denominator" from "name". 
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Thus, though fractions are written with one nQ~eral 
atop another, and it would be easy to deduce that they both 
carry similar connotations , they are in fact quite different. 
Denominators name fractions (as being, say, part of the class 
of "fifths", or-at "halves", or of " elevenths", etc •.. ) and 
numerators express the number of elements of a given class 
present in a particular fraction (ex: 3 fifths, 7 elevenths, 
4 eighths, etc ..• ) --

This understanding can be made available to students 
implicitly through careful use of language. Thus the 

fraction ~ must always be expressed orally as "three fifths", 

not as "three over five". 

If this is done consistently, addition of fractions can 
be perceived, linguistically, as following the same pattern 
as all other additive statements. For instance, " three apples 
and two apples" is readily transformable into "five apples " , 
"six desks and three desks" into "nine desks", etc •.. by 
anyone who is a functional user of language, and this includes 
even very young children . 

Their ability can be extended to include statements 
such as 

"three sixths and two sixths" [five sixths J 
"six hundredths and three hundredths" [nine hundredths] 

and so on . 

For many students, this activity first needs to be 
undertaken verbally, until they are certain of what they hear , 
and can make the distinction between "possible" and "not 
possible" instances with ease. For instance 

"one seventh plus four sevenths" possible 

"two thirds plus three fourths" not possible 

(this being akin to , say , " two desks and three gir ls") 

2. Written Work 

When the distinction between the two types of statements 
is well established, the students can be asked to work on 
written examples. At this point, "possible" problems are 
solved, "not possible" ones left undone . 
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The problems can be given in horizontal notation 

18 57 
99+99 

3 + 5 = 
7 8 

= 75 
99 

not possible 

or in vertical notation 

4 3 
7 18 

+ 2 + 6 
7 11 

6 not possible 7 

64 
73 

+ 19 
73 

83 
73 

And, with some students, teachers may pref er, initially 

at least, to use a notation such as "3 fifths" or fif
3
ths ' 

rather than ~· 

But what of the "not possible" instances? Is there a 
way to transform them into "possible" problems? The solution 
can be found by referring once again to everyday language. 
For instance, the "not possible" statement: "7 girls and 
3 boys" can be transformed into a 'possible" one: "7 children 
and 3 children", by substituting a common name. 

In the case of fractions, the families of equivalence can 
be used to effect a similar transformation. For instance: 

1 2 2 + 3 = not possible 

But 
1 2 3 4 
2 = 4 = 6 = 8 = . . . 

And 
2 4 6 8 
3 = 6 = 9 = 12 = . . . 



II C5 II C5 
-4-

Thus ~ can be replaced by l , and ~ by 4 , which yields 
2 6 3 6 

the "possible" equivalent expression 

l + 4 
6 6 which equals 7 

b 

Once the procedure is evolved , the students can be 
asked to practice effecting the needed transformations. For 
instance: 

Given 

Families 

3 + 1 
4 5 

of fractions: 3 
4 

1 
5 

6 = 8 

2 
= 10 

"Common name" fractions: 15 
20 

Thus 3 1 
4 + 5 = 

15 4 
20+20 

19 
= 20 

= 

= 

9 
12 

3 
15 

4 
20 

= 
12 
16 = 

4 
= 20 

15 
20 = . . . 

5 
= 25 = . . . 

After a while, the intermediate steps can be eliminated, 
and equivalence A used to produce the appropriate members of 
the given families directly. If it is noticed that, in any 
family of equivalent fractions, all the denominators are 
multiples of the denominator in the irreducible pair, then 
it will be the least common multiple (See SECTION I, A6) of 
the denominators 1n the g1ven fractions that will provide 
the first "common name". 

Example A : 2 2 
5+9 

a) the problem is "not possible" 

b) LCM of the denominators = LCM 

c) 2 = 9 X 2 = 18 
5 9 X 5 45 

2 5 X 2 10 
9 = = 

45 5 X 9 

d) 2 2 18 10 28 
5 + 9 = :rs+ 45 = 45 

as given 

(5,9) = 45 
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Example B: 3 5 3 100 LCM (6 , 8,10) = 120 6 200 

4 3 4 45 
8 120 

7 
+ 2 

84 
+ 210 120 

9 
229 
120 

In this manner, all additions involving fractions and mixed 
numbers can be performed. Even if the students have not met 
LCM ' s they can still effect the needed transformations by 
writing out the families of equivalent fractions (as was done 
above) and locating the appropriate members. 

In some cases, conversions to or from "improper" fractions 
are necessary. Again, families of equivalent fractions provide 
the basis for the transformations: 

Hence 

2 4 6 
2 = = = = I 2 3 

229 = 
120 

120 + 109 
120 120 

= 1 109 
120 
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3. Subtractions of Fractions 

Subtractions of fractions involve essentially the same 
awarenesses and transformations. For instance: 

Example A: 7 4 
9 8 

a) LCM ( 9 1 8) = 72 

b) 7 = 8x7 56 
9 8x9 = 72 

4 9x4 32 
8 = 9x8 = 72 

c) 7 4 = 56 32 20 5 
9 8 72 72 = 72 = 18 

Exam12le B: 5! 4 1! 42. 414 
6 + 6 6 12 ----. 

2~ 2~ 2~ 9 - - - - 212 4 4 4 

5 
212 

4. Comparisons of Fractions 

Again, the same awarenesses enables comparisons between 
fractions to be made. For instance, given: which is bigger, 

5 7 ? I8 or 30 

a) LCf-1 (18,30) = 90 

b) 5 5x5 25 
I8 = 5x18 = 90 

7 3x7 21 
30 = 3x30 = 90 

c) Since 25 > 21 
90 90 

Then 5 > 7 
18 30 



TOPIC: 

SECTION II 

C6 

Equivalence M: Multiplication and Division of Fractions 

Multiplication and division of fractions are probably 
among the most abused topics in the elementary mathematics 
curriculum, in that seemingly simple computational rules 
are usually given to students without any development of 
the awarenesses involved. 

Though these expediencies may suffice for immediate 
purposes, they often lead to confusion in the long run. 
For example , why should a student who has been told that, 
in order to multiply fractions, he needs to "multiply the 
tops and the bottoms together", not feel entitled to trans
fer this rule to produce, say, 1 l 2 ? 

2+3=5 

In earlier chapters fractional operators (see SECTION I, 
A3(b)) and families of equivalent fractions (SECTION II,B4) 
were presented. Extension of the awarenesses generated by 
these studies will yield an understanding of equivalence M, 
and this overcomes the difficulties inherent in the tradi
tional approaches. 

1. Fractions of Fractions 

By this stage, the students will already be familiar 
with relationships such as: 

1 = 1 
2 X 2 

1 
3 = 3 X 

= 1 
4 

X 4 

If careful attention has been paid to the use of proper lan
guage to express these relationships (i.e. "one equals one
half of two", not "one equals one-half times two") then the 
students will have little difficulty answering questions such 
as: 

"One half of two apples?" [one apple J 
"One eighth of eight zebras?" (one zebra] 
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By the same token, some questions of this type will not be 
readily answerable. For instance: 

"One fifth of seven trees?" 

"One sixth of two cars?" 

Thus, as in the previous chapter, the questions can be 
classified as either "possible" or "not possible". And, 
once the distinction is made, it is a simple matter to 
substitute words like halves, thirds, fourths, etc ... 
for the zebras, trees, apples, etc ... in the above state
ments, and evolve "fraction of a fraction" expressions 
such as: 

"One half of two fifths?" 

"One eighth of eight thirds?" 

And the answers to these questions are as readily obtained: 

"One half of two fifths?" (one fifth] 

"One eighth of eight thirds?" (one third] 

"One fifth of seven halves?" (not possible J 

2. Written ~vork 

In written notation, the above expressions become: 

} x ; = not possible 

Since the range of verbal questions given above can be 
extended to instances such as: 

"two fifths of five cars? 11 

"three sevenths of seven apples?" 

(two cars] 

[three apples] 

"one hundred elevenths of eleven trees?" 
[one hundred trees J 

II C6 
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and these, in turn, changed into "fraction of a fraction .. 
expressions such as: 

"two fifths of five ninths?" 

"three sevenths of seven tenths?" 

[two ninths] 

[three tenths] 

a greater variety of "possible" written expressions can be 
made available to the students 

3 X 4 
4 5 = 3 

5 

12 7 12 
7 xl3 = 13 

The relationship present in these "fraction of a fraction" 
expressions (in traditional language, that the denominator 
of the first fraction equal the numerator of the second) can 
be given in generalized form as 

l 5x*~~ ~ 
and is usually denoted as equivalence M. 

Once it is evolved , the equivalence M relationship can 
be made the basis for the direct solution of all "possible" 
problems . For instance: 

2 X 3 2 
3 IT = IT 

21 64 21 
64 X 19 = 19 

1 3 4 1 
3 X 4 X 7 = 7 

3 2 9 10 11 3 
2 X 9 X IO X IT X 4 = 4 

But what of those 11 not possible" instances, which do not 
satisfy the requirements of the equivalence M relationship? 

II C6 
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For instance : 

1 X 3 = 
2 5 

3 X 7 = 4 8 

As with so many other situations, use of families of equi
valent fractions enables the difficulty to be resolved. 
Thus , given 

1 X 
3 

2 5 

the families equivalent to both fractions can be generated 

1 = 2 = 3 = 4 = z 4 6 8 
. . . 

3 6 9 = 12 = 5 =ro = IS IS 

and the member of each family which enables the use of the 
equivalence M relationship , selected 

1 = 3 
2 6 

3 = 6 
5 10 

Therefore 

1 X 3 = 3 
X 6 = 3 

2 5 6 10 10 

Similarly: 

3 X 7 = 21 X 28 = 21 
4 8 28 32 32 

II C6 
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After a sufficient amount of practice with this type of 
exercise, the students can be asked to evolve short- cuts, by 
finding ways to elimi nate the actual writing of the families 
of equivalent fractions. If they are familiar with LCM ' s 
(see SECTION I , A6) and equivalence A (SECTION II , C5) they 
can eventually arrive at the following set of steps: 

Given: 

a) not 

2 X 1 5 
9 11 

possible as given 

b) LCM of 1st denominator and 2nd numerator = LCM (9,15)= 

c) 7 = 9 

1 5 = 11 

d) 7 
9 X 

5x7 = 
5x9 

3xl5 _ 
3xll -

15 
ll = 

35 
45 

45 
33 

35 
45 X 

) 
) 
) 
) 
) 
) 

45 35 
n=TI 

equivalence A 

Problems of any complexity can be handled in this manner. 
For instance: 

~X ~X 2 = (15 X 20 )x 7 = 15 
X 

7 = 105 
X 4 6 8 20 24 8 24 8 168 

or 

l X 5 X 7 = 15 
X 

20 
X 

7 = 15 
X 

140 
X 

168 = 4 6 8 20 24 8 20 168 192 

3 . The Traditional Algorithm Revisited 

Let us consider once again the problem 

3 7 
4 X 8 = 

168 = 105 
192 192 

1 05 
X 

1 40 
X 

163 
140 163 192 

and examine more closely the steps taken to arrive at 

= lOS 
192 

the answer. Use of the LCM for the two middle terms (4 and 7) 
yields the following intermediate writings: 

3 
X 2 4 8 = 7x3 x 4x7 

7x4 4x8 

45 
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Since the now common middle terms (7x4 and 4x7) are 
eventual l y eliminated to produce the answer 

7x3 
4x8 or 21 

32 

it looks as if the numerator of the first original fraction 
has been multiplied by the numerator of the second original 
fraction, and the denominator of the first fraction multi
plied by the denominator of the second one. That is why 
the usual rule of "multiplying tops and bottoms together" 
works, but as the preceding discussion makes clear, the 
awarenesses that lead to this rule are quite subtle and 
complex. And it is only after they have progressed through 
the series of steps described here that the students will 
know the dynamics underlying the rule, and will be able to 
use it with certainty and understanding. 

4. Division of Fractions 

Two procedures for performing divisions with fractions 
can be presented to t h e students. 

II C6 

a) If they are familiar with reciprocals (see SECTION I, 
A3(b) and II, B4 for details) the students will know that the 
reciprocal of any fraction a is given by ~ 

:0 a 
Using equivalence M: 

Thus the product of any fraction and its reciprocal is always 1. 
And since it is also obvious that c c 1 d = d X 

the following expression can be produced: 

C £ X ~X b 
d d b a 

Dividing both sides of the equation by b yields: 
a 

This relationship forms the basis for one possible algorithm 
for division of fractions. 
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For instance: 

7 3 = 7 
X 

4 = 7 
X 

8 = 7 
8 4 8 3 8 6 6 

3!. 4!. 10 . 9 10 2 20 
:;::: 

3 2 = 3 X 9 = 27 3 2 

b) If the 7 sign is interpreted as "has how many", 
problems which often cause difficulty for students can be 
solved with relative ease and understanding. Thus if 

6 .:.. !. 
. 2 

is read as "six has how many halves?" the answer will readily 
be perceived to be 12. 

Similarly: 

7 1 3 3 = 7 ("seven thirds has how many one thirds?") 7 

9 2 4 4 = 4~ ("nine fourths has how many two fourths?") 4~ 

In some instances, the families of equivalent fractions must be 
used to transform the given problem into a "possible" "has 
how many" question. For instance: 

5 
3 

1 10 
2 = 6 

Thus a second algorithm for dividing by a fraction, at 
least in certain instances, can be evolved. 

A third "algorithm" exists, one that students sometimes 
stumble upon unknowingly. Applying the principle of multi
plying numerators and denominators together for multiplication 
of fractions to the case of divisions, they evolve the 
following recipe: 

Given 4 . 1 
9 -: 3 

they reason "four divided by one equals four, and nine 
divided by three equals three". Thus 

Does this algorithm always work? And if so, why? Challenging 
questions, which are left to teachers (and their students) to 
answer. 
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TOPIC: Decimal Fractions, Decimals and Percents 

If decimals and percents are to be mastered quickly 
and efficiently by students, they need to have at their 
disposal a good working knowledge of fractions, including 
the ability to generate families of equivalent fractions 
and to operate on fractions. For decimals and percents 
are nothing more than alternative notations for a parti
cular class of fractions and, when presented as such, are 
easily understood by learners. 

1. Decimal Fractions 

Students can grasp quickly that fractions whose de
nominators are 10, 100, 1000, ... have a special name. 
They are called "decimal fractions". 

Thus 3 46 7 93 
10 ' roo '100 '1000 ' are examples of decimal 

fractions. 

And if students know how to generate equivalent frac
tions, they can easily convert ordinary fractions into deci
mal ones. 

1 
2 

1 
4 

= 

= 

and decimal 
pairs 

6 = 
10 

75 = 100 

5 
IO 

25 
100 

fractions into 

3 
5 

~ 

3 
4 

their 

2 
5 

3 
8 

= 

= 

4 
IO 

375 
1000 

corresponding 

18 = 9 
10 5 

288 = 36 
1000 125 

irreducible 
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Some fractions are not easily converted into their decimal 
equivalents, and a mixed notation needs to be used: For 
instance, it can be perceived that 

3 
10 < 

33 
100 

333 
1000 

< 

< 

1 
3 

1 
3 

1 
3 

< 4 
10 

34 
< 100 

334 
< 1000 

II C7 

Since the process can be repeated indefinitely without reach
ing an exact decimal equivalent for 1 , the convention can be 
accepted of denoting it as 3 

3 1/3 or 
10 ' 

33 1/3 
100 ' 

or 333 1/3 
1000 

depending on the degree of expansion desired. 

Similarly 

2 
3 

1 
9 

= 

= 

6 2/3 
lO 

1 1/9 
10 

66 = 

11 = 

2/3 
100 = . . . 

1/9 
lOO = . . . 

I • • • 

Finally, fractions such as 1 have no ready decimal equi-
7 

valents, even if a mixed notation is used, and only approx-
imations are possible: 

1 
7 

14 
100 

143 
1000 

In all cases where exact equivalents are obtainable, however, 
more than one writing is possible. Thus: 

1 
2 = 

5 
10 = 

50 
100 

500 
= 1000 = 
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2. Decimals 

Once the students have had sufficient experience with 
decimal fractions, and become proficient at transforming 
ordinary fractions into decimal ones and vice versa, they 
can be introduced to a new language -- and a corresponding 
notation -- for these fractions. For instance, 5 can be 
rewritten as . 5 and read as "point five". 10 

That single clue is sufficient to enable students to 
produce writings such as: 

1 
IO 

4 
10 

= .1 

= • 4 

• 7 = 

.3 = 

7 
10 

3 
IO 

And what of 10 ? 
IO 

From their study of ordinary fractions, 

students are already familiar with the equivalence 10 = 1 
10 

which in turn enables them to work out relationships such 

(i) 11 = 10 + __!_ = 1 + . 1 = 1.1 (as a conventional 

as 

10 10 10 
"shorthand" notation) 

(ii) 17 10 7 1.7 IO = IO +ro = 

(iii) 36 30 6 
3.6 IO = 10 + 10 = 

and conversely 

(iv) 1.4 
10 4 14 

= 10 + IO = IO 

(v) 6.3 60 + 3 = 63 = 10 10 10 

II C7 
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50 
= 100 
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= 1000 
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= Therefore alternative 

writings can be produced in the decimal notation: .5 = .50 
= .500 = ... ,which in turn leads students to the understand
ing of: 

23 .23 
100 = 

147 1. 47 
100 = 

and so on 

Further, if 11 
100 

and 10 
100 

then 9 
100 

8 
100 

and 

And, in turn 14 
1000 

= .11 

= .10 

= .09 

= .08 

so on 

= .014 

= .003 

and so on 

87 = .87 
100 

346 = .346 
1000 

II C7 

Thus, the "rule" of having as many decimal places as there are 
zeros in the denominator of the corresponding decimal fraction 
is established, as is the technique for writing "difficult" 
decimals (ex: .001) 
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3. Percents 

A second equivalent notation for decimal fractions (and, 
therefore, decimals) can be evolved, and introduced to students 
similarly through a single initial clue. For instance: 

"Another way of writing .50 is 50% (read as fifty percent)" 

By simple extension: 

.1 = .10 = 10% .6 = .60 = 60% 

1.7 = 1.70 = 170% 2 . 3 = 2.30 = 230% 

The students soon discover that the "yardstick" is 

10 100 
10 = 100 = 1 = 1. 00 = 100% (a "whole") 

and that percents are arrived at most easily from decimal 
fractions whose denominator is 100: 

(i) 

(ii) 

87 = 870 
IO 100 

87 
100 = 87% 

(iii) 640 = 
1000 

64 
100 

= 

= 

(iv) 357 35.7 
1000 = 100 = 

(v) 4 • 4 
1000 = 100 = 

870% 

64% 

35.7% 

.4% 
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4. Table of Equivalents 

At this point, a useful activity is to introduce to 
students a table such as the following, in which the four 
equivalent notations of ordinary fractions, decimal fractions, 
decimals and percents are presented together. Given specific 
examples in any of the four, the students are to work out for 
each one the equivalents in the other notations. 

The first line of the table below has been worked out 
fully and teachers would do well to work out a few of the 
other lines before presenting the activity to students . 

Fraction Decimal fraction Decimal Percent 

1 2 
5 IO . 2 20% 

4 
5 

75% 

24 
100 

l. 25 

875% 

In some cases of course, such as 37%, the decimal fraction 
will be irreducible, and will therefore be the ordinary frac
tion as well, and appear in the corresponding column of the 
table. 
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5. Operations on Decimals and Percents 

For all operations involving decimals and percents, 
as well as for all comparisons of decimals and/or percents, 
the key to understanding and mastery is conversion to equi
valent decimal fractions. 

II C7 

a) If the question is asked: Which is bigger, .7 or .9? 
the answer can be found at once by converting to decimal frac
tions: 

. 7 

'l'herefore 

= 7 
IO 

• 9 > . 7 

and • 9 = 9 
IO 

Similarly, if the question is: Which is bigger, . 9 or .12? 

• 9 

Therefore 

= 9 - 90 
IO -100 

• 9 > .12 

.12 12 
100 

And if it is: Which is bigger, 1.2 or 12%? 

1.2 = 12 
10 = 120 

100 
12% 12 = roo 

Therefore 1.2 > 12% 

Thus 

b) Given .3 + .2 

Substituting the corresponding decimal fractions yields: 

3 2 5 
10 + TO = 10 

.3 + .2 = .5 

Given . 3 + .02 

The corresponding decimal fractions are: 

3 
10 + 

2 
100 
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But the addition cannot be performed unless the problem 
transformed into: 

30 2 32 
100 + 100 = 100 

Thus .3 + .02 = .30 + .02 = . 32 

And given .3 - . 02 

the same transformations are once again needed: 

3 
10 

2 
- 100 = 

Thus .3 - .02 = .28 

30 
100 

2 
- 100 = 28 

100 

II C7 

is 

Once a number of examples have been wor ked out in this fashion, 
the students come to perceive the relati onship between what they 
are doing and additions and subtractions on integers , and can by
pass the transformations into decimal fractions. They can now 
operate on decimals (and percents) directly , using either hori
zontal or vertical notations. For instance: 

(i) .35 

( ii) 24% 

(iii) 3.5 

(iv) 620% 

(v) 3.2 

(vi) 6.75 
+ 2.34 

9.09 

+ 

-

+ 

+ 

-

.27 = 

9% = 

6.2 = 

44% 

1. OS 

.62 

15% 

= 

= 

9.7 

664% 

2 . 15 

(vii) 3. 7 
. 85 

2.85 

(viii) 63% 
12% 

+ 114% 
189% 
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In some instances, however, conversion to decimal fractions 
will remain the only sure way of proceeding. For instance: 

(i) 

(ii) 

4.3 + 16% = 430 
100 

16 
+ 100 = 

. 07 - . 3% = 70 3 
1000 - 1000 

c) Given .3 x .2 

446 
100 

67 
= 1 0 00 

= 4.46 

= 6.7% 

Transforming into decimal fractions yields: 

3 2 6 
10 X IO = 100 

Thus .3 x .2 = .06 

Given 40% of 20% 

The corresponding decimal fractions are: 

40 
100 

X 
20 

100 = 800 
10000 

Thus 40% of 20% = 8% 

Given 12% of 4.5 

Converting to decimal 

12 45 540 
100 X 10 = 1000 = 

Thus 12% of 4.5 = .54 

= 8 
100 

fractions: 

54 
54% 100 = or .54 

Multiplication of decimals (and percents) becomes much more 
comprehensible when approached in this fashion, certainly 
much more so than the usual "recipe" of counting off decimal 
places. This "shortcut" will, however, be evolved by the 

II C7 
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students, as they have had experience with examples such as 
those outlined above, and will on their own come to understand 
the dynamics behind an operation such as: 

d) Given .3 7 .2 

4.71 
X 3.5 
16.485 

Decimal fractions once again provide the understand
ing needed to work out the problem: 

3 
10 

Thus 

Given 

3 
10 

Thus 

Given 

60 -
10 

Thus 6 

2 
10 

. 3 

. 3 

. 

. 

12 
100 

. 3 + 

6 . 

5 -
10 

= 

. .5 . 

3 
10 

• 2 

12% 

= 

12% 

• 5 

= 

= 

= 

3 
10 

= 

60 

10 

12 

X 

1.5 

X 

10 
2 

2.5 

X 

= 

100 
l2 

10 

5 = 

3 
2 

= 

= 

100 
40 

60 

5 

15 
10 

= 

= 

1 . 5 

5 
2.5 = 2 

12 

And the difficult problem(traditionally) of getting 
students to know how to divide by decimals or percents (with 
the answers mysteriously being larger than the given numbers!) 
disappears ... 





S E C T I 0 N III 

INDEPENDENT STUDENT WORK 

Practice Without Repetition 





TOPIC: Open-Ended Worksheets 

SECTION III 

A 

Most exercises and activities found in textbooks and 
kits, and even the usual teacher-made worksheets, are what 
can be called "closed-ended". That is, they are concerned 
with eliciting the correct response to each problem they 
present. They engage students in the use of specific pro
cedures, formulas and algorithms to work out the expected 
answer to each example. 

The rationale behind this type of activity is simple: 
learning by doing. Given a sufficient number of problems 
to work on, the students will somehow acquire the particular 
skills embodied in the exercises and, hopefully, will be able 
to recall and use these skills whenever they need them again. 

This view of instruction, however, suffers from a fun
damental flaw. For the assumption is that the learners do 
not know given concepts when they begin their work, and that 
their learning evolves as a result of the practice they are 
exposed to(otherwise, if they did know the material covered 
by the particular exercises, what would be the point of ask
ing them to work on it?). In effect, then, the students are 
expected to learn to do what they cannot do by doing what 
they do not know how to do. 

Illogical as it may seem, this method of instruction 
is probably one of the most often, and routinely, used in 
the classroom: a student is "diagnosed" as being unable 
to do, say, addition; the usual "prescription"? -- a page-
ful of additions! There is, however, one important and 
legitimate use for closed-ended independent student work: 
as the last in the long series of steps that constitute the 
study of a given topic. Once students have learned something 
and feel fairly secure with the knowledge they have acquired, 
they can become interested in testing this knowledge to their 
own satisfaction, in making sure that they know what they know. 

Thus, as self-tests of mastery, closed-ended materials 
are valuable. Students enjoy tackling them at this stage, 
pitting their knowledge against that of the person who de
signed the exercises, and seeing themselves as capable of 
meeting a whole set of difficulties and of overcoming them 
with certainty and confidence. 

Exclusively, closed- ended materials should be reserved 
for this purpose. 
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At many other points in the sequence of learning steps, 
on the other hand, open-ended materials can be used. These 
are characterized by the fact that there can be any number 
(sometimes an infinite number) of possible answers to any 
given problem. And their main advantage is that they enable 
each learner to enter into a dialogue with the situation (s) 
under study. 

He can bring his own contributions to the problems at 
hand. He can explore avenues of investigations that seem 
promising, begin to perceive and generate relationships and 
connections, and judge for himself the adequacy and applica
bility of his choices. He is free to err, to draw his own 
tentative conclusions and test them according to his own 
criteria, to discover b l ind alleys, to backtrack, to correct 
his own mistakes. In sum, he is able to take the responsi
bility for his own learning. 

Thus, open- ended materials lend themselves to a number 
of purposes . They can provide: 

tentative , exploratory, trial and error investiga
tions of given topics 

follow-up work with material covered during a 
teacher-led session 

opportunities for focussing on a particular aspect 
of a situation under study in order to investigate 
it further 

opportunities for extending what is being studied 
to related areas 

opportunities for integrating newly-acquired know
ledge and for seeing applications 

Open-ended materials, to be truly effective, must pos
sess at least some of the following characteristics: 

little or no written directions 

any number of possible answers to given questions 
or exercises 

freedom to use alternative paths to these answers 

opportunities for certain sequences, relationships 
between elements, inner dynamics and generalizations 
to be developed by the students · 

opportunities for various equivalences and/or trans
formations to become apparent 

III A 
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Since this type of material is not readily available com
mercially , teacher-made worksheets offer the most promising 
solution, though this may mean designing a hundred or more 
worksheets over the course of a school year. Some possibi
lities are detailed here,rneant only as examples for each 
teacher to draw from , extend , modify , even reject. The 
final criterion must remain the specific needs of the in
dividuals who inhabit a particular classroom. 

1. Free Compositions 

The most " open" of open- ended worksheets is the blank 
sheet of paper on which t h e learner is invited to write 
whatever he wishes, provide d it is "mathematical" . 

This practice is excellent , if it is undertaken reg
ularly (about once a week or so) for a determined period 
of time (say, 20 minutes). The students quickly come to 
expect it, and even to look forward to it, as they save 
up their newest knowledge to present in their compositions . 

For their natural response to an activity of this type 
(after they have had the opportunity to become familiar 
with it} is to attempt the most "learned" writings they are 
capable of - - not in order to impress or please the teacher, 
but as a means of knowing with greater precision the content 
of their own minds. The topics that intrigue them, the kinds 
of relationships and dynamics that appeal to them, the chal
lenges they have overcome, the understandings they have ac
quired - - all appear on their papers . 

By the same token, t he students will not incorporate 
in their spontaneous writings any material they are unsure 
of , or any topics they have imperfectly learned. Thus , the 
free composition can fulfill one more function, that of a 
true and accurate diagnostic tool, able to indicate to the 
teacher exactly what each student is certain of and , by ex
tension, what he has yet to learn. 

One final word about free compositions : it is essential 
that the teacher not correct these productions , in order to 
maintain the students' openness toward them. For they are 
tentative productions of minds corning to grips with the wor ld 
of mathematics and all efforts - - successful or otherwise 
must be respected equally and allowed to develop at their 
natural pace . 

The best course is for the teacher to ask students to 
keep their compositions in individual folders and , once 
every week or two , to look them over in order to obtain 
general information about their individual progress . 

III A 
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2. "Question the Answers" 

A second major type of open-ended worksheet is one 
which reverses the usual format. Here it is the answers 
that are provided, with the students being asked to pro
duce as many expressions as they possibly can that fit 
those answers. 

Many of the advantages of the free compositions are 
present in this type of worksheet. Here again each stu
dent is given the opportunity (and almost limitless lati
tude ) for exploration, for discovery, and for concept
ualization. The major difference is that the individual 
efforts are a little more focussed, a little more directed. 

Thus, by choosing the "givens" of each worksheet judi
ciously, the teacher can ensure that the general thrust of 
the learners' work meets one of their instructional needs. 

Some examples of worksheets of this type are given below. 

Open-Ended Worksheet #1 

14 := 

(Students are to write as many expressions equivalent to 
14 as they can). 

III A 
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Open-Ended Worksheet #2 

(Students are to write as many equivalences for t he given 
expression as they can.) 

Open- Ended Worksheet #3 

2 + 2 + 2 + 2 + 2 + 2 + 2 + 2 + 2 + 2 + 2 + 2 + 2 + 2 + 2 + 2 

(Students are to rewrite the given expression, providing 
a different equivalent for each 2) 

III A 
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Open-Ended Worksheet #4 

3 + 6 = 9 

3 X 6 = 9 

3 X 6 = 18 

57 X 4 = 250 22 

(Students are to provide a series of intermediary equations, 
alternatively true and untrue , and each differing from the 
previous in one respect only, until the final expression is 
obtained) . 

3. Patterns and Farnilie:s of Equivalence 

Other open-ended worksheets, somewhat more restricted 
than the preceding ones, enable students to focus specifi
cally on basic aspects of the algebra of addition , subtract
ion, multiplication, division or fractions . Their purpose 
is to make that algebra evident , by presenting various pat
terns , dynamics and equivalences. 

Their place in the sequence of learning steps, there
fore, is firmly established. They are most useful when 
learners are beyond initial empirical investigations of 
numbers and the properties of operations that relate them 
to each other, and are ready to umathematize " these re
lationships. Their value is precisely that they enable 
students to make the transition from tentative experiences 
of the world of numbers (and the algebra that underlies it) 
to a cohesive, structured knowledge of it . 

III A 
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Most of these worksheets, as a result, will follow a 
uniform format: the learners are given the minimum num
ber of examples necessary to perceive a part~ular pattern 
or relationship, and are asked to expand the givens ac
cording to that pattern . 

Some examples are given below , with each example con
taining two somewhat different aspects of particular sit
uations. This is done more for the sake of better use of 
available space than to suggest that teacher-made work
sheets should follow this practice. 

24 - 9 = 15 

25 - 10 = 15 

26 11 = 15 

Open-Ended Worksheet #5 

29 18 = 11 

31 - 20 = 11 

33 22 = 11 

(Students are to develop families of equivalent subtract
ions, as per the examples shown) . 

III A 
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Open-Ended Worksheet #6 

1/2 X 2 = 1 

1/2 X 4 2 

1/2 X 6 = 3 

1/2 X 4 = 2 

1/3 X 6 = 2 

1/4 X 8 2 

(Students are to develop the given patterns of fractional 
relationships). 

Open-Ended Worksheet #7 

1 2 3 4 5 
2 = 4 = 6 = s =1o 

2 
7 

4 
= 14 

6 
= 21 

8 
= 28 = 

III A 

(Students are to develop the families of equivalent fractions). 
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Open-Ended Worksheet # 8 

10 X 10 = 100 30 X 30 = 900 

> 1 
9 X 11 = 99 31 X 31 = 900 + 30 + 31 

> 3 
8 X 12 = 96 32 X 32 = 1024 = 961 + 31 

7 X 13 = 

(Students are to develop the patterns of relationships be
tween successive products of the types shown) 

III A 
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TOPIC: Making Practice More Interesting 

SECTION III 

B 

If students are to attain a high degree of facility 
in various areas of mathematics (and more particularly 
in computational ability) some practice normally is nec
essary. Usually this is accomplished by assigning to 
them problems from a given page in a textbook, or by 
distributing a mimeographed worksheet of exercises. 

Such assignments are for the most part closed
ended and frequently boring to a majority of students . 
A fundamentally different set of activities is presented 
here. These all offer opportunities for extensive 
practice, while at the same time attracting and main
taining student interest. Many also lead to suprising 
results and offer fascinating glimpses into the world 
of numbers . The activities described below do not con
stitute an exhaustive list, and teachers are invited to 
research the literature and add their contributions to 
the fund of possibilities. 

1. Palindromi c Numbers Game 

Palindromic numbers are those whose digits read the 
same from the left or the right (e.g. 272; 55; 1221). 
The a i m of this game is to generate a palindromic num
ber. The directions are simple: Start with any posi
tive integer, reverse the digits and add this new num
ber to the original one. Reverse the digits of the 
sum and add again. Continue in this manner until a 
palindromic number is reached . This activity certainly 
provides practice with addition and is more exciting 
than the normal textbook exercise. 

For instance: 

a) start with 67 

reverse +76 

sum 143 

reverse +341 

sum 484 is palindromic 
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b) start with 374 

+473 

847 

+748 

1595 

+5951 

7546 

+6457 

14003 

+30041 

44044 a palindrome 

2. 6174 Game 

Start with a four-digit number; rearrange the digits in 
descending order from left to right; reverse the order of 
digits and subtract. Repeat the procedure on the difference. 
Continue until 6174 is reached . (This property was first 
noted by the Indian mathematician Krapekar) . 

For instance: 

start with 3147 

rearrange 7431 

reverse -1347 

difference 6084 

III B 
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rearrange 8640 

reverse -0468 

difference 8172 

rearrange 8721 

reverse -1278 

7443 

-3447 

3996 

9963 

-3699 

6264 

6642 

-2466 

4174 

7641 

-1467 

6174 

7641 

-1467 

6174 

Eventually one gets "trapped" at 6174. This activity is an 
example of a Quicksand Game, that is, a simple iterative 
process that results in a known answer (or type of answer) 
after an unspecified number of steps. The above activity 
provides practice in subtraction. The following quicksand 
game provides practice in tripling and halving. 

III B 
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3. x3, + 1, .;. 2 . . Game 

Start with any positive integer, multiply it by 3; 
add 1; divide by 2 as often as possible with the quotient 
still an integer. Repeat the procedure until "trapped". 

For instance: 

a) start with 3 

x3 3 x 3 = 9 

+1 9 + 1 =10 

+2 10 . 2 = 5 

repeat x3 3 X 5 =15 

+1 15 + 1 =16 

+2 16 2 = 8 

72 8 . 2 = 4 

+2 4 2 = 2 

+2 2 . 2 = 1 

repeat x3 3 X 1 = 3 

+1 3 + 1 = 4 

+2 4 . 2 = 2 

+2 2 . 2 = 1 trapped at ll 

b) start with 7 

3 X 7 = 21; 21 + 1 = 22; 22 + 2 = 11 

3 X 11 = 33; 33 + 1 = 34; 34 . 2 = 17 

3 X 17 = 51; 51 + 1 = 52; 52 . 2 ... = 26; 26 i- 2 = 13 

3 X 13 ;::: 39; 39 + 1 = 40; 40 . 2 = 20; . 20 . 2 = 10; 

10 . 2 = 5; 3 X 5 = 15; 15 + 1 = 16 i 16 .!. 2 = 8; . 
8 2 = 4; 4 2 = 2 . 2 . 2 = 1 I 

trapped at 1 again . 

III B 
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It is apparent that in this quicksand game, 1 is al
ways eventually reached . 

4 . 1089 Game 

Start with any three-digit number in which the first 
digit is greater than the last. Reverse the order of the 
digits and subtract the number obtained from the first 
number. If the difference obtained is a two- digit number, 
place a zero to its left then reverse it. If a three
digit number, just reverse. Add this reverse to the dif
ference obtained above. The sum is always 1089 . Examples: 

Start with (i) 724 ( ii) 685 

reverse - 427 -586 

difference 297 99 

place zero on 
099 left (if necessary) 297 

reverse +792 +990 

add 1089 1089 

Computational practice is with both addition and 
subtraction . If the question is asked, however "Can 
you find something that all the differences have in 
common?" the search can lead to some interesting areas 
for discussion. 

5 . Broken Typewriters 

On a fictitious typewriter only certain keys are op
erational but, as with all typewriters, the operational 
keys can be hit as often as needed. The object of the 
game is to evolve a way of " typing " particular numbers 
on this typewriter. The selection of working keys at 
any given time, of course, is a discretionary matter , and 
is the teacher ' s method of focusing the activity . 

Consider the following typewriter I 2, 3, 5, x , - I , 
i.e., a typewriter in which only these keys are function
al. Can a way be found to type out any number with this 
typewriter? Or all the whole numbers from 1 to 10? Pos 
sible equivalent expressions for the integers from 1 to 10 
are : 

III B 
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1 = 3 2 6 = 2 X 3 

2 = 2 X 2 - 2 7 = 2 X 5 - 3 

3 = 5 2 8 = 2 X 2 X 2 

4 = 2 X 2 9 = 3 X 3 

5 = 2 X 5 - 5 10 = 2 X 5 

Of course, many answers are possible for each in
teger and thus the broken typewriter game can serve to 
introduce new topics as well as providing practice in 
computation. This particular typewriter might lead to 
the study of negative numbers, parentheses or exponents 
as well as focusing on multiplication and subtraction. 
For example: 

24 = 33 - 3 = (-3) X (-3} X 2 X 2 - 2 X 2 X 3 

Below are listed a few other broken typewriters, 
their primary focus and expressions for some of the in
tegers from 1 - 10 that can be typed on them. Teachers 
are invited to complete the exercise below, before de
veloping a few of their own broken typewriters to meet 
the specific needs of their students. It must be kept 
in mind that too many operational keys on a typewriter 
may blur the focus, and too few keys may overly restrict 
the number of possible answers. 

Operational keys Primary focus 

Typewriter A 2,3,4, - exponents 

Typewriter B 2,3,50,x,-,% percents 

Typewriter C 2x, ~x, 3, 4, doubling and halving 
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Typewriter A Typewriter B Typewriter C 

1 = 3 - 2 2% X so ~ X ~ X 4 

2 2 
2 

- 2 2 ~ X 4 

3 = 3 3 3 
2 

4 = 2 SO% X 2 X 2 X 2 4 

5 = 32 - 22 2 X 3 50% X 2 2 X 4 - 3 

6 = 2 X 3 

7 = 32 - 2 

8 = 23 2 X 4 

9 = 

10 = 42 - 3 - 3 2 X 2 X 3 - 2 2 X 2 X 3 - ~ X 4 

* * * 

Of course, many of the activities described above 
lend themselves to interesting modifications and exten
sions. For instance, what happens in the "6174 Game" if 
3-digit, or 5-digit , numbers are considered? Or in the 

" 1089 Game", if 4- digit, 5 - digit etc ... numbers are consid
ered? Or if some of these activities are undertaken in 
bases other than 10? 

Far more difficult (and sometimes even unanswerable) 
questions can be asked , especially at the level of why 
some of these processes behave as they do and yield the 
results that they do. Since many of the proofs require 
a level of mathematical ability well beyond the elementary 
school, students may not be able to provide answers to 
these questions. It may nevertheless be useful to ask 
them, both to provide learners with further areas of study, 
and to acquaint them with the reality of having to defer 
answers, or of settling for no answer at all. 
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Here are various techniques and activities that can 
be used to encourage creative writing in mathematics. 
Their common link is emphasis on self-expression in math
ematical notation and de-emphasis on problems requiring a 
single correct answer. 

1. "Question the Answer" 

A simple technique that can be used at all levels is 
for the teacher to give the answer and for the students to 
supply problems for this answer. Thus, instead of being 
given 17 students can be asked for addition problems 

+19 

whose answers are 36. The variety of answers will not only 
reveal the students' degree of facility in computation, but 
may give indications of their awareness of transformations 
(ex: 36 = 35 + 1 = 34 + 2 = ... ) and lead to exploration 
of other topics (ex: problems with more than two addends, 
negative numbers). 

There are very few situations as presented in tradi
tional texts that do not lend themselves to this technique. 
Some difficulty may arise at first as students may not have 
faced this type of challenge before , yet after a short time 
the variety of their solutions will yield far more useful 
insights into their mathematical ability than can be obtained 
from traditional textbook exercises. Below are a few ex
amples in which the students are required to use the given 
operation at least once. It is suggested that the teacher 
try to: 

a) predict some of the mistakes that the students 
might make in each case 

b) consider related areas which might be studied 
as a result of students ' solutions 

c) undertake this activity at least once a week. 
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The answer The problem (s) must include Principal focus 

18 Subtraction -
transformation 

3 . Division -
transformation 

5/7 + Addition of 
fractions 

8/15 X Multiplication of 
fractions 

65 X Laws of exponents 

. 8 X Multiplication of 
decimals 

4x2 + Addition of 
polynomials 

A=60 L = w = Areas of rectangles 

2. From Rods to Written Expressions 

Creative writing is readily generated from certain acti
vities with the Cuisenaire rods. Writing a variety of state
ments from a pattern of equivalent trains, or from a tower of 
rods are primary examples. Hundreds of statements can be 
wr itten from a simple pattern or tower. (See Now Johnny Can 
Do Arithmetic , pages 16 - 24 and 53 - 55). These statements 
can be used to judge the algebraic awareness of students, 
since the trains and towers embody the basic algebraic struc
ture of numbers. 

For instance , the pattern 0 can yield: 
y y 

p d 
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10 = 5 + 5 

5 + 5 = 10 

6 + 4 5 + 5 10 

5 = ~ X 10 

2 X 5 = 10 

10 . 5 = 2 

5 + 5 = ( 5+1) + (5-1) = 6 + 4 

~ X 10 < 10 - 4 

and so on 

and, if the white rod is taken as being other than one: 

50 + 50 = 60 + 40 = 100 

~ X 100 + ~ X 100 = 40 + 60 

4,000 + 6,000 = 10,000 

10,000 - 4/10 X 10,000 = 6,000 

4/7 + 6/7 = 10/7 

6 X 1.3 + 4 X 1 . 3 = 13 

and so on 

A second possibility is to take a statement (pos
sibly generated from the rods) , make one change through 
equivalence, write the new statement and then repeat the 
process. 

I II C 
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I y I might generate Thus 
p r 

2 + 3 = 5 which might become 

2 + (1/2 X 6) = 5 (since 3 = 1/2 X 6) 

( 4 - 2) + (1/2 X 6) = 5 

( 4 - 2) + (1/2 X 6) = J25 
(22 - 2) + (1/2 X 6) = ~ 

and so on 

If a group of students is at work generating such state
ments, an instructive activity is to have one student write 
only his final statement on the board and to have the remain
ing students try to discover the original triplet of rods used 
by that student, by going "backwards" through the successive 
transformations until the initial statement reappears. 

3. 0 ----) 0 Activities 

These can also be used to generate creative writing ex
ercises . See SECTION II, AS for details. 

4. Broken Typewriters 

Similarly, broken typewriters (See SECTION III, B) can 
be used as a creative writing tool. 

5. Restricted Domain Activities 

Related to broken typewriters are a class of activities 
with restricted domains. (Domain in this sense meaning number 
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or operation) . The particular restrictions determine the fo
cus of the activity, yet all such activities are characterized 
by virtually unlimited possibilities of expressions. Activities 
of this type embody the same advantages as the other activities 
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presented so far : 

a) they enable students to get a lot from a little 
(minimum teacher involvemen~no extensive written 
instructions, etc) 

b) they encourage " hidden " computations and thus 
promote a wide range of computational facilities 

c) they may produce unexpectedly creative expressions, 
which in turn can lead to new areas of discussion 
and study 

Example A: Write expressions for integers from 1 to 25 
(or 1 to 100) using, in each case , only the integers 

1,2,3, and 4, and using each exactly once. Any commonly 
accepted notation is permitted. Some possible solutions: 

1 = (4 3) X (2 X 1) 

2 =.J4 + 3 - 2 - 1 

10 = 3 X 4 - 2 X 1 

19 = 2 4 + 1 X 3 

20 = 4! - 3! + 1 X 2 

2 
50 = (4 + 3) + 1 

(4! = 4 X 3 X 2 X 1; 3 ! = 3 X 2 X 1) 

note that solutions such as 10 = 3 x 4 - 2 or 10 = 2 x 2 x 4 -
1 x 3! are not allowable in this activity as they do not use 
each of the integers 1,2,3, and 4 exactly once . 

Example B: Four 4's. Write expressions for the integers 
from 1 to 25 using exactly four 4 ' s in each statement. 

1 = ( 4 X 4) ( 4 X 4) 

2 :::; 4/4 + 4/4 

3 = .u X F •......;;._---.4---1- +..f4 
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Example C: Four 3's. Same as B above except that exactly 
four 3's must be used. 

1 3/3 X 3/3 

2 ; 3/3 + 3/3 

3 = ~3 X 
3 

3 
X 3 

* * * 

As usual, the activities and techniques described above 
do not constitute an exhaustive list of what is possible . 
Teachers are encouraged to explore other possibilities as 
well and, by surveying the available literature (See SECTION 
VIII, Bibliography) gradually to develop a fund of activities 
that can help their students' creative ability in mathematics . 

III C 
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TOPIC: Research Problems 

Elementary mathematics is seldom thought of as 
lending itself to research by students. Since the major 
objective of the curriculum is the development of "skills", 
with emphasis on the four operations and fractions, most 
teachers are well satisfied if their students enter second
ary school equipped with these "basic skills". And there
fore all efforts are focussed on teaching and practicing 
them, to the virtual exclusion of other types of activity. 

Also, it is probably felt that, in general, students 
at the elementary level are too young to undertake inde
pendent research, which demands an ability to plan and 
organize a mode of attack; to make and record observations; 
to formulate, test and refine hypotheses; and to evaluate 
results critically. 

Yet research problems can, and should, form part of 
students' mathematical experience, even in the primary 
grades. Not only are research activities intrinsically 
challenging and motivating, but they also enable students 
to use -- and hence develop -- their mathematical knowledge, 
their resourcefulness, and their intuitions. And, in so 
doing, they acquire precisely those intellectual capacities 
which it is felt they are too young to possess. 

Mathematics, in fact, may be one of the best vehicles 
available at the elementary level for developing a scientific 
attitude in students. Mathematics is precise, rigorous, often 
predictable, always consistent. At the same time, it permits 
situations capable of endless variations, extensions, trans 
formations and applications to be generated. It is therefore 
quite likely that someone who is engaged in mathematical in
vestigations -- even of topics which have already been ex
tensively studied by others -- will produce writings, results, 
expressions etc ... that are totally original. Most important
ly, these opportunities for creative and constructive research 
are available to even the youngest learners of school age. 

Two types of research situations are possible: 

those which may be new and undefined to the re
searcher, but which have finite outcomes that 
are already known to others (ex: what are all 
the prime numbers between 100-and 1,000?) 
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those which have infinite, or indefinite, or 
even unreachable, outcomes (ex: what are all 
the fractional numbers between 0 and 1? or, how 
many expressions can be produced that equal 15? 
or, is there a largest prime number?) 

Students, of course, need to be exposed to both types 
of research questions since they are different in nature 
and therefore develop different kinds of mathematical aware
nesses. Also, students who are confronted with questions to 
which there are no definite, complete answers (or indeed to 
which there may be no answers) evolve a view of mathematics 
which is realistic and accurate. For the body of knowledge 
called ''mathematics" is not a static, rigid edifice in which 
each question possesses one answer, well defined and known 
to all except learners, but an entity that is still growing, 
changing and being recast, as people study and re-study it, 
formulate new questions, new perceptions, new discoveries. 

This chapter details a number of possibilities for re
search suitable to elementary school students. Both types 
are represented, and the examples described below have been 
chosen, among other reasons, because they allow a variety of 
challenging questions, requiring different levels of mathe
matical knowledge and awareness, to be posed. 

~. Open-Ended Transformations and Equivalences 

Any activity which calls for the production of equi
valents in a relatively free and unstructured way is, in 
a sense, a research problem. This type of activity is de
scribed extensively throughout the manual, and is therefore 
only mentioned here (see, for instance, SECTION III,A). 

2. Restricted Domain Activities 

Any activity which restricts investigations to a given 
set of numbers or operations, can be termed a ''restricted 
domain" activity. Examples of these have also been presented 
elsewhere in the manual. For instance, some applications 
of the 0 )0 activities (SECTION I~,AS) the broken type-
writer game (SECTION III,B), and the four 4's and four 3's 
activities (SECTION III,C) are restricted domain activities. 

Many possibilities exist for interesting research 
questions to be formulated, that are based on restricted 
domains, For instance: 

III D 
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can all integers between l and 100 be generated, 
by using 1,2,3 and 4 once, and once only, in the 
expression equivalent to each integer. 

ex: 10 = l + 2 + 3 + 4 

14 = 32+ 4 + l 

23 = 2 X 3 X 4 - l 

can all integers be generated, by using only 2 and 
3, and any one operation? two operations? t hree 
operations? ... 

if a 1 and a 2 are any two positive integers, find 
a 3 as a 3 = (a2 + l) - a 1 , a 4 as a 4 = (a 3 + l) - a 2 , 
and so on. What is soon noticed? Always? 

3. Research Problems Based on the Rods 

The Cuisenaire rods, in addition to all their uses de
scribed in SECTION I of the manual, provide the basis for a 
a number of interesting research projects. These include: 

a) Two-Color Problem: If only two kinds of rods (say, 
light green and yellow) were available in the sets, could 
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all possible lengths be made using combinations of these rods? 
Or, if not, could all lengths beyond a certain point be pro
duced? 

As students study this problem, and make trains of light 
green and yellow rods for different lengths (for which the 
numerical equivalents are given below), they will find that: 

l cannot be made 

2 cannot be made 

3 = 3 

4 cannot be made 

5 = 5 

6 = 3 + 3 
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7 cannot be made 

8 = 3 + 5 

9 = 3 + 3 + 3 

10 = 5 + 5 

11 = 3 + 3 + 5 

12 = 3 + 3 + 3 + 3 

13 = 3 + 5 + 5 

It appears that all lengths greater than 8 can be made. 
(Thus 8 can be called the "starting point'' for this parti
cular choice of two kinds of rods). The research questions 
that arise include: 

will there be a similar "starting point'' for any 
choice of two colors? can this point be determined 
easily in all cases? 

haw can one b e sure that the "starting point'' has 
in fact been found in each case? (even in the above 
example, is it certai n that 8 is the correct start
ing point , that is, that there is no length greater 
than 8 which cannot be made with light green and 
yellow rods? ) 

can a general formula be evolved to express what 
has been found? does it stand up to further test
ing? 

is there only one combination of rods (disregarding 
rearrangementsr-Ehat can be made to represent any 
length? why/why not? 

The two-color problem exemplifies a large class of research 
problems that can be used to great advantage by the creative 
teacher, Such problems share the following characteristics: 

III D 
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(i) They can be used at many levels. The two-color 
problem can be introduced at the primary level, 
as a question related to staircases ("Which steps 
of a staircase cannot be made using only light 
green and yellow rods?"). The question of the 
exact location of the "starting point" is of a 
more advanced nature, suitable for students at 
the upper elementary level. And the complete 
uderstanding of the structures underlying the 
problem leads to interesting discoveries, having 
to do with number theory . 

(ii) The learners' attention is focussed on mathematical 
structures. It would be v~rtually impossible to 
determ~ne the "starting point" for pairs such as 
79 and 121 by trial and error. And students, even 
if they attempt to do so, will soon realize the 
futility of this type of approach, and search for 
a new line of attack. In their work with small, 
manageable numbers, they will then look beyond 
the numbers themselves, to see if they can discover 
patterns (i.e. underlying structures) which will 
then hold true for any pair. 

(iii) The learner must develop criteria for determining 
the validity of his data . The question "are you 
sure you have found the 'starting point'", for 
instance, requires the researcher to review his 
observations and conclusions, and decide -- to 
his own satisfaction -- whether they are justi
fied. In determining this, of course, he can 
only rely on his own powers, his own capacities 
for making and testing judgements, his own 
criteria for the correctness of his perceptions. 

Once he has satisfied himself of the adequacy 
and validity of his findings, he would also know 
that he has finished his investigation. Knowing 
when, or whether, one has ''finished" an open-ended 
task is a function of one 's criteria, and is 
markedly different from the usual concept of 
"finished" students encounter in schools (furnish
ing the answer to the last question on a worksheet, 
test, homework assignment, etc ... ) 

The two-color problem can be extended to cover questions 
such as: 

what if the two given kinds of rods were both odd, 
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or even, or consecutive (ex: dark green and black)? 
Is there anything special~e can find in these cases? 
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what if three kinds of rods were given? What 
can we find in this case? 

b) Partitions: Consider all the different trains that 
can be produced (allowing permutations also) to equal the 
length of a purple rod: 

p 

g + w 

w + g 

r + r 

r + w + w 

w + r + w 

w + w + r 

w + w + w + w 

Altogether 8 trains (or partitions) can be made for the 
purple rod (see SECTION II,B4t Table of Decompositions) 
and these 8 can be subdivided into categoriesr according 
to the pumber of rods in the trains : 

trains with one rod p 

trains with two rods g + w 

w + g 

r + r 

trains with three rods w + w + r 

w + r + w 

r + w + w 

t~a~ns with fo~r ~ods w + w + w + w 

III D 
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This subdivision into categories can be done for the 
partitions of all lengths from , say , the white rod to the 
dark green one, and the results tabulated as follows : 

Number of Trains of 
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'lbtal Nunber 
lrod 2 rods 3 rods 4 rods 5 rods 6 rods . . . of Trains 

w 
'0 
Q) r 
~ 
0 

·r-f g .j.J 

·r-f 
.j.J 
~ p 
co 

1 3 3 1 8 

A. 

tJ'l 
y 

c 
·r-f d Q) 
j;Q 

'0 

~ 

(The results obtained above for the purple rod have already 
been entered) . 

With lengths greater than the dark green rod , the number 
of possible partitions quickly becomes too large to be made 
actually , and the question can be asked: "Can we e xtend the 
table without doing the concrete work with the rods? " 

To do this , of course, r equires that numerical patter ns 
be found within the table, and that the tentative relation
ships evolved between certain entries be checked (possibly 
with the aid of the rods) to ensure that they are correct 
and can be generalized. 

This situation , like the two- color problem, provides 
very fertile ground for exploration and investigation , as the 
patterns that can be discovered are numerous indeed . And , 
like the two-color problem, it can be of interest to students 
at many levels , it focusses the learner on mathematical 
structures, and it enables him to develop and test his own 
criteria for correctness . 

So it too exhibits the characteristics of an effective 
research question. 
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The table that has been developed here is quite ancient, 
being known by the Chinese at least as early as 1303 A. D.* 
It has fascinated mathematicians for a long time . 

Also, the problem lends itself to several variations. 
Here are some of the possibilities : 

what if no white rods are used? 

what if no permutations are allowed? 

what i f only trains with bi-lateral symmetry are 
allowed? 

The table of partitions for the purple rod would yield 
the following results, if these restrictions are taken into 
a ccount : 

A B c 

p p p 

r + r w + g r + r 

r + r w + w + w + w 

w + w + r 

w + w + w + w 

4. Re search Problems Based on the Geoboards 
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Here again, several research problems based on the gee
boards have been detailed in previous chapters . For instance, 
the "How Many" activities of SECTION I,Dl, the activities con
cerning the relationships between areas and perimeters of rec
tagons (SECTION I,D2) and the development of Pick's Theorem 
(SECTION I,D3). 

Most of these activities can be extended and varied , to 
become new themes for research. As an example, the question 
of "how many squares can be made on the geoboard with a single 
rubber band?" can be extended to rectangles, parallelograms, 
and even triangles -- a lengthy undertaking, this one. 

* Precious Mirror of the Four Elements, by Chu Shih-chieh 
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Here are a few more questions that yield interesting 
research projects, given in no particular order: 

how can all the different quadrilaterals that 
can be made on the 25-pin geoboard be classified? 
Which attributes of these quadrilaterals shall we 
decide to use in the classification system (ex: 
parallelism of opposite sides, equality of ad
jacent or opposite sides, properties of diagonals, 
number and position of right angles, etc ... )? 

what is the smallest-sized square lattice geoboard 
(ex: 7 by 7 pins) that will enable us to produce 
an-equilateral triangle with a single rubber band? 

what size square lattice geoboard will enable us 
to~oduce line segments equal to JI, J2, J3, ... 

410, if the shortest distance between two adjacent 
nails is called 1? 

5. Paper-and-Pencil Research Problems 

Many research problems can be posed without the need for 
any manipulative materials. Two such problems are detailed 
here . 

a) The male bee, issuing from an unfertilized egg, can 
be said to have only one parent, a female. The ''family tree" 
for a male bee, therefore, can be schematically constructed 
as follows: 

M male bee 

I 
F 

!\ 
parent 

M F grand-parents 

I 1\ 
F M F great grand-parents 

1\ I /\ 
M F F M F great great grand-parents 

III D 
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A table, categorizing the total number of bees in each 
generation by sex, can be evolved: 

generations back number of number of total number 
in time mal es females of parents 

0 

1 

2 

3 

4 

5 

1 0 1 

0 1 1 

1 l 2 

1 2 3 

2 3 5 

3 5 8 

what pattern can be perceived in the column showing 
the total number of parents? in the column showing 
the number of female ancestors beyond the first 
generation? in the column showing the number of 
male ancestors beyond the first two generations? 

can the table be extended indefinitely , without 
having recourse to the family tree diagram? can 
a general formula be evolved to express the 
relationship between the numbers in the series? 

what can be found about the ratios between the 
consecutive numbers in the series, especially as 
these numbers incr ease? 

1 1 2 3 5 ex: I 2 3 5 8 . . . 
1 2 3 5 8 or I I 2 3 5 . . . 

and about the differences between these ratios? 

where else in nature can similar numerical patterns 
be found (ex : locate a leaf on a plant, and the next 
higher lear-on the stem that is exactly above the 
first one . Count the number of leaves growing on 
the stem between the first and the second leaf. (in
cluding in that count t he second leaf) and count 
also the number of revolutions around the stem the 
pattern of leaves follows in going from the first to 
the second . Repeat with any number of plants) 

III D 
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b) A Pythagorean triple is a set of three positive 
integers that satisfy the relationship 

a2 + b2 = c2 

Interesting research projects dealing with Pyt hagorean 
triples can be developed for students . For instance: 

find at least ten Pythagorean triples (ex : 3 , 4 , 5 , 
since 32 + 42 = s2) 

find all Pythagorean tripl es where the values of the 
integers are not greater than 30. How do you know 
you have found them all? 

Pyt hagorean quadruples (i.e. a2 + b2 + c2 = d 2 ) and 
their geometric interpretations can also be e xplored . 

III D 





S E C T I 0 N IV 

APPLIED MATHEMATICS 





SECTION IV 

Al 

TOPIC: Measurements - - Units and Conversion of Units 

. Every elementary mathematics curriculum involves 
students, at some point, in the measurement of things. 
A time-honored procedure, which asks children to measure 
themselves, their classrooms, the objects around them, 
the schoolyard etc . . . With standard measuring tools, the 
rationale for the activity is that the students will 
"understand" the concept(s) of measurement through their 
hands-on experiences, and that they will "discover" the 
relationships between the various measuring units in use 
in their environments. 

But can much be truly understood or discovered in 
this fashion about the realm of measurement? About why 
measurement has been evolved by mankind, or about how-a 
system of measurement is developed, or about what in fact 
is being measured? These awarenesses are fundamental to 
the study of measurement, yet they are largely side-stepped 
by instructional activities in which conventions are pre
sented as absolutes, in which the questions have already 
been rigidly answered, and in which the students' capacity 
for original thought is denied. 

The suggestions presented here are designed to 
follow the successive awarenesses of young minds, as they 
evolve their own system of measurement, and as they meet 
and resolve the problems that arise in the course of their 
undertaking. The starting point for the activities de
scribed, the paths these activities follow as they develop, 
and the final results they lead to are all choices selected 
more for reasons of clarity and continuity in the narrative, 
than as exemplary recommendations to be put into effect in 
all classrooms. Al so these suggestions are more suitable 
for students at the primary level , and teachers are there
fore encouraged to develop their own alternatives accord
ing to their knowledge of the learners in their classes. 

What matters is that, in some way, the students be 
brought into contact with the fundamental questions concern
ing measurement and, from their study, be enabled to reach 
a level of understanding that is based on their own thought 
processes. 
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1. Introduction to Measurement 

Any convenient opportunity can be used to initiate 
the students into the world of measurement: a child ' s de
sire to know his height , an experiment in nature study in
volving the monitoring of plant growth , a chance remark by 
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a student about an occurrence in his life involving a measur
able quantity, etc . . . 

This opportunity can be seized and made the basis of 
a classroom activity. For instance, the students can be asked 
to determine their heights , without being given any of the 
usual instruments to do so (rulers, yardsticks , etc . . . ) . This 
way , they are forced to fall back on their own resources and 
to rely on their own creative ability . 

Some may lie on the floor or stand against a wall 
and mark off their height . Others may cut up strips of 
paper that are equal in length to their height . Others still , 
using longer strips of paper , may mark off their height on 
them , or may graduate them with numerals and/or notches and 
measure themselves off against these scales . And so on . 

2 . Fundamental Problems of Measurement 

If students are asked to discuss and compare the 
various methods used, they may find that some are awkward 
in that the measurement is fixed (to the wall, for instance} 
and can only be known if the mark defining it is actually 
pointed to . Others require that the notches be laborious 
ly counted each time to arrive at the measure . Others still 
yield uncertainty, for instance when a child ' s height falls 
between two markings o n a scale. 

And other difficulties also emerge: the measurement 
arrived at by one child may not be expressible, or trans 
latable into the "language" evolved by another child . A 
given child's measure may yield different results when different 
methods are used. The same measuring device may produce 
different results when used in different ways, or at different 
times. 

From the realization of problems such as these, a 
number of suggestions may be offeredor tested by the students. 
These could include: 

selection of a specific method of measurement 
(the first requ1rement of any system of measurement} 

selection and fixing of a unique measuring tool 
(awareness for the need for a basic standard of 
measurement} 
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development of a fixed and 
that tool, and of a system 
all probabilityl referants 
(awareness of t~e need for 
and communicability of the 

regular scale on 
of numerical [in 
for that scale 
the standardization 
measures) 
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agreement as to exactly how the measuring tool 
is to be used to yield "results" (awareness of 
the need for replicability of measurements, and 
of the fact that to each magnitude must corres
pond one particular measure) 

As the students develop and test these suggestions, they will 
find that although some problems have been resolved, others 
emerge. For instance, what to do about those measurements 
that fall between consecutive notches on the fixed scale? 
Or about the fact that, as the magnitudes to be measured in
crease (say, with the length of the corridor, when the meas
uring tool needs to be used a sizable number of times) the 
results obtained by various students or groups diverge more 
and more? Or about the amount of time needed to effect meas
urements, when everyone has to use the same measuring tool? 

Discussion of these new difficulties will yield new 
awarenesses, and hence new proposals for coping with them: 

development of unit smaller than the initial 
one, to overcome the problem of "in-between" 
readings (awareness of the difficulties inherent 
in the measurement of continuous magnitudes) and 
fixing of the sub-unit as a convenient sub-mult
iple or the original one (awareness of the con
venience of a system in which units bear simple 
relationships to one another, cf. the metric 
system) 

development also of a unit suitably larger than 
the initial one, for 11 big" measurements 

acceptance of a certain amount of inaccuracy in 
measurement (realization of the limitations, sen
sory and otherwise, of measurers) and development 
of procedures to minimize errors (realization of 
the uncertainty of all results of measurements, 
and initial consideration of suitable remedies, 
such as the averaging of results of repeated read
ings) 

manufacturing of copies of the original measuring 
tool, and development of procedures to ensure the 
reliability of the copies (awareness of the trans
ferability of a system of measurement, once certain 
precautions are taken) 



IV Al IV Al 
-4-

With these new proposals realized, the students 
undertake the measurement of their surroundings: desks, 
chairs, walls, floors, chalkboards, hallways, people, trees 
etc • . . They become very satisfied with their newly-found power, 
and measure everything in sight, in all directions, yielding 
quantities of results. These they collect, compare, record, 
tabulate. They see themselves as masters of their environ
ment, which yields easily to their surveying ability. 

It is time for the next step in their development. 

3. Deeper Considerations 

The students are now asked: "Why do we measure 
things? What is the purpose of measurement?" 

They offer many reasons, such as: 

to know how big it is 

to know if one thing is bigger (or smaller) than 
another 

to know if a thing is the right size (i.e. if it 
"fits" somewhere) 

to know if a thing has changed, or grown, or 
shrunk from one moment to another 

to communicate the size of a thing to others 

to draw a "good" (i.e. scale) model of something 

New question: "Can everything be measured using the tool we 
have produced?" 

This probably creates a great deal of disagreement 
among students, some of whom answering yes, others disputing 
the assertion. 

The difficulty may be resolved by asking yet another 
question. "What kinds of things cannot be measured by using 
our tool?" 

As the students come up with suggestions, these can 
be written on the board, and classifed according to a system 
such as the following: 
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things that are very hot 

things that are far away 

things that are very big 

things that can ' t be seen, or touched 

things that are fluid 

things that are shaped strangely 

things that are very tiny 

things that happen only once 

"And if we wanted to measure some of these things, how would 
we go about it?" 

This question undoubtedly gives rise to a number of 
suggestions, some fanciful, some ingenious, some impractical, 
and some very worthy of further study. 

4. Measuring Surfaces and Capacities 
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Depending of the specific suggestions offered by the 
students, the teacher can move the activity into one or another 
of the available possibilities. For instance, a student may 
have proposed a way of measuring "things that are shaped 
strangely", such as 

by covering it up with buttons and counting the number used. 

Each child is asked to find, or draw, a suitably strange 
shape, and to measure it using a tool of his own choosing . De
pending on the size and configuration of the objects, the stu
dents will select buttons, bottle tops, tokens, pebbles, box
tops, paper towels, erasers etc . . . 
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In most instances, they will face difficulties in 
effecting their measurements: 

some of the objects used will be too small, 
yielding lengthy and laborious efforts at cov
ering the thing to be measured 

some of the objects will be too large, and 
"stick out" from the thing to be measured 

the objects used will not cover completely the 
thing to be measured 

there will not be a large enough number of ob
jects to cover the whole thing 

Once more, the various problems are discussed, and 
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the experiences of the students pooled. From this examination, 
a new activity can be evolved . What if another kind of thing 
was selected, one that was not shaped so strangely? For in
stance : 

What type of object could we choose to cover it with? 

As the students work on this new problem, they come 
to draw certain conclusions. For instance: 

that, in this case, round objects are less useful 
as measuring tools than rectilinear ones, as they 
leave more uncovered space between them 

that, with rectilinear objects, it is best to 
arrange them in rows or columns systematically 

that , if the measuring object is chosen judic
iously, very little of the surface may be left 
uncovered but that, as with the previous sets of 
measurements, there are problems with " in-between" 
readings, and the amount that it left uncovered 
may have to be estimated 
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As the activity becomes surer, and the students 
more knowing, they will begin to look for short-cuts that 
will make the actual measuring less tedious and time con
suming. 

They may begin to draw matrices 

which they use to cover the object to be measured. 

Or they may see that they only need to fill in a 
single row and a single column on the shape to be measured, 
and to compute the number of times the measuring tool will 
cover its surface according to a simple formula: 

nun~er of times in a row x number of times in a column. 

And they may finally develop a measuring tool with 
its two dimensions equal, and thus refer to the surfaces 
measured in terms of "square" units. 
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A word of caution: because the students have arrived 
at a conclusion akin to the "formal" procedures for measuring 
areas, their empirical investigations should not be abandoned. 
Many interesting situations remain to be lookedinto, and these 
are capable of generating other useful insights. 

For instance: 

a) How is a triangular shape to be measured? 
Experimentation will yield the answer: using a 
smaller, triangular shape similar to the measuring 
tool 

[work with the geoboards (see SECTION I, D2) will 
serve to integrate areas of triangles to areas of 
squares and rectangle~ 
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b} Going back to the "strange shapes'' studied 
above, how are their surfaces to be measured? 
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A far more challenging question, which at this 
stage will necessarily remain partially unanswered . 
The best approximation that can be evolved is to 
use a matrix similar to those evolved by some of 
the students for measuring rectilinear shapes, but 
now sufficiently "dense" to minimize the inaccura
cies present at the outer rim of the shape: 

[This perception lays the groundwork for the develop
ment of calculus] 

c} How are circular and oval shapes to be measured? 

Here again is a question without an immediate 
answer. The best that can be done is to estimate 
the surfaces of such shapes using the matrix de
veloped above. 

[This perception prepares the way for the introduction 
of ~ and the relationships that it enables in circles 
and ellipses] 

* * * 

Going back now to the list of things that could not be measured 
with the initial "yardstick" developed by the students, it is 
likely to include items such as water or other liquids. When 
asked for suggestions as to how such things could be measured, 
it is also likely that someone will have proposed some form of 
receptacle. 

With a suitable selection of tin cans, bottles, plastic 
containers of various sizes and shapes etc ... available, ask the 
students to measure various amounts of liquid: how much water 
will fill the fish tank , a bucket, a sink ... 
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Ask them also to compare the capacity of various 
receptacles: which will hold more water, the bucket or the 
fish tank? how much more? 
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In the course of these experiments, the students will 
once more come to grips with several problems: 

deciding as accurately as possible what constitutes 
a "full" measuring tool, and also a "full" receptacle 

minimizing spills and other sources of inaccuracy 
in the measurements 

coping with the amounts of liquid "left over" 
whenever a given receptacle holds somewhat more 
liquid than an exact multiple of the measuring 
tool 

r - evolving relationships between the capacities of 
different measuring tools, in order to assimilate 
the results obtained by various experimenters one 
to the other 

developing afixed system of measurement, with an 
accepted common unit (ex: the orange juice jar) 
its multiples (ex: thelarge plastic container) 
and its sub-mul~ples (ex: the ink bottle) 

producing sets of equivalent measuring tools, so 
that different experimenters can use the same sys
tem simultaneously (ex: the round jar up to the 
level marked with a grease pencil equals the full 
ink bottle) 

graduating some of the measuring tools to pro
vide ready reference points and flexibility in 
the measurements (ex: the big glass bottle holds 
8 of the ink bottles, and thus can be marked on 
its side at regular intervals) 

And from these developments I once again, will follow all the 
awarenesses students need to understand the concept of capa
city and how to go about measuring it. Note that they are 
now measuring capacity, not liquids as, in the course of their 
investigations, the students will have come to perceive that 
they are not measuring "things'' as such, but a component of 
their reality: the space they occupy. 
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5. Standard Measures 

From these extensive series of activities, the stu
dents have acquired much about the nature of measurement (of 
space, at any rate) and the means that can be evolved to meas
ure quantities. They know, for having lived it, how to gener
ate systems of measurement and are therefore ready to accept 
any system developed by someone else. How easy it is for 
them at this point to master the traditional measures, be they 
feet, inches, square yards and square feet, and pints and quarts 
on one hand, or meters, square meters and liters on the other! 
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A2 

TOPIC : The Metric System 

In recent years, study of the metric system has been 
incorporated into the elementary mathematics curriculum, 
in e xpectation of the changeover to the use of metric measures 
in the country. Numerous materials, workbooks, kits, etc . . . 
have been produced to meet the demand for "learning experiences" 
based on metrication. 

Much of the emphasis in these materials , unfortunately, 
has been mis-directed. In most of them, the metric equivalents 
to the British system of measures are introduced, and then 
large numbers of activities are given to students, involving 
them either in conversions to and from various units within the 
metric system , or between corresponding measures in the British 
and metric systems. 

Both types of activities are largely irrelevant, the 
second much more so than the first. 

The metric system was deve l oped, and has acquired such 
popularity worldwide , precisely because the relationships 
between its units and sub-units are factors of 10 or one of 
its powers. Thus converting, say, from one unit of length to 
another merely involves displacing the decimal point or putting 
zeros to the right of given numbers, and any student familiar 
with 10 , its powers , and decimal fractions should be able to 
perform these operations with extreme ease . And if he cannot, 
he ought to be working not on the study of the metric system, 
but on the special properties of 10 and its powers (both 
positive and negative). 

Also, in the metric system, the prefixes used to denote 
the interrelationships between units of measurement are 
fixed and consistent, so that students only need to be intro
duced to them and what they stand for in order to make sense 
of the system as a whole. The most commonly used prefixes, 
and the powers of 10 they refer to, are: 

kilo X 1000 

hecto X 100 

dec a X 10 
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deci 

centi 

milli 

- 2-

1 
x io 

1 
X 100 

1 
X 1000 

Knowledge of these is all that is necessary to make the 
"mysteries" of the metric system clear! And problems such as: 

1 kilogram = ? grams 

1 centiliter = ? milliliters 

become superfluous. 

Of greater concern , from an educational point of view, 
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is the insistence of so many mat erials dealing with metrication 
to involve students in laborious conversions between metric 
and British units. Of what value is the fact that 1 in = 
2.54 ems, or 1 kg= 2.2 lbs.? 

Or how is work on problems such as the following useful? 

500 liters are equal to how many gallons, pints, quarts? 

convert 15 lbs 14 ozs into grams 

The basic premise behind any system of measures is to 
have one unified system and, as was mentioned above, the main 
virtue of the metric system is that it reduces calculations to 
a minimum. Thus, while conversions from the metric system 
to the British and vice versa provide much practice with 
multiplication and division, how do they help students acquire 
a sense for the metric system? 

For the basic need of anyone who moves from one system 
of measures to another is to develop a feel , a sense , for the 
approximate magnitudes of the units in that system . People 
who have lived with the British system of units, for instance , 
make immediate sense of statements such as 
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I drank a quart of milk 

I bought 2 lbs of steak 

give me the 3/8" wrench 

because these statements trigger off prior experiences of 
"about how much" these amounts are. It is not the absolute 
value of the unit that conveys the meaning. It is the 
estimation of an amount, a size, a distance, etc ... that has 
reality. 

For students new to the metric system, therefore, it is 
this sense for the approximate magnitudes of the units, and 
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the structuration of their environment in terms of these units, 
that will enable them to function comfortably with it. 

And hence the activities they undertake must reflect this 
demand. Thus, once students have been introduced to the labels 
for the basic units (meters, grams and liters, to begin with), 
have met the prefixes used in this system and the powers of 10 
they refer to (kilo, hecto, etc ... ) and have spent some time· 
manipulating rulers, containers, weights, etc •.. graduated in 
metric units, they need to be exposed to questions such as: 

about how far is the building across the street, 
lm, lOrn, lOOm? 

if a boy aged 10 weighed 70kg, would he be fat 
or skinny? 

if I jumped l.SOm in the high jump, would that be 
a good jump, a bad jump, an average jump, or a 
world-record jump for someone my age? 

if Mom has to cook dinner for 8 people, how much 
chopped meat should she buy to make hamburgers 
for all? lkg? 2kg? Skg? 

about how much water will this bottle hold, O. SL, 
2L, SL? 

what are the dimensions of this room, approximately? 

about how long is your nose , your middle finger, your 
arm, etc ... in ems? 
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how far away am I standing from you, in meters? 

about how far away from here is the nearest large 
city, in kms? 

how many kms do you travel on your way to school? 

about how tall are you in ems? 

about how many liters do you think flow out of 
this tap in one minute? 

how much gas does the tank of your family car hold? 

and so on . 

All these questions, and many more that could be asked , 
relate directly to the everyday experience of the students. 
So that, as the responses they provide are discussed, and 
disagreements settled by devising means to ascertain the 
correctness of various estimates, the students are able to 
develop that "sense" for metric units and their magnitudes 
described above, and to integrate it to their knowledge of , 
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and their familiarity with, the environment in which they live. 

Only then can they be expected to handle more formal 
exercises with understanding because by now these are, for 
the students, rooted in reality. Learners are now able to 
solve word problems based on metric units (especially if 
they have been exposed to the activities described in SECTION 
IV, B), to make sense of situations involving measures of 
areas and volumes (which are related to one another by factors 
of 100 and 1000 respectively), to convert capacities to 
volume s and vice versa (by using the equivalence 1 ml = 1 cm3) 
and so on. 

And, as they do so, they come to view the metric system 
as naturally and matter- of-factly as students growing up in 
countries where it is in everyday use, instead of as the 
faintly alien topic most metrication kits and study units 
make it appear to be. 
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TOPIC! Word Problems 

When asked to name the areas of the elementary 
mathematics curriculum they find most troublesome, teachers 
almost invariably include word problems in their lists. As 
traditionally taught, word problems present serious dif
ficulties even to those students who "know their arithmetic" . 
As for the others, exposure to nearly any kind of word pro
blem touches off an almost automatic, guessing- game, hit- or
miss response: "Do we add the numbers (in the problem) to
gether?" "Subtract them?" "Multiply them?" "Oh no! I 
know, divide them!" 

The usual remedy has been to assign students more 
and more word problems to work on in the hope that, some
how, they will come to understand how to do them. As the 
teachers' experience attests, on the whole this solution 
is not too effective. 

Here are a number of suggestions that , if used in 
a way that restores the initiative for learning to students , 
will eliminate the obstacles to their understanding of word 
problems. The basic approach is one that recurs often in 
this manual: reversal of what is usually prescribed in tra
ditional courses. Instead of presenting adult-made word 
problems for the students to "solve", they will be given 
the opportunity to conceive and formulate their own. Since 
so much of children's lives offers possibilities for mathe
matization, why not let them draw from their experience, 
real or imaginary, situations in which mathematical data 
occurs? 

And only when they have developed their own ability 
to perceive these situations in the world around them, and 
to express their perceptions as "word problems " , will they 
be asked to work on textbook-type problems. For once they 
have created their own mathematical stories, they are able 
to accept and understand stories made up by others. And 
once they have come in contact with their own capacity for 
formulating word problems, the inventions of adults cease 
to be alien fabrications to which they cannot relate. 

1. Free Compositions 

Obviously, the best way to acquaint the students 
with word problems is to give fu l l freedom to their creative 
powers. 
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If the students are capable of drawing from their 
lives the raw materials for stories in which things are 
to be counted, sets of objects operated upon in various 
ways, quantities measured and manipulated , events quanti
fied, or outcomes computed, they will produce a host of 
spontaneous and imaginative writings. In freshness and 
originality these writings will surpass by far any that 
adults could come up with -- especially those that attempt 
to bring themselves "to the level of a child" . 

The students will include in their writings their 
families, their friends , the places they have lived in or 
been to. They will incorporate their wishes, fantasies , 
aspirations, tastes. 

The stories they compose will be elaborate con
structs or mathematical puzzles; humorous anecdotes cr 
mischievous reflections on the world around them; naive 
interpretations of events they have witnessed or half
understood recollections of what they hear others talk 
about; dramatic presentations of occurences that have 
impressed them or detailed projections of their own views 
of life. In short , the students will incorporate in their 
writings everything that touches them , and hence will offer 
their teachers a true glimpse into their inner worlds. Thus 
the free compositions will not only serve to meet the de
mands of the mathematics curriculum, but will also -- and 
perhaps even more importantly -- provide a bridge for a 
deeper understanding of the universe of children. 

The classroom requirements for students ' free com
positions are minimal: paper, pencils and time . This last 
requirement is, of course, the most influential . The learn
ers need to be given time to write their stories (about once 
or twice a week for 20-30 minutes) , and they need time also 
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to develop their story-writing skill. The activity, there
fore, must be undertaken regularly over a long period of time, 
beginning at the primary level as soon as the students have 
acquired some mathematical knowledge and continuing on through 
their years in elementary school . 

2 . Mathematical Tales 

As the students develop their ability to produce free 
compositions, without prompting or assistance from the teacher, 
a new type of activity can be proposed. As a rule, these com
positions will be quite short, a single "problem" with a single 
"answer". It is at this point that positive teacher interven
tion can become fruitful, as a student's individual effort is 
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taken up and made the basis of an exercise for the group. 
Members of the group, using the initial word problem as the 
point of departure, are invited to add their inspirations 
to it, in this way, turning it into a sizable, on-going tale. 
This long story, which may be developed over a period of days 
or even weeks, will contain a succession of episodes, each 
with its own mathematical content and its own opportunities 
for computations. 

And the students will become intensely involved in 
the tale they are evolving, returning to it time and again 
to add further installments, bringing its characters to life 
and making them assume distinct personalities, all the while 
blending language and mathematics in a highly original and 
engrossing narrative . 

3. Word Problem Transformations 

This activity serves to bring learners in close con
tact with the dynamics of formulating word problems, and to 
develop their awareness of the subtle correspondences between 
the language of problems and its mathematical equivalents. 

Again, this activity is best undertaken in a group 
setting, as the individual contributions of students are 
pooled to maintain the dynamism and speed it needs to remain 
interesting. Begin by writing a simple expression on the 
board. For instance: 

2 + 3 = 0 
Ask the students to think up a problem for this expression. 
Someone might suggest, say: 

I had two apples and my Dad gave me three more. 
How many do I have altogether? 

Now alter the expression slightly, and ask the group to keep 
the same basic story, but to change its wording to fit the 
new expression. For instance if it has become 

2 + 3 = 5 

the problem would have to be stated as 

I had two apples and my Dad gave me three more. 
Altogether I have five apples. 
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And for 
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3 + 2 = 5 

Dad gave me three apples besides the two I al
ready had. Altogether I have five apples. 

The following are a few of the possible transformations for 
the expression, and their corresponding word problems : 

0 + 2 = 5 

How many apples would my Dad have had to give 
me if I started with two and now I have five? 

5 = 3 + 0 
t".,< 

Now I haveAapples. My dad gave me three of 
those. How many did I have to begin with? 

0 = 2 + 3 

How many apples do I have altogether if I 
started with two and Dad gave me three more? 

5 - 2 = 3 

Of the five apples I now have, I had two to 
begin with. Therefore my Dad gave me three. 

0 - 3 = 2 

How many apples do I have now if, when I re
move the three my Dad gave me, I still have 
the two I s t arted with? 

0 = 5-2 

How many apples did my Dad give me? I would 
know if, from the five I have altogether, I 
removed the two I had to begin with. 

It can be seen from these examples that the ex
ercise is not as simple as might appear at first glance. 
The transformations that are effected on the expression -
if the rule is that they must be reflected in the wording 
of the problem give rise to elaborate mental gymnastics, 
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as language is made to follow the mathematics of the situation. 

And, since there are 32 possible versions of the ex
pression, using only addition and subtraction, there will be 
32 forms of the word problem. 



IV B 
-5-

Teachers will be well advised to practice this 
activity on their own before attempting it with their 
students. Here are a few more versions of the initial 
expression, provided for this purpose: 

0 + 3 = 5 

5 = 2 +0 
2 = 5 - 3 

5 - 0 = 3 

3 =0 - 2 

And, of course, the activity need not stop at 32 pos
sibilities, but can be extended further through various 
equivalences. For instance , if the expression is now 
transformed into 

2 + (~ X 6) = 5 

the problem needs to become 

And for 

And for 

I had two apples and my Dad gave me half of 
his six. Altogether I now have five apples. 

(lQ - 8) + (~ X 6) = 5 

I had ten apples but eight were rotten and I 
threw them away. Dad gave me half of his $iX 
apples, so that now I have five apples. 

(10 - 8} + (i X 0} = 5/7 X 7 

I had ten apples but ~ight were rotten and I 
t hrew them away. How many apples did Dad have 
if, when he gave me half of them, I ended up 
with five sevenths as many apples as my sister 
Irene, who had seven? 

The possibilities are now literally endless, and the acti
vity can be made as difficult as the level of competence 
of the students will permit . 
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IV B 
-6-

4. Fitting Problems to Expressions 

A useful variation on the above exercise is to 
provide students, individually or in groups, with specific 
expressions, and ask each to evolve his own word problem 
for them. 

Here are a few sample expressions of varying de
gree of difficulty. They are given more as opportunities 
for teachers to practice the activity than as instances of 
work to be assigned to students. 

(3 X 4} + (6 - 2} = [] 

~ X {30 - 8 + 2) = 6 

464 + 32 = 17 

460- ~1/5 X 100} +~X~ X~ X 7~= 300 + [] 

(4 + 1}
2 

- 7 

3 
= 6 
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SECTION V 

A 

TOPIC: Teacher-Led Activities 

The demands of the learning process are varied and 
complex, and depend on a host of factors, including the 
motivation of the learner, his prior experience, his 
approach to the learning task and his capacity to make 
sense of what is, at the outset, unknown to him. Some 
of these variables can be acted upon and affected in the 
classroom, others may be independent of the educational 
enterprise. 

Two components of the learning process can, however, 
be identified as being essential for almost all learning 
tasks and learners: there are moments when the efficiency 
of learning is greatest in a group setting, when new fields 
of study are being discovered, promising avenues of 
investigation perceived, and the individual contributions 
of each group member needed in order to define and objectify 
the dynamics of the situation understudy; and there 
are times when the individual needs to be by himself, to 
pursue his own insights, develop his own understandings 
of the situation, and to test to his own satisfaction his 
own mastery of it. 

Any classroom, therefore, to be at it most effective 
and to respect the needs of learners, must offer opportunities 
for both types of involvement, at the right time, in the 
proper manner. Obviously, no single instructional strategy 
can satisfy the demands of either. Here and in the next 
chapter, two teacher-led techniques are presented as examples 
of group learning, and some of the later chapters in this 
Section cover a number of specifies for individual involvement. 

1. Small-Group Learnin~ Sessions 
If the aim of teach~ng is to enable students to learn 

(rather than to pass on a predetermined body of knowledge) 
it must be responsive to -- in fact, be explicitly based 
on -- the capacities youngsters use spontaneously and 
successfully to make sense of their environment. Even 
teacher-led activities, therefore, must delegate the 
responsibility for learning to the students. 

The teacher's role, then, becomes less controlling, 
less central than in traditional settings, but at the same time 
more specialized and critical. For very sharply defined 
techniques must be used if teaching is to be concerned with 
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the development of students ' own insights and understand
ings, acquired as a result of conscious mental operations 
on their part , and according to their own criter ia. 

An example of a setting that lends itself to such 
techniques is the small- group learning session, involving 
about six to twelve students for, say, a half hour , in 
act ive interaction with the teacher. A session of this 
type can serve a number of purposes , such as : 

a) mobilizing student interest in new directions , 
or presenting situations for study which, in 
al l probability , wou ld not occur to students 
to investigate spontaneously , or would take 
the m a long time to get around to 

b) presenting the material to be learned in a 
well- organized, deliberate hierarchy 

a carefully chosen, narrowly based start
ing point that enables students to appre
hend the dynamics of the situation 

an equally wel l conceived series of follow
up examples that gradually shift from the 
more " regular " to the more " irregular" and 
that enable learners to develop an under
standing of " how it works" 

and finally a " trigger" that allows them 
to make the leap to an abstraction, a gen
eralization , a hypothesis 

c) providing students the necessary (that is , the 
minimum) number of clues they need 

to pursue their own investigations 

or to come to grips with the dynamics 
of a situation, as they disentangle its 
constituent parts , decide what belongs to 
it and why, and evolve some of the relation
ships it embodies 

or to refine their own thinking and to be
come better aware of what they know 

d) taking a singular awareness on the part of the 
students and extending it to other similar 
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situations, derivations, applications, etc ••. 
until the awareness is integrated into a unified 
field and is assimilated to the totali ty of the 
learners ' exper ience , thus assuring certainty in 
what they have acquired 

2. Characteristics of the Small-Group Session 

In order to fulfill these functions, the small-group 
sessions must be conducted by the teacher in certain specific 
ways. For what he does and , especially, how he does it, 
in large part will determine their success. Here are some of 
the important considerations for effective teacher behavior 
during a small-group learning session: 
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there seldom is a need for definitions, explanations 
and other state ments of information to be given by 
the teacher; the students will of their own accord 
formulate their own conceptualizations asthese occur , 
if they are allowed to do so 

if most of the teacher ' s utterances are in the form 
of questions , the responsibility for learning wi l l 
be restored to the students ; they will be the ones 
doing the work , thinking the situation through , 
calling upon their intuitions and understandings, 
and shaping the progress of the lesson by their 
responses 

the efficiency of the l esson can be increased markedly 
if the teacher develops the habit of speaking onl y 
when necessary and , in general, of saying everything 
once only; the students will become more alert, 
"tuned in" , and realize early that their contributions 
are not only welcome, but in fact essential to the 
conduct of the lesson; as a further benefit , they 
will learn to listen to one another , and to build 
upon each other ' s perceptions of the material being 
studied 

if it is taken for granted that mistakes are an 
integral part of the learning process , and will be 
made by anyone who has not achieved mastery yet, then 
these will be received by the teacher without dis
plea sure (either overt or i mplied by his tone of 
voice, demeanor, facial e xpression, etc . .. ); in fact, 
"right" and "wrong" answers will be given the same 
weight, and reflected back to the students, thus 
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enabling them to sort out the alternatives and 
to decide which is appropriate and why 

care must be taken, especially during sessions that 
focus on new material, to respect the hierarchy of 
steps in the learning process: 

(i) an empirical, tentative, trial and error 
approach by learners to the unknown 

VA 

(ii) a functional stage, in which students have 
acquired particular understandings, skills, 
knowhows, etc .. • and are able to function 
with them adequately, but are not necessarily 
conscious of the content of their awareness 

(iii) an objectification stage, in which what 
is known is projected outwards (that is, 
made into an object) to be studied as such, 
and from which the relationships, concepts, 
definitions, classifications, extensions, 
applications, etc ... it embodies can be 
evolved; by examining the content of their 
own minds in this manner , students come to 
know what they know (that is, are in contact 
with their awareness in terms of its own 
dynamics) 

learning being neither linear nor continuous, it 
makes little sense to present a curriculum made up 
of discrete segments to be retained by students one 
after another; rather, the object should be to bring 
together for the learners what does belong together 
(even if, in traditional course~hese elements may 
be dealt with months or years apart); in so doing, 
students will be enabled to make sense of the situation 
under study which, with its truth restored, will 
lend itself to perceptions of similarities and 
differences, comparisons and contrasts, extensions, 
special cases and limitations, etc ... 

Though the foregoing description may make the teacher's 
role in small-group sessions seem difficult, the aim here has 
not been to discourage anyone from becoming a classroom 
practitioner of the heuristic approach to teaching, but to 
provide a detailed and precise analysis of the characteristics 
of the approach. 
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This chapter, it is hoped, will be read again and again 
by teachers as they put into effect the activities and techniques 
described in the body of this manual. For these all incor
porate, at least potentially, the elements of a heuristic 
approach to the teaching of mathematics. Since most lend 
themselves to the small- group setting , teachers will find that, 
as they use these techniques , they will become more and more 
concerned with the kinds of considerations regarding teaching 
and learning presented here. And that, once such considerations 
are kept uppermost during the conduct of the lessons, the 
"theory" is not at all difficult to put into practice. 

And, finally , that both teachers and learners stand to 
gain greatly from its application. 
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TOPIC: Blackboard Lessons 

In many classrooms, the blackboard is used mostly to 
transcribe the textbook or to display the assignments of 
the day . The blackboard is thus given a static function, 
as the means of transmitting the problems given groups of 
students are to work on, or the lists of exercises they 
are to undertake from the textbook. 

Though there may be instances in which this is ap
propriate, the blackboard is too valuable a tool to be 
relegated to such a passive role. 

In this chapter, two alternative uses of the black-
board, which restore to it the dynamism and educational 
function it can possess,are described. These alternative 
uses by no means exhaust the possibilities, and are presented 
largely as indications of teaching skill and resourcefulness 
at work. The first alternative is an example of a student
centered activity, the second a teacher-generated undertaking. 

1. Student- Centered Activity 

Numerous occasions arise when students are asked to 
evolve and study certain kinds of relationships, equivalences, 
transformations etc ... Some of these, at least, lend themselves 
to the blackboard technique that fol l ows. 

This technique usually works best with a group of, say, 
10 to 12 students though, at times, it can be used with larger 
groups. 

The activity is initiated with simple, concise instruct
ions, given once by the teacher without elaboration. For in
stance: 

J'd like you to write on the board as many expres
sions as possible equal to 14 

I'd like you to produce as many fractions as you 
can think of equivalent to ~ 

I'm going to write an equation on the board. Find 
as many equivalent equations as you can and come 
write them 
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Unless the focus selected for the activity is totally in
appropriate to the group of students, volunteers will come 
to the board. They should be allowed to write whatever it 
is they want to, without being corrected by the teacher or 
distracted by other students shouting "Right!" or "Wrong!" 
or anything else. 

A good way to control the flow of students and to en
sure that the activity proceeds smoothly is for the teacher 
to hold up two pieces of chalk , one in each hand. Any stu
dent called to the board picks up one of these pieces, writes 
what he wants to on the board, and returns the chalk to the 
teacher, thus making it available to another student. 

The activity proceeds in near silence (no talking being 
necessary) with all writings being accepted equally, until 
no further contributions are being offered by the students 
or, as often happens, until the board is "filled up". 

At this point, the students are asked to examine what 
has been produced by the group and to see if they can find 
any writings which they feel do not belong (there is no need 
to specify what "does not belong" means) • 

Again using the two-pieces-of- chalk device for traffic 
control, students are allowed to come to the board to circle 
one of the expressions they deem incorrect. And again, the 
teacher must refrain from commenting on or correcting what 
the students do. 

In some instances , especially when the activity is under
taken for the first time, students may circle expressions 
purely at random. Sometimes even, every single expression 
on the board will end up being circled! This should be al
lowed to happen, as the students will curb their excesses 
by themselves once this type of activity becomes a regular 
part of their involvement in school. 

When students see no further writings they want to 
circle, the activity moves to its third and final stage . 
Circled, and uncircled, writings are focussed on one by one 
by the teacher, with the group discussing and deciding in 
each case whether it should remain circled (being incorrect) 
remain uncircled (being correct) become un-circled (having 
incorrectly being found incorrect by someone) or become cir
cled (being incorrect but having escaped the attention of 
the group). 

VB 
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At times, the student who initially wrote the expres
sion (and, if applicable, the student who circled it) is 
called upon to explain to the class why he did what he did. 
The group then weighs the explanations and decides which -
if any -- is legitimate. 

This process of critiquing, explaining and deciding 
continues until there is broad agreement among the group 
as to the appropriateness of what has been generated on 
the board. 

The use of this technique in its three stages has 
enabled the students to: 

search for and produce as many examples as they 
can that fit the "rules" (i.e. the initial in
structions) 

search for and indicate examples that they think 
do not fit the "rules" 

express verbally their own interpretations of 
these "rules", and agree or disagree with each 
other's interpretations, thus arriving at their 
own understandings of the situation 

"conceptualize" the situation, by developing their 
own criteria for correctness, and hence the certain
ty of what they know 

VB 

Meanwhile the teacher who has had ample opportunity to observe 
the students at work, and to see very clearly their individual 
strengths and weaknesses, can use these perceptions as the 
basis for developing future activities. Also, as the acti
vity sometimes moves into an unexpected direction, the teacher 
is in a position to take advantage of the opening and lead the 
students, in subsequent lessons, into the comprehensive in
vestigation of this new line of study. 

2. Teacher-Generated Silent Lesson 

A most effective category of teacher-led activities 
utilizing the blackboard is the silent lesson . In such a 
lesson, an absolute minimum number of words are uttered 
(especially by the teacher) thus making the learners re
sponsible for the conduct of the lesson as well as the de
velopment of their own understandings. 
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In developing such lessons, the teacher is forced to 
isolate the crucial mathematical awareness each contains, 
focussing on it and setting it apart from those of second
ary importance (though including some of these at a later 
stage may be useful) . 

And, by remaining largely silent, the teacher removes 
the barrier that is often placed between the learners and 
the challenge they are asked to overcome. For it is they 
who must do the learning , according to their own criteria 
and capacity for understanding;and verbal explanations 
given by someone else , at best, show that he knows what he 
is talking about. 

One specific example of a silent lesson is detailed 
here though, of course, the technique can be used in almost 
any situation. 

The teacher begins the lesson by writing two statements 
on the board: 

must use x 

cannot use l 

The teacher then writes 4 = and looks to the class 
for contributions. At first the students are likely not to 
understand what is required . The teacher merely points to 
the 4 = and waits for a response. If that response is 
"2 + 2", the teacher points to the "must use x" statement. 
If the response is "l x 4", the teacher points to the "can
not use l" statement. 

When the response "2 x 2" is given, it is recorded on 
the board and, say, 6 = is now written. This is followed 
in turn with other, carefully chosen, numbers, until the 
board shows something like: 

4 = 2 X 2 

6 = 2 X 3 = 3 X 2 

8 = 2 X 4 

9 = 3 X 3 

10 = 2 X 5 = 5 X 2 

12 = 3 X 4 = 6 X 2 

VB 
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By now , most of the students understand the require
ments of the activity , and not a word has been spoken by 
the teacher. At this point, attention is focussed on the 
gaps in the list. For instance, 5 = is examined . If 
anyo ne offers " 1 x 5 " , the " cannot use 1 " is once again 
point ed to. In some classes , " 2 x 2~ " may be given as a 
response. If so , a third statement 

only whole numbers 

is added to the existing " rules " . 

When it becomes apparent to the class that no re
spons e is possible, the word " dead" is written next to 
5 = (the meaning of "dead" as being outside the rul es 
of the game is immediately grasped by the students) . As 
other "dead" numbers are discovered , the list looks l ike 
this : 

2 = dead 

3 = dead 

4 = 2 X 2 

5 = dead 

6 = 2 X 3 = 3 X 2 

7 = dead 

8 = 2 X 4 

9 = 3 X 3 

10 = 2 X 5 = 5 X 2 

11 = dead 

12 = 3 X 4 = 6 X 2 

Bigger numbers can now be introduced . On a separate 
par t of the board 60, say , is written , and the question 
asked: " Dead or alive? " (So far, thes e are the first 
words spoken by the teacher). As the c lass responds: 
"Al ive ! " , the teacher queries: "Sow? " If this is an
swere d by, say , "6 x 10 " , it is recorded on the board as 

60 

1\ 
6 10 

V B 
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The teacher then points to the 6 and asks: "Dead or 
alive?" And the process is repeated (silently now) until 
only dead numbers remain. Whenever, in response to the 
teacher's pointing to a number, the students answer by: 
"Dead!", that number is circled, so that the completed 
process for 60 looks like: 

60 

~ 

The 60 can now be rewritten as 22 x 3l x sl with the 
teacher indicating by pointing -- not in words -- that the 
superscript shows how many times a particular "dead" number 
appears. 

As more numbers are broken down in this way and re
written in terms of "dead" numbers and superscripts, it 
becomes evident to the class that, except for the order in 
which they are written, the final re-writing will remain 
constant for any given number, regardless of the path used 
to arrive at the result. For instance: 

100 100 100 100 

~ ~ ~ ~ 
4 25 10 10 0 50 ® 20 

~~ ~~ ~ ~ 
00®® 000® 0 25 4 ® 

~ ~ 
® ® 0 0 

all lead to 100 = 22 X 52 

V B 
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This entire lesson usually takes about 30 to 40 min
utes to reach this point, and not more than a few words 
have been spoken by the teacher. Meanwhile, the students 
have come to grips with, and understood, the concepts and 
notations known to mathematicians as: 

composite numbers 

prime numbers 

prime factorizations 

factoring trees 

exponential notation 

unique prime factorization (the so-called funda
mental theorem of arithmetic) 

Further practice to improve facility with these concepts 
can be given to the students, either by asking them to work 
on some examples of their own, or as homework assignments 
(see SECTION v, I) . Standard terminology can be introduced 
at a later date, once the students have mastered fully the 
technique of generating the string of "dead" numbers that 
corresponds to any given number . In some instances, the 
usual definitions need not be given at all. 

In this type of lesson, it is the teacher's silence 
that enables students to reach the awarenesses the situation 
can yield. What may take weeks of laborious effort by 
traditional techniques has been accomplished in the course 
of one silent lesson. The efficiency of learning has been 
increased demonstrably by having the teacher remain silent, 
and by the careful way in which the lesson has been initiated 
and developed. 

One final note: the particular lesson detailed here 
can lead naturally to the study of HCF's and LCM's presented 
in SECTION I, A6. 

VB 
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TOPIC: Grouping Students 

In this chapter, a number of alternative possibilities 
for forming groups within a classroom are presented. Each 
of these possibilities has its merits, and each needs to be 
used at certain times during the course of the year. 

For, if the classroom is to be a life-giving environ
ment for teachers as well as for students, no grouping tech
nique can be rigidly adhered to, irrespective of the needs 
of the moment, the educational demands of the learners, or 
the opportunities for learning created by given situations 
or events . 

The essential consideration to be kept in mind when 
planning and carrying out an instructional program is that 
learning is neither linear nor continuous. It is not true 
that a given learner will acquire equivalent amounts of 
skill, competence or understanding in equal "slices" of 
time. 

A learning curve, if one could ever be drawn that 
truly reflected what learners actually accomplished, would 
probably consist of a series of plateaus, each followed by 
an upward curve: 

Thus, on a given time scale, a particular student 
may not de~onstrate '' visible'' learning for a while. Yet 
that seemingly barren period is in fact crucial to him , for 
he is laying the groundwork for a later spurt, during which 
he appears suddenly to be making a great deal of progress 
and learning a lot of material in a relatively short period 
of time, 
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Then, having accomplished much , he may wish to "rest 
on his laurels'' for a while, or consolidate his gains, or 
explore side issues , or fill in gaps through a study of 
details, or even turn his attention to other matters. 
Thus a new plateau is reached, but the cumulative effect of 
his learnings up to t his point have transformed him into a 
more efficient learner, and he is soon ready for a new up
ward swing. 

This pattern of rapid progress alternating with seem
ingly unproductive periods appears to be present, to a 
greater or lesser extent, in all learners, irrespective 
of differences in personality, learning mode, etc . . . Thus 
it needs to be respected, if the classroom is to be made 
into the most efficient environment for learning possible. 

The alternative grouping arrangements presented here 
are attempts at meeting the requirements of learning. Ob
viously, perfect conditions are difficult , if not impossible , 
to create in a class of, say , 30 students with varied and 
constantly changing needs, and limitations of space, time 
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and resources. The suggestions that follow have a more modest, 
and realistic, aim : to ensure more learning by more students 
more often. 

1. Homoqeneous Groupinq 

This is the arr angement most often used in schools. On 
the basis of some data (usually test scores) students at sim
ilar levels of achievement are grouped together for instruct
ional purposes. From a planning and management point of view, 
homogeneousgrouping is probably the easiest to put into effect . 

Also, instructional activities can be differentiated ac
cording to the students' ability, and all the members of a 
group, since they are roughly at the same level, benefit from 
instruction which is aimed at that level. 

These are the advantages usually cited in defense of 
homogeneousgrouping, and there is no doubt that they apply 
in certain instances. But this method of grouping also 
presents drawbacks, which need to be given at least as much 
weight as the advantages. These drawbacks include: 

the tendency in many classrooms, once the groups 
are formed, to maintain them rigidly for the whole 
year 
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the fact that students are quick to identify 
which is the "smart" group and which is the 
"dumb" group; this can prove most damaging 
to those who find themselves in the latter; 
and euphemistic labels such as "redbirds", 
"bluebirds", etc . . . fool no one 

the fact that, even assuming that at the outset 
the groups are truly homogeneous(a shaky assump
tion) students will not remain so neatly catego
rized for long, and significant differences be
tween members of a given group will appear quick
ly 

the isolation that results amoung students and 
the lack of interaction between members of dif
ferent groups; in fact, dramatic progress can 
often be evidenced by "slow" students who are 
taught alongside "smart" students 

the tendency to label students permanently so that 
the expectations of teachers pOlidify (even uncon
sciously) into self-fulfilling prophecies 

On balance, these drawbacks are serious enough so that homo
geneousgrouping needs to be approached cautiously. If it is 
put into practice, it must be 

infrequently, and only as one of the grouping 
arrangements experienced by the students, so that 
no permanent patterns develop 

only in situations in which a narrow spectrum of 
ability or level of competence is essential 

only where there is a reasonable chance that the 
majority of the group members will benefit from 
the experience in a relatively short period of 
time, and hence can be returned to other grouping 
arrangements 

open to periodic review by the teacher, if under
taken over a longer period of time with fixed 
groups, so that students can be re- shuffled in 
and out of groups every so often 

v c 
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2. Heterogeneous Grouping 

With this type of grouping , students of varying ability 
and level of competence form part of the same group. Though 
heterogeneous grouping may be more difficult to manage, it 
can also be far more rewarding for both teachers and stu
dents than ability grouping. 

Heterogeneous groups can, of course, be both large 
and small. Whole classes can be constituted heterogeneous
ly , which in turn mandates that the instructional program 
developed for these classes be sufficiently shaded and dif
ferentiated to be of maximum benefit to all students. 

In such a setting, some activities can be undertaken 
with the class as a whole. Since these activities must 
provide for all learners, whole-class instruction would take 
place only 

when a totally new topic is being introduced, and 
it would be advantageous to e xpose everyone to it; 
or 

when the activitiy is open- ended, and since any 
number of legitimate answers can be produced in 
response to the given problem, each student has the 
opportunity to contribute what he can; or 

when the teacher specifically wishes to generate 
interactions between the more advanced and the less 
advanced students , with everyone benefiting from 
the experience; or 

when some of the mistakes commonly made by sever al 
students are to be examined and discussed, and the 
misconceptions cleared up 

Throughout this manual , whenever an activity specifically 
lends itself to large- group presentation, the fact is noted 
explicitly . Small groups can also be formed heterogeneously, 
as when 
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the activity is in the nature o f a project, with all 
members of the group investigating a particular situ
ation (for instance with the aid of manipulative 
materials) and contributing their individual percept
ions toward the solution of the problem 
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the class is divided into groups of, say, 6 to 8 
students, and each group is given a slightly dif
ferent instance of a particular problem to work 
on; then, as the groups complete their tasks, they 
are brought together again for a general discussion 
of their results, methods of attacking the problem, 
discoveries, etc •.. 

independent work as follow-up to a teacher-led 
learning session is indicated, so that the stu
dents can consolidate their understandings, prac
tice together what they have acquired with the 
teacher, explore on their own extensions of the 
situation introduced by the teacher, discover 
patterns and relationships in it, arrive at their 
own conclusions about it, and integrate it to the 
body of knowledge they already possess 

The specifics described so far refer to ad-hoc, short-term 
heterogeneous groupings. A classroom can also be permanent
ly constituted as, say, 3 or 4 heterogeneous groups. This 
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is possible especially when a multi-activity setting is de
veloped, with learning centers, space for small-group in
dependent student work, peer teaching facilities, and teacher
led instructional sessions all being available at any given 
moment. This is probably the most efficient learning setting 
possible, providing both flexibility and structure, and maxi
mizing opportunities for meaningful student involvement. The 
suggestions presented in the various chapters of this SECTION 
should help teachers develop such a setting. The period of 
change-over from a more traditional setting should not take 
more than a few months, and the resulting increases in learn
ing, efficiency and enjoyment should make the undertaking 
worthwhile. 

3. "Sieve•• Grouping 

Whether homogeneous or heterogeneous groups are the norm 
in a given classroom, there are times when "sieve" grouping 
can add a significant dimension to the techniques available 
to teachers. 

In team teaching situations, or in classrooms where 
an instructional assistant is present, this form of grouping 
can be undertaken most easily. But even in regular classrooms 
with only a single adult present, "sieve" grouping is possible . 
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The technique itself is very simple: after a relatively 
large-group (say, 8 or more students) teacher- led lesson has 
been going on for a while, some members of the group are 
pulled out -- "sieved" -- in order to be given special 
attention. 

The reasons for pulling out these students can vary: 
if the work is obviously too easy for some of the students, 
and they are dominating the lesson; if the work seems to be 
too hard for some of the students, and their involvement, 
motivation , etc ... is perceived as being minimal; if some of 
the students suddenly encounter an un expected difficulty 
and, for them, the lesson needs to take a new tack so that 
they can overcome the difficulty; if some of the students, 
after struggling with the contents of the lesson, suddenly 
"get it", and become so excited they are preventing others 
from attaining a similar insight; and so on. 

If a second adult is present in the classroom, the 
"sieving" can be done by that person. If only one teacher 
is in attendance, the students can still be pulled out, at 
a moment in the lesson when the remaining students can be 
given an open-ended activity to work on, or a probl em to 
research, or some examples of the situation under study to 
work out on their own, etc . .. 
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The important considerations to keep in mind are that 
learning efficiency is increased for both those students who 
are "sieved" and those who remain in the group, and that those 
who are pulled out receive immediate attention that meets their 
needs. 

The form this attention takes, of course, depends on the 
reason for "sieving ''. It can be going over some of the found
ations for the topic under study more slowly, or giving the 
learners follow-up work on what they have acquired in the 
larger-group setting, or introducing them to more advanced 
applications of what they know, and so on. 

What matters is t hat instruction becomes better dif
ferentiated as the result of "sieving''. And if it is not 
always the ''slow" students who get pulled out, no permanent 
perception will develop, either in the classroom or the stu
dents' minds, of "sieving" as a euphemism for remedial help. 
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4. Interest Grouping 

A fourth type of grouping, which will arise spontan
eously most of the time, is interest grouping. Whenever, 
in the course of studying a particular topic, a group of 
students shows marked interest for it, they should be 
given the opportunity to pursue that interest beyond the 
level expected of the rest of the class. 

Since the tastes and aspirations of students vary, it 
is natural that they will be attracted to different aspects 
of the curriculum. Some may wish, for example, to build the 
tallest possible tower with all the Cuisenaire rods at their 
disposal. Others may become fascinated with exponents, and 
undertake a project based on the properties of exponents. 
Others still may want to produce a thousand word problems, 
as they become aware of their power to generate these. 
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All should be given the chance to satisfy their interests, 
even if their projects are impractical, or if they never get to 
complete them. The classroom setting, therefore, needs to be 
sufficiently flexible to allow interest groups to be formed 
whenever the need arises. The only requirements, from the stu
dents' standpoint, are that they be able to express what it is 
they want to do, and about how long they think it will take them 
to complete the task. 

Then that time is made available to them say, 30 minutes 
every day for a week, or 45 minutes on Tuesdays and Fridays 
for three weeks. What they might miss in the way of instruct
ion during that time is more than made up for in terms of 
learning, commitment, motivation and enjoyment. They can al
ways be "caught up", if that is essential, for instance in a 
peer teaching session, with other students taking upon them
selves the responsibility of acquainting them with the new 
material. 
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TOPIC : Use of Activity Cards 

A large selection of sets of activity cards is cur
rently available on the market. A variety of authors and 
publishers is represented, covering a wide range of topics 
and levels, and reflecting a diversity of philosophies con
cerning the teaching of mathematics. 

Among the kits that deal specifically with 
materials described in this manual (See SECTION 
distributed by the Cuisenaire Company of America 
of note. They include: 

the various 
I) those 
are worthy 

Student Activity Cards for Cuisenaire Rods, 
by Patricia Davidson et al. 

Exploring Cubes, Squares and Rods, by John Trivett 

Geoboard Activity Card Kit, by John Trivett 

Relationshapes Activity Cards, by Teri Perl 

Many other kits e x ist that address themselves to the 
teaching of mathematics in a more general way, and most of 
those focus principally on the development of computational 
skills through practice with '' closed-ended" exercises. No 
doubt teachers are already familiar with this type of kit. 

For the most part, activity cards are designed for 
use by small groups or individuals with a minimum amount 
of supervision -on the part of the teacher. Generally they 
are meant to provide interesting and challenging (it is 
hoped!) follow- up work rather than new awarenesses. 

A teacher contemplating the use of any activity cards 
should first read them through very carefully, in order to 
determine their appropriateness to the students . No kit 
should ever simply be brought to the classroom and given to 
the students to use. In studying the cards, the teacher 
should weigh the following considerations. 

how much (or how little) of their contents is 
relevant to the needs of the students? 

how compatible with the approach to teaching 
being used in the classroom is the one they 
embody? 

how mathematically accurate are they (and 
many kits present concepts in an erroneous, 
or unsound, fashion)? 
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how readable are they both in the vocabulary and 
the notations they present? 

how flexible are they, in terms of alternative 
sequences, possibilities for uses not specifically 
described by their authors, etc ..• ? 

how interesting to the students would they be in 
terms of variety/repetitiveness, opportunities for 
student contributions/assignment- like exercises, 
originality of content and presentation/sameness 
and close resemblance to traditional textbook 
exercises, etc ••. 

how easily do they lend themselves to independent 
use: clarity of instructions, unambiguity regarding 
what is to be done and how, opportunity for self
checking, etc .•. 

It must also be remembered that, the more "closed-ended" 
the activities are, the more restricted their opportunity 
for use, since exercises that seek merely to elicit one 
correct answer are useful only when the students already know 
the concepts involved, and wish to test their knowledge to 
their own satisfaction . 

In nearly all cases, only a relatively small number of 
cards from a given set will be found to be of use. Teachers 
should not hesitate to make these alone available to the 
students and, if necessary, to discard the remaining ones; 
nor should they be afraid to rearrange the cards, intermix 
them with cards from other kits and, above all, to produce 
their own cards. 

In doing so, they should be able to use the discards as 
source materials, redesigning and recasting what they contain 
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in order to fit their students' needs more adequately. Obviously 
the same criteria will apply to the teacher-made activity 
cards as to the published ones. 

And iftheir initial productions are not well received by 
the students, teachers should not get too discouraged. A 
little experience goes a long way toward knowing what constitutes 
an effective, challenging learning opprtunity for a young mind. 
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TOPIC: Learning Centers 

Learning centers are one of the important means by 
which a classroom can be transformed into a multi-faceted 
environment that provides for the varied and changing needs 
of students. For, at their best, learning centers help 
transfer the responsibility for learning to the students -
which is where it belongs. 

The term "learning center" has come into widespread 
use in recent years, and covers anything from an "activity 
corner" to sets of worksheets and task cards for drilling 
students. 

The learning centers described in this chapter are 
true "centers for learning", i.e. stations made available 
to students around the classroom at which they can pursue 
their own investigations of the world of mathematics, over
come the challenges it presents according to their own capa
cities, and develop their own understandings of "how math 
works". 

To be effective learning centers, therefore, must in
corporate a number of basic attributes: 

they must be able to be used by all students, and 
independently of the teacher (except for initial 
introductions to uses of materials, management 
procedures, etc ... ) 

they must provide a variety of activities sufficient 
to involve any student in studies that are meaning
ful to him 

they must provide for both individual and small-group 
work 

they must enable students to acquire information and 
knowledge, but just as importantly to generate their 
own products 

they must be easily and constantly renewable 

they must be compatible with the overall instruct
i .onal program in the classroom 
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In order to develop useful learning centers, all 
available resources need to be put to good use. In gen
eral, classrooms tend to be short on equipment and furni
ture, but an efficient start can be made if what is avail
able is used creatively, and if a certain amount of "scroung
ing around" is undertaken by both teachers and students out
side the classroom, to supplement what is already there. 

Learning centers can be set up using: 

tables and/or flat-top desks 

windows and window ledges 

floors 

walls 

bulletin boards (a far better use than the tradi
tional monthly displays of pumpkins, va l entines or 
rabbits!) 

the teacher 1 s desk (are teachers self- confident 
enough to forgo this symbol of authority?) 

partitions, screens, portable chalkboards , etc ... 

large cardboard packing cases, such as those used 
for major household appliances 

pieces of carpeting, old pillows, bean bags, etc ... 

large wooden spools, such as those discarded by 
utility companies on cable laying projects 

corrugated cardboard, oak tag, poster board, empty 
egg cartons, cans, bottles, etc .. . 

anything else that may be handy 

As for the centers themselves, ultimately there ought 
to be as many as ~ive or six in the classroom . If, however, 
teachers are more comfortable developing one center at a 
time, they should not feel pressured into a wholesale prod
uction effort, with few ±f any centers being set up effect
ively. 

V E 
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Five possible centers are described here and, though 
they may not all be suitable for a given classroom, at least 
some of them ought to be present in any setting where the 
suggestions offered in this manual, and the approach to 
teaching they embody, are being put into practice. For these 
centers add a significant dimension to the resources teachers 
can use to provide learning-centered opportunities for stu
dents. 

~- Open-Ended Activities Center 
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Open-ended activities have been emphasized throughout 
this manual, and a delivery system that makes such activities 
available to learners on a permanent basis is very helpful to 
both teachers and students. Teachers are spared the necessity 
of devising meaningful assignments on the spur of the moment, 
and students soon learn that an open-ended activity is one 
possibility that is always available to them, at any time of 
the day, and irrespective of their level of mastery. 

Best location for the center: at one of the bulletjn 
boards 

Equipment needed: small bulletin board area (say, 
about 3ft. wide), flat-top desk or shelf space in 
front on the bulletin board, shoe box or index card 
holder 

Materials needed: large (say, 9" x ~2") clasp en
velopes, set of index cards, spirit masters and ditto 
paper 

D~rect~ons for setting up and using: on the bulletin 
boardr pin 6 or 8 of the clasp envelopes by the fold
ing flap, thus turning them into pockets. Also make 
up a sign at the top of the bulletin board, that says 
''Open ..... Ended Activities Center". Run off about 20 
cop~es of as many different open-ended worksheets 
(see SECTION III,A) as there are available pockets. 
Staple one copy of each worksheet to the front of the 
cor~esponding pocket, so that the students will know 
at a glance the contents of each . 

Als-o prepare a dozen or so open-ended task cards 
(see belqw for suggestions) and place them, in no spe
c~al order, in the shoe box or holder. With the box 
and, if need be, a tin can containing a dozen or so 
pencils, and a supply of note paper arranged on the 
desk or shelf beneath the bulletin board, the center 
is open for business. 
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The operation of the center is ext~emely 
simple: students, individually or in small groups, 
go to the center, find an activity they like, and 
do it. When they complete it, they put their work 
in their individual folders (or, if they so desire, 
they can display it for a week or so on a special 
bulletin board reserved for this purpose and labeled 
"Our Work " ). Any borrowed items (pencils, task cards, 
etc ... ) are returned to their proper places. 

The selection of open-ended worksheets available at the 
center at any time must be sufficiently broad in scope to at
tract students at all levels of competence. Hence some need 
to be more elementary, others more advanced, and an overall 
balance must be carefully planned. Suggestions for the con
tents of open-ended worksheets are given not only in SECT
ION III,A but can also be culled from almost any chapter of 
this manual . 

Also, it is important that the students' completed work 
not be corrected in the traditional manner. Rather, the 
te~cher can look over the students ' folder every week or so 
to gain in a general way, an appreciation of what the stu
dents have spontaneously selected to work on (indicating the 
topics with which they feel comfortable), how well they have 
done, and what kinds of mistakes they have tended to make 
(indicating specific areas of weakness and even suggesting 
w~ys to help them overcome these weaknesses in future lessons) . 

As the stocks of worksheets in some of the pockets be
come depleted -- or remain largely untouched - - indications 
for replenishing the supply with new worksheets are given 
unmistakeably. If the center is operating continuously , 
with a selection of about 8 worksheets available at any 
time, not more than two or three new ones need to be pro
duced each week as replacements. Again, it is the variety 
and adequacy of the material provided that will determine 
how efficiently students avail themselves of the opportuni
ties it presents. 

The set of task cards, on the other hand, can be a 
permanent part of the center, with the teacher adding 
periodically to the dozen or so available initially until , 
by the end of the year, the set comprises a hundred or more 
individual cards. 
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Once again, the contents of these cards can be ob
tained from almost any chapter of this manual. What is 
important is that the instructions on each card be as short 
and to the point as possible. Here are some examples: 

Write at least 5 (or 10, or 20, . . . ) expressions 
using +, such that [] ;> 37 

Write two different word problems for the expression 
35 .;. 0 = 5 

With at least one other classmate, find expressions 
equal to all integers from 1 to 25 with the follow
ing "broken typewriter": 

13, 6, 12, +, -:- 1 

Work out the cubes of all integers from 1 up to ... 
Display your results for the class on a sheet of 
newsprint 

Develop a family of equivalent fractions. Find at 
least 20 members of that family 

If appropriate a second, smaller box of cards can be 
developed, containing a set of challenging research questions 
for longer-term, individual or small-group involvement (see 
SECTION III,D for suggestions). 

2. Manipulative Materials Center 

The manipulative materials which form the basis of the 
approach to teaching being proposed in this manual are dealt 
with in detail in SECTION I. Because they are so fundamental 
to the development of the students' understanding of mathe
matics, they need to be permanently available in the class
room, even when not in direct use. 

Thus a manipulative materials center would add an im
portant element to the resources available to students, en
abling them to generate and pursue their own investigations, 
and to overcome the difficulties they encounter without auto
matically r,eferring to the teacher. 

All that is necessary is to let students know that the 
materials are at their disposal , and that they are to make 
use of them, at their own discretion, whenever they feel the 
need to investigate a given situation with the aid of mani-

V E 
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pulatives. In fact, it is important to establish early 
that students are to try to resolve the problems they meet 
on their own, using each other, available materials or any 
other resources that may be available for this purpose . 
Only as a last resort are they to ask the teacher for help. 

Best location for the center: anywhere that is 
easily accessible to all students 

Equipment needed : bookshelf 

Materials needed: rods , geoboards, cubes and 
prisms, attri bute blocks/relationshapes, and any 
other basic material in extensive use in the class
room 

Directions for setting up and using: arrange all 
the materials on the shelves so that they can be 
reached easily. Hang a sign over the bookshelf 
that announces "Manipulative Materials Center " 

V E 

Let the students know where the materials are, 
and know also that they can be removed to other parts 
of the classroom at any time, as needed , by individuals 
or groups. The only requirement is that they be re
turned to their proper places when finished with. 

The aim here is to generate spontaneous 
"learning opportuni ties " for students, with small , 
ad- hoc groups forming to resolve a given problem, 
to pursue a line of study that has fired someone's 
imagination, or to provide a check on perceptions 
ana unde~standings acquired elsewhere in the class
room. The materials are there to yield up insights, 
and the students must be given the freedom to con
sult them whenever the need arises. The teacher's 
function, therefore, should be a limited one , if the 
stuQents are to experience the freedom and self
directedness to achieve their own learnings. 

These uses of the materials, of course, do not 
preclude any of the other suggestions presented else
where . 

3. Math Games Center 

The function of this center, the materials and equip
ment needed to develop it, as well as the way to set it up, 
manage and renew it, are all detailed in SECTION I,F. 
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4. Interesting Beginnings Center 

This cent er serves a function not often deemed impor t-
ant in traditional classrooms, in which the study of parti 
cular topics is usually initiated by the teacher, or dictated 
by the order of the chapters in a textbook . With an "Interest
ing Beginnings Center", not only does the learning of mathe
matics cease to be perceived as a rigidly linear undertaki ng , 
but also the students are enabled to contribute to the shaping 
of the curriculum they are asked to acqui re . 

Teachers have always known that classes are different , 
from room to room and from year to year . Yet this percepti on 
is lost when all children at a given grade level are mandated 
to acquire the same curriculum, in uniform ways and according 
to the same pre- established sequence of activities. 

A center such as the one described here can help main
tain, and even enhance , the individuality of a particular 
group of children, and to increase the likelihood that what 
they are asked to do takes their uniqueness into account . 

Best location: anywhere in the classr oom 

Equipment needed : half a reasonably lar ge card
board box, and a table or flat- top desk 

Materials needed; standard stationery supplies 

Directions for setting up and using: cut the card
board box in half , reinforcing edges and grooves 
w~th masking tape to produce a three- sided , folding 
d±spl~y panel: 
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Staple or paste an assortment of envelopes, manila 
folders, etc .. . on the inside of the panel , to 
produce pockets of various sizes. The center is 
complete and ready for use when the pockets are 
provided with '' interesting beginnings", as detailed 
b e low. 
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The purpose of these " interesting beginnings" is to 
get students to consider questions and areas of study 
which may not otherwise occur to them . A wide variety 
of such questions is possible, and these differ from 
open- ended activities , research problems and other 
similarly unstructured opportunities for learning 
p r esented in this manual , in that they are meant as 
t hought-provoking " triggers" which , having attracted 
the students ' interest , lead them to the development 
and study of given topics. 

Examples of s uch triggers are: 

a) commonly- made mistake s, in which some awareness 
of a particular mathematical relationship is 
evident , but it is inappropriate , incomplete or 
erroneous in the context in which it is used 

(i) 11 = 34 - 1 

( ii) s2 
2 = 5 

(iii) 43 (i v) 59 
- 2 7 +38 
24 817 

(v) 1 1 2 
2 + 3 = 5 

The students , when considering such mistakes, 
are asked to ascertain how they were made , and 
why. For the purpose of equipping the center, 
the teacher can select from among mistakes 
actually made by students over the course of 
the year , gradually building up a file in one 
of the pockets , labelled "Mistakes We Make ". 

b) interesting patterns, or beginnings of patterns 
stumbled upon by chance by given students , for 
instance as a result of their free compositions 
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(see SECTION III, A}. An example might be: 

~ X 4 = 1 

~ X 8 = 2 

~ X 12 = 3 

These discoveries can also be culled by the 
teacher on an on- going basis, and made available 
for further study by being placed in a pocket 
marked "Interesting Ideas We Have Found". 
Whenever appropriate, one or two thought
provoking questions can be written by the teacher 
next to the pattern, enabling students to go 
beyond the initial impulse of its original 
discoverer. For the above example, for instance, 
the questions might be: "What about the numbers 
between 4,8,12 ..• ? Can~ of them be found also?" 

c) problems or situations which are capable of 
striking the imagination, or involve learners in 
a world of fantasy, but from which useful mathem
atical perceptions can be gained. For instance: 

(i} if Martians do exist, what kind of number 
system do you think they use? make one up, 
then present it to the class, explaining 
why Martians would use such a system 

(ii} if you could suddenly be taken back to 
ancient Rome, and have to use their system, 
how much of what you know about math would 
be helpful to you? how would you do these, 
for instance? 

MCCCXXII + DXVII = 

XXIX 

X XVI 

can you invent some other ways to operate 
on Roman numerals? 

V E 
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5. Mastery Check Center 

This center is one of the few places in the classroom 
which would offer students the kinds of traditional, closed
ended activities usually associated with the development of 
computational skills. The major distinction here is that 
these activities are not used to develop their ability to 
compute, but serve as the final indicator of mastery, after 
the students have acquired their basic awarenesses and 
understandings of particular topics . 

The closed-ended exercises at this center serve two 
functions: 

to increase the rapidity and accuracy with which 
students are able to compute 

to enable them to check their mastery over specific 
areas of mathematics to their own satisfaction 
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In other words, no learning as such would take place at 
this center, if learning is defined as making sense of what 
was hitherto unknown . All necessary learning would already 
have occured, through activities focussing on the study of 
patterns, relationships, equivalences, properties of operations 
and the like. All that remains is for students to be certain 
that they know what they know , and are able to use this 
knowledge efficiently and appropriately. 

Best location for the center: anywhere that is 
easily accessible to all students 

Equipment needed: any space capable of accommo
dating a variety of worksheets, workbooks, kits, 
whatever closed- ended A/V systems that may be 
available, etc . . . 

Materials needed : a sufficiently comprehensive 
collection of standard computational exercises 
presented in a variety of formats, to be supple
mented if necessary with teacher-made dittos 

Directions for setting up and using: assemble a 
sufficient variety of closed- ended materials to 
enable all students to use the center, arranging 
them in suitably labelled piles or pockets (for 
instance, by topic) hang a sign identifying the 
center, and instruct the students in how they are 
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to use its contents. These instructions must 
include the proviso that any student, at any time, 
is to select only those items he can identify at 
a glance as being "easy" to do -- easy meaning not 
necessarily simple or superficial, but capable of 
being done in just a few minutes. For no task 
undertaken at this center should take long and 
laborious efforts to be completed, and a student 
confronted with such a task should either find 
another item to work on, or go to an entirely 
different activity elsewhere in the classroom. 

If the teacher so desires, he can ask that 
exercises found too difficult to complete be placed 
in the students' individual folders (maybe even 
with a note from the student to that effect} so 
that, during periodic checks of the folders, 
information may be obtained about topics which have 
not been mastered yet. This can prove useful in 
planning future lessons. 

One other important instruction: the students 
need to know that the activities at the center 
are provided so that they can see themselves 
actually able to solve problems presented in a 
most formal and structured way, and to increase 
the speed and sureness with which they do so. 
The learners are to satisfy themselves of the 
extent of their mastery over the world of numbers. 

V E 
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TOPIC: Peer Teaching Techniq~es 

An effective method of delegating to students part 
of the responsibility for progress in the classroom is 
through peer teaching, which gives them opportunities 
to work with one another in teacher/learner relationships. 
In fact, peer teaching arrangements have been shown re
peatedly to benefit both the peer-tutor and the peer
learner, especially in instances where the tutor is not 
much more advanced or knowledgeable than the peer-learner . 

The reasons for such benefits are readily identifiable: 

children relate to one another differently than to 
adults, no mqtter how "tuned in'1 these adults might 
be 

~p studentsf especially when positive conditions are 
established, tend to be far more patient with, and 
tolerant of, each other's difficulties than adults 

s.;i.,nce they are closer to the learning experiences 
being lived by their peers, students are often more 
apt to grasp quickly, if intuitively, the difficult
ies qne of their classmates might be having, and hence 
to offer assistance that is of direct benefit; adults, 
yeqrs r-emoved from these learning experiences, may 
not be able to perceive the true nature of those dif
ficulties 

students who have been exposed to the teaching tech
n±_q_ue.s presented in this manual, which entrust the 
responsibility for learninq to the learners, are 
quick to say to one another: "Don't help me, let 
me do it by myself!" when they may not be quite so 
forthcoming with adults 

Peer teaching can be set up in a variety of ways in the 
classroom, and range from more informal, ad-hoc arrangements, 
to more formalized, even planned, settings. Two such arrange
ments are described in this chapter. 
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1. Informal Arrangements 

Opportunities for peer teaching can be made available 
to students at all times except, say, when a new topic is 
being introduced , or during a teacher- led learning session. 
Whenever students are working independently (at learning 
centers, on worksheets, on task cards, etc •.. ) and one of 
them feels the need for help, he locates a classmate who is 
able to offer that help , and a peer teaching session is 
initiated. 

In order not to disturb a large number of students, 
however, some means of non- disruptive communication must be 
established. For instance, a portion of the chalkboard can 
be specifically reserved for this purpose, so that any 
student seeking a peer- tutor would only have to post a notice 
on it, announcing for example 

"I need help with my work on additions of fractions" 
Signed : John B. 

to communicate his need. As other students look up from their 
work, they become aware of the notice. And whoever feels 
he can help with the particular topic then moves to the board, 
erases the notice, and meets with John B. to give the needed 
assistance . 

From a classroom management point of view, then, all that 
is necessary to get informal peer- teaching sessions underway 
is to let students know of the practice (in fact, encourage 
it) and to establish the means of communication between 
would-be help seekers and assistants . 

A peer- teaching session, of course, is much more than 
one student telling another: "Here is what you do" or 
"Let me work out these problems for you". Neither approach 
would be of much value to the learner seeking help , since 
he is being robbed of the opportunity to overcome his own 
difficulties. 

What the peer-tutor must do first is to develop some 
understanding of the nature of the problem his classmate is 
experiencing, of the reasons why he is unab l e to make sense 
of the material under study. This the peer-tutor can achieve 
by asking questions such as: "Can you tell me what it is 
you're not sure of?" or "What's not clear to you?" Or by 
looking over the work already performed by the help seeker, 
and trying to detect some systematic lack, misapplied prin
ciple or reasoning error (in many instances this will be the 
case) . 

V F 
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Then, having diagnosed the difficulty, the peer- tutor 
needs to take his partner back to the essential awarenesses 
which underlie the topic he is working on, for instance by 
generating appropriate situations with manipulative materials. 
And, from perception of given relationships at the level of 
these materials, he needs to move his peer- learner through 
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the learning steps that lead to the mastery of the awarenesses. 
Only then will the peer-learner be able to return to his 
original assignment and tackle it competently. 

This way of offering assistance is not, of course, 
immediately available to students, especially if they have 
not been exposed to similar techniques at the hand of their 
teachers (for instance, if their experience at school has 
been largely of a traditional, teaching- at-students nature). 
But, with a little practice, it is surprising how quickly 
they come to adopt and use heuristic approaches, thus becoming 
excellent peer-tutors. In fact, they often surpass adults 
in their capacity for helping classmates think through areas 
of difficulty without interfering with each other's learning 
acts, or with the growing understanding of the dynamics of 
the situations being peer-taught. 

The peer-teaching sessions, therefore , are far more 
than pairs of children "playing teacher". They are oppor
tunities for students to come into intimate contact with 
each other's thinking modes, functionings, and ways of making 
sense of their environment -- all essential reflections both 
of their uniqueness as individuals and of their shared 
humanness. And that, beyond the instructional benefits they 
yield, is what makes these sessions so worthwhile. 

2. Formalized Arrangements 

If needed, classroom planning and management of the peer
teaching sessions can be made more formal, so that they can 
be undertaken with greater regularity and efficiency. 

For instance, a large sheet of newsprint can be displayed 
in a prominent place in the classsroom, to be used by students 
to arrange peer teaching seesions with each other. The sheet 
would be divided into a number of columns, such as: 
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name of 
peer- learner 

topic on which 
help is needed 

name of 
peer-tutor 

times available for help 
1st choice 2nd choice 

In this way, students can match their needs to the 
resources represented by their peers on a timely basis, with 
"appointments" being set up as mu ch as two or three days in 
advance. 

Also, a particular corner of the room can be designated 
as the "Peer Teaching Center", with pairs of individual desks 
arranged side by side, in order to give the sessions added 
importance . All the seesions would then be held in that 
center, which would quickly come to be seen by students as 
an integral part of their classroom environment - - in fact 
one in which the fullest respect is accorded their ability to 
seek and provide help. 

By these and other similar measures , teachers can ensure 
not only the smooth operation of peer teaching sessions but 
also -- and perhaps more vitally -- legitimize the function 
of students as shapers of their own school life. 



SECTION V 

G 

TOPIC: Use of the Textbook 

In ma ny classrooms, the textbook has become the staple 
item for both teachers and students. It is used as the basis 
for all instructional activities and mathematics, for learners , 
comes to be seen merely as the contents of the textbook, not 
as a branch of human knowledge and development that is vitally 
important to all. 

Thus, teachers become exclusively concerned with 
'' covering the textbook" and feel well satisfied if, over 
the course of the year, they have managed to present its 
entire content to their students . 

And learners see themselves as engaged in an endless - 
and lifeless -- undertaking, with their experience of mathe
matics consisting of turning the pages of the book, reading 
the explanations offered on those pages, and working out the 
answers to the multitude of questions asked at the end of 
each chapter. 

The practice is deadening for both teachers and students, 
and the textbooks themselves contribute to the problem, by 
being so uniformly poor in design, imaginativeness, and 
philosophy of teaching. 

Here are some of the characteristics of the standard 
elementary mathematics textbook: 

it cannot be read by many of the students 

chapters and topics are related to one another in 
the most superficial way (ex: "two-place addition 
without carrying") and the-algebra of given 
situations is largely ignored 

the mathematical development followed is linear , 
with each chapter depending heavily on the content 
of previous chapters 

each chapter typically opens with definitions , 
statements of concepts, and other similarly ready
made data; these are followed with expl anations 
and illustrations of this data , which are followed 
in turn with an extensive set of exercises for the 
students to work on, presumably as a way to prac
tice the concepts that have been introduced and 
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thus " learn" them. With such an approach to teach
ing, students can only assume the passive roles of 
memorizers and recipe-followers , without necessari
ly being able to understand what they are doing or 
why. 

the explanations it contains , aside from the fact 
that they generall y do not help learners gain in
sights int o the world of mathematics, are often 
confusing, muddle- headed , and sometimes quite 
wrong from a mathematical standpoint. 

If a textbook must be provided to students -- and there is 
no reason why it should be -- some criteria can be used in 
order to select one that is as effective as possible . From 
the preceding list , it follows that these criteria must in
clude: 
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is the textbook more than a source of computationally
oriented exercises? 

is it written and designed in such a way that it can 
be read and understood by the students who are to 
receive it? 

does it initiate the study of particular topics 
through open-ended and unstructured questions, 
exercises, etc ... , so that it enables the students 
to come to grips with the dynamics of the situa
tions it focusses on? 

does it stress algebraic relationships, patterns, 
equivalences and transformations , so that learners 
will be helped to acquire their own understandings 
of "how mathematics works " ? 

are its contents varied and able to attract students 
at different levels of ability and competence? 

is it mostly non- linear in the development of its 
chapters so that, even when given sub-divisions 
need to stand independently of one another, the 
awarenesses that are devel oped in one are usable 
in others? 
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If such a textbook can be procured (and it is doubtful that 
one exists which meets all the above criteria adequately) it 
can then be made part of the mainstream of instructional 
activities being undertaken in the classroom. 

For teachers, it can provide a basis for designing and 
planning effective lessons, and a source of ideas and sugges
tions for useful activities. 

For students, it can become a source of productive 
homework assignments(see SECTION V, I) and of independent 
work in the classroom (see SECTION III). It can also provide 
them with the inspiration for new studies and investigations. 
And it can serve a useful function as a reference text, as 
students check their perceptions of mathematics against its 
contents, settle disputes among themselves regarding the 
accuracy or appropriateness of their lines of reasoning by 
deferring to its authority , or find in it the formal, 
"learned" expression of the understandings they have acquired 
elsewhere . 

A textbook, even an effective one , can never be the 
primary source of learning opportunities for students. That 
can only be a function of the total classroom environment, 
as learners are explicitly enabled to come in contact with 
their own minds, each other, and their teacher. 

V G 
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TOPIC: Effective Use of Instructional Aides 

Over the past few years, the practice of assign
ing aides to classrooms has gained widespread accept
ance. This is especially so in federally-funded pro
grams but, in many schools, even regular classrooms 
are being staffed with instructional aides . 

All too often, however, the presence of aides 
creates as many problems as it solves. For instance 
teachers, who have traditionally enjoyed undivided 
authority in their classrooms, are not able to adjust 
to the presence of another adult. Or aides who are 
relegated largely to routine clerical and housekeeping 
duties come to resent their functions. Or, because 
joint planning between teacher and aide is insufficient, 
the learners are exposed to a fractured, inconsistent 
instructional program. Or students, who are quick to 
detect and exploit differences in personality, attitude, 
approach to discipline, etc ... between teacher and aide, 
soon learn to play one off against the other, thus di
minishing the effectiveness of both. 

These problems can be avoided, or at least reduced 
to a manageable minimum, if the relationship between 
teacher and aide is delineated carefully, and if the 
aide's functions are made to complement, not interfere 
with, those of the teacher. And, under these circum
stances, the presence of an aide can prove to be an en
riching, fruitful experience of benefit to all. 

This chapter offers suggestions which provide for 
the effective involvement of aides in the life of the 
classroom. 

1 . Functions of an Aide 

At the outset, the functions of the aide need to 
be made clear -- to the students, to the teacher, and 
especially to the aide. Ideally, an aide ought to spend 
about 80% of the school day in active interaction with 
students, complementing the teacher's instructional 
duties. If clerical tasks are to be performed, it is 
better to assign them to the aide on a permanent basis, 
with the aide then taking on-going responsibility for 
carrying them out. 
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Spur-of-the-moment "ordering about" is thus 
eliminated and, with it, one of the major sources of 
aides' complaints. For they understandably tend to 
resent being treated like menials, for instance when 
told to "Run off 30 copies of this" or "Clean up the 
room now". 

As far as instructional functions are concerned, 
the aide can: 

work with individuals and small groups who 
need additional attention, either because 
they are having persistent difficulties with 
some of the material they are studying, or be
cause they are ready for more advanced appli
cations and extensions of this material, or 
even because their interests and needs of the 
moment are at variance with those of other 
students and cannot be satisfied in other set
tings 

work regularly, even every day, with certain 
students, who for instance are having difficulty 
adjusting socially to the rest of the class, or 
who have just transferred from another school 
and need to acclimate themselves to their new 
setting, or even who may not get along well 
with the teacher and would benefit from contact 
with a different personality (a common occurrence, 
which might as well be faced squarely) 

participate in "sieve'' grouping sessions (see 
SECTION V,C) 

assume part of the responsibility for leading 
small-group learning sessions (see SECTION V,A) 

help teacher and students set up and operate 
learning centers (see SECTION V,E) 

2. Training the Aide 

In order to be at their most effective, most aides 
will need to undergo a period of training. Though ul 
timately an aide ought to be able to carry out all the 
instructional functions of a teacher, it may be best to 
concentrate initial training on immediately productive 
aspects of the curriculum. 

V H 
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These include the uses of the basic manipulative 
materials detailed in SECTION I, and the techniques for 
learning-centered instruction described in various parts 
of this manual (see, for example, SECTION II,Al,A3 and A7, 
SECTION III,B, SECTION IV and SECTION V,B). 

V H 

By reading the relevant literature, by watching con
sistently the teacher at work with students and, most im
portantly , by being given regular opportunities to discuss 
instructional matters with the teacher, the aide will de
velop a fund of understandings and knowhows that soon 
enables an effective partnership with the teacher to be 
forged. Even if the aide can undertake only some instruct
ional tasks, they are the ones which tend to be of maximum 
benefit to learners. And , in many instances, aides become 
more adept than teachers at those tasks, as they are able 
to develop a strong rapport with the students they help on 
a regular and personalized level. 

By establishing early the means of mutual cooperation 
and interdependency with aides, teachers will not only help 
themselves, but also allow the aides' talents and aptitudes 
to flourish. And this can only prove of benefit to learners, 
who now have an additional , and valuable , resource to turn 
to. 
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TOPIC: Productive Homework Assignments 

The most common, but least productive, type of home
work assignment that teachers can give students is: "Do 
exercises #7 through 23 on page 47 of the math textbook". 

For these exercises tend to be dull, repetitive, nar
rowly focussed on a single "skill" and , in the final analy
sis, educationally sterile . They are of little value to 
those students who already possess that skill, and of no 
help to those who do not (how can a repeated affirmation of 
one's inability to solve given problems be useful?). 

This type of assiqnment has other drawbacks as well. 
Students see their homework as just "more of the same" - 
schoolwork brought home to interfere with their life away 
from the classroom. Too, most assignments offer little be
yond re-hashes of the lesson of the day, with few opportun
ities for integrating it to what has been previously learned . 
And teachers often use homework for getting students to learn 
away from school what they failed to teach during school hours; 
thus the home is made to assume an unwarranted function for 
which the school ought to be exclusively responsible. Finally, 
completed homework assignments add an often unnecessary burden 
for teachers : checking , correcting and grading papers which 
the learners have produced with little enthusiasm and sense of 
purpose. 

In this . chapter, a number of alternative possibilities 
for productive assignments are detailed . These alternatives 
are based on the following criteria: 

homework must never be given automatically (say, 
every day) but only when it would add significant 
benefits to the learners ' understanding of mathe
matics 

homework must always be open-ended (allowing for 
a variety of possible answers to questions, rather 
than seeking for the right answer to be provided) 

homework, for the most part, must have a research 
orientation, enabling students to contribute ori
ginal thinking to the questions posed 

homework must allow for the students' creative 
expression of their understanding of mathematics 
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homework must focus on algebraic, rather than 
arithmetical~ considerations,. that is, be con.,.. 
cerned with patterns, relationshi~s, ~roperties 
of operations etc •.• as opposed to "computational 
skills" 

homework must enable students to work at the level 
of mathematical structures as a key to understand
ing, rather than on repetitions of the same con
cept presented in a variety of guises 

homework must provide opportunities for students 
to incorporate what they already know to the 
material they are working on (as such, homework 
can· be an excellent tool for the continuous re
cycling of knowhows and understandings, thus 
eliminating the usual view of mathematics as a 
disconnected series of concepts, topics, chapters 
in a book, etc .• . ) 

V I 

The examples provided here, of course ·, are just a small samp
ling of possibilities. Creative teachers will provide many 
more, based on their knowledge of the students in their classes, 
and their own capacity for innovation. And if many of the ex
amples that follow seem familiar, it is because they have been 
drawn from material already described in this manual. 

1. Equivalent Expressions 

In SECTION III, C it was seen that a given pattern with 
the rods (or a given expression) can be used to generate a 
large number of equivalent expressions. At a certain stage 
of competency, students enjoy producing such expressions with
out recourse to manipulative materials -- as a self-test of 
what they know -- and hence will welcome homework assignments 
that ask them to do so. 

It is not even necessary to wait until several operations 
have been mastered before asking students to undertake such 
assignments. An infinite variety of possibilities is avail
able even with only one or two operations. 

Here are some examples of assignments of this type; 

write at least 10 expressions equivalent to your age 

write as many sums as you can equivalent to 18 
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write the longest expression you can come up 
with that is equivalent to 2 + 3 

make consecutive substitutions, one at a time 
and using equivalence each time, in the expres
sion 9 - 2 = 7; make at least 10 of these sub
stitutions 

fill in the rings of a set of concentric circles 
(see SECTION I, A4 (a) p. 10) with as many expres
sions as you can think of that are derived from 
3 X 15 = 45 

2 . Patterns 

This is a virtually limitless field of possibilities, in 
which students generate "clusters" of expressions that share 
a common property, a relationship between elements, an elabor
ation of a mathematical structure, etc ... 

SECTION II, B3 gives numerous examples of patterns that 
can be generated, either at the level of properties of the 
four operations, or of more advanced (or more unusual) re
lationships between numbers. 

Many of the activities presented throughout the manual, 
moreover, are based on developing and studying patterns and 
the dynamics that underliethem. Thus teachers should be able 
to propose a great variety of mathematically rewarding assign
ments for students based on the production of patterns . 

For instance: 

what happens to a sum when you increase one of the 
terms and simultaneously decrease the other by the 
same amount? to a difference? a product? a ratio? 

what happens to 2 x 6 = 12 when you put one or more 
zeros after the 2? the 6? both numbers? and when you 
put zeros before the numbers, together with a decimal 
point. Write at least 20 expressions derived from 
2 x 6 = 12 in this way 
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can you fill up a whole page by continuing the pattern 
I have started here; 

96 + 47 = 143 

95 + 48 143 
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or 57 - 33 = 24 

58 - 34 = 24 

or l..z X 10 = 5 

l..z X 20 = 10 

or 20 2= 400 

212
= 400 + 20 + 21 = 441 

22 2= 441 + 21 + 22 = 484 

3. Restricted Domain Activities 

Many examples of restricted domain activities have been 
described in this manual, notably in SECTION II , AS, III, C 
and III, D. These activities , and the extensions and vari
ations they lend themselves to, provide numerous opportunities 
for challenging and enjoyable homework assignments. 

Related activities, such as palindromes, "quicksand" games 
and broken typewriters (see SECTION III, B) can also be used as 
homework assignments. 

4. Open-Ended Worksheets 

Open- ended worksheets are yet another source of useful 
homework assignments . SECTION III, A gives several examples 
of such worksheets, along with criteria for developing many 
more. Not suprisingly, these criteria correspond quite 
closely to those given at the beginning of this chapter. 

5. Word Problems 

Given the opportunity, students are able to produce in
teresting and often sophisticated (mathematically speaking) 
word problems. Further, as homework assignments, student
generated word problems can help bridge the gap often ex
perienced between "school life" and "real life". 
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SECTION IV, B details various techniques and possibili
ties for getting students to write their own word problems . 
Here are some examples of tasks they can be asked to under
take at horne: 

write a mathematical story describing something 
that happened to you outside of school in the 
past few· days 

write at least three word problems based on trans
formations of 3 x 4 = 12 

write a word 
sion of your 
one x (or -
... ) 

problem for any mathematical expres
choice, which must contain at least 
or 7, or fraction, or power of 3 , or 

finish this word problem: "There were 7 boys who 
between them . .. " 

6. Geometry Activities 

Though it is not likely that students would have gee
boards available at horne, many of the activities described 
in SECTION I, 01 through 04 are well-suited to involvement 
away from the classroom, if students are provided with the 
sheets of geoboard grids described on p.2, SECTION I, 02 . 

Homework assignments can focus on any open-ended study, 
such as "how many" activities , classifications, generation 
of as many rectagons as possible having a given area or peri
meter, etc •.. 

7. Narrow-Focus Activities 

V I 

At times, it may be of value for students to be given 
homework that deals more specifically with a particular topic, 
concept, or follow- up to a classroom lesson. This work can be 
made espe cially worthwhile if : 

it provides some opportunity for going beyond what 
was studied at school 

it leaves students some room for their own inventions 
and contributions 
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Let us assume, for instance, that the teacher-led acti
vity involving "dead" and "alive" numbers described in SECT
ION V, B has been conducted in the classroom. A productive 
follow-up homework assignment might be: 

"Do these two examples 

72 

1\ 
88 
1\ 

and also make up two of your own . Try at least one ex
ample wit.h a number bigger than 100". 

8. Correcting Homework Assignments 

In nearly all cases where assignments such as those de
scribed here are given to students, it is not necessary lab
oriously to check and grade the completed papers . 
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In many instances , it would be sufficient for teachers to 
look over the students' ~reductions, in order to determine 
whether the given tasks have been performed adequately. Since 
emphasis on the right answers has been e l iminated, the number 
of such answers produced by each student is of no importance . 
What matters is that he has considered the given assignment, 
thought it through as much as he could, and done as much as 
he was capable of. 

Instructionally, that is all that is required, since the 
process of coming to grips with the problem in all probability 
has helped him learn something about it , perceive some of its 
dynamics, clarify to some extent "how it works" , etc . . . Thus 
he is now better equipped to take the next step along the path 
to mastery. 

At times, it may be useful to students to share and pool 
their individual contributions into a "whole" that encompasses 
more than what each is capable of producing. This is especiall~ 
true in open- ended situations in which a sufficient number of 
instances of a given relationship, transformation, extension 
etc . .• makes evident an underlying pattern or a fundamental 
structure . 



V I V I 
-7-

At such times , the teacher may find it worthwhile to get 
the students, as a whol e class or in smaller groups, to use 
what they have produced at home as the basis of an activity in 
which their work is pooled and ordered according to a perceivable 
sequence . Gaps can then be filled and the underlying structure 
made evident. This type of work can be undertaken either on 
the chalkboard or on large sheets of newsprint , so that it is 
readily available to all. 

Finally, there are times when it would be useful for one 
student to become aware of another's homework, to bring him 
in contact with material he may not have thought of on his 
own. If that is the case , students may be asked to correct 
each other ' s papers, giving them the opportunity to "get into 
each other's heads", to figure out how another individual has 
perceived a problem and its solution. Especially when mistakes 
are made, the student undertaking the correcting has to try 
to find out why and how the paper's author took a wrong tack, 
or overlooked a basic premise, or developed an inappropriate 
perception of the dynamics of the situation , or was misled by 
the appearance of specific instances which do not follow a 
particular pattern, etc .• . 

In this way, each student is helped to gain deeper under
standings into what is right, as he develops the criteria for 
deciding what is wrong, and why. 
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SECTION VI 

TOPIC: Theoretical Considerations: The Heuristic Approach 
to the Teaching of Mathematics 

It should be obvious to anyone who applies the 
suggestions and techniques presented in this manual, or 
even who studies them cursorily, that they stem from a 
view of mathematics (and therefore of mathematics teach
ing and learning) markedly different from what can be 
termed "traditional" . 

Absent is the emphasis on the rote memorization of 
" facts", and the atomization of the curriculum into a 
sequential set of "skills" to be retained by learners . 
Absent is the touting of specific "methods" to ensure 
that as many learners as possible are made to remember 
as much as possible of what is being taught at them. 
Absent too is the artificial breakdown of learning styles 
into visual, auditory or motor - kinesthetic classifications . 
And absent is the use of artificial palliatives and catch
phrases, such as "making math fun", "meeting individual 
needs " , " translating the ' abstract ' world of mathematics 
into ' concrete ' experiences" , or "reinforcing computational 
skills". 

For , throughout the manual, the unifying theme has been 
the view that mathematics is not a body of knowledge which 
exists outside the learners, and which must therefore be 
imparted to them -- repeated and drilled until it "sticks" 
in their minds -- but a by- product of certain kinds of men
tal activities that are available to all, including very 
young children. 

The marked lack of success of the traditional approach, 
as evidenced by the generally dismal performance of students 
on tests of mathematical aptitude and knowledge , must be 
seen as the direct result of the obstacles this approach 
places in their path. And one of the greatest obstacles is 
the belief that mathematics is too difficult to be understood 
by elementary school students, because they are insufficient
ly developed mentally to be able to make sense of it. 

If children are incapable of understanding mathematics, 
if onl y fully grown minds can grasp its dynamics, then mathe
matics must be simplified, trivialized, and explained over 
and over again. And it is the adults' perceptions and know
ledge that must then be fed to the students, ready- made and 
fully formulated, without regard to the true needs of those 
upon whom the curriculum is forced. 
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This may strike some as too harsh a description of 
traditional approaches to mathematics teaching. But are 
not these approaches based on teaching students what 
others have decided they need to learn, and in ways which 
are strictly pre-determined? Is not the purpose of the 
curriculum to mold learners to the expectations of adults, 
to ensure that they acquire certain skills in certain ways, 
and are able to perform given processes on demand? 

VI 

Is not a large part of the students' time in the class
room spent complying with instructions such as: "Do these 
additions " , or "Work out these exercises", or "Find the ans
wers to these problems"? The reasons for performing such 
tasks are seldom giv en, and learners are treated as near
robots, which cannot be allowed to know the purpose of the 
activities they undertake. 

And, since getting the right answers to problems as
sumes paramount importance, the students ' work becomes 
totally polarized toward producing them. Children in school 
soon learn that only the answers matter, that they are judged 
as successes or failures solely on their ability to provide 
right answers to whatever questions they are asked. Thus, 
the relationship of the answer to t he given , the possibility 
for linking one to the other in a variety of ways - - which 
gives each problem its mathematical meaning - - loses its 
significance and, at best , is relegated to a secondary func
tion, that of enabling the right answer to be arrived at. 

The final goal is reached as soon as the problem is 
solved, and one is able to state that "the answer equals ... 1' 
How it is reached, and why it is what it is, are considera
tions of little or no importance, since the overriding ob
jective has been met. 

Further, since the learners have no way of determining 
whether their answers are in fact correct , and must defer 
to the teacher for a final judgement about the adequacy of 
their efforts, they are placed permanently in a position of 
mental dependency. They have to look outside themselves for 
verification, and their teacher ' s approval comes to replace 
their own criteria as the vehicle for legitimizing their 
productions . 

At the elementary level,the acquisition of "computation
al skills" is deemed essential. How these skills are deve
loped, or whether the students understand what they are doing, 
seem to be hardly relevant. So long as children can remember 
the right procedure at the appropriate time, and use it to 
obtain the correct answer, the demands of the curriculum are 
satisfied. But is this really what the learning of mathematics 
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is meant to yield, an ability to apply, mechanically and 
unknowingly, recipes that have been memorized through drill 
and repetition? 

VI 

At a senior high school math lab for remedial students, 
which was designed along "diagnostic/prescriptive" lines 
with a sequence of "learning units" arranged by topic, an 
eleventh grade girl who, from all appearances, was very 
bright, was observed taking a post-test for the unit on 
percentages. All the questions on the test were of the 
type: "Find a certain percent of so much". 

When observed, the girl was working on the problem: 
"What is 101% of 500?" She had obviously memorized a fixed 
formula for solving such problems, for she set down: 

101 N 
100 = 500 

On another piece of paper, she laboriously went about 
working out the answer to: 

500 
X 101 

Next, she wrote down the ''long division" 

100) 50500 

which, equally laboriously, she worked out, finally writing 
505 on her test paper. She then went on to the next problem, 
which she attacked in the same way. 

With the "computational skills" at her disposal, this 
girl probably obtained enough correct answers to "pass" the 
test, thus enabling her to move on to the next unit. Yet 
her degree of competence and, more basically, her grasp of 
the world of numbers and of the relationships that link 
them to each other, clearly was abysmally low. And the 
question that needed to be asked is: can the capabilities 
that she had acquired in school over the years truly be 
termed a mathematical education? 

The list of shortcomings of traditional approaches is 
long indeed. For one, it should be plain to anyone who has 
looked within himself at how he functions, that learning is 
neither linear nor continuous -. - Yet the traditional curricu
lum insists on presenting mathematics as a series of dis
crete -- and often sequential -- chapters , topics, units. 
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At its most absurd, this atomization produces rigidly 
separated hierarchies of "skills''. For instance "one
place addition" must precede "two-place addition" , which 
in turn must precede "three-place addition" and so on, 
as if these distinctions demanded entirely different re
sponses from the students! Or it produces situations 
such as: "February is the month during which we study 
fractions"! 

Too, traditional approaches , by viewing the mind as 
a blank mass of wax which must be "impressed" with learn
ings, are reduced to a teaching mode that is heavily de
pendent on the students ' ability to memorize. And , since 
memorization is at best a shaky and unreliable faculty, 
what is presented to learners must be endlessly dril l ed, 
repeated, reviewed and "reinforced" . For those students 
who fail to retain the required material, even after sev
eral years in school, the only recourse is to go over the 
same activities and exercises, again and yet again, as if 
the fourteenth effort is likely to be more successful than 
the thirteenth! 
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Further, the teaching of mathematics is based on a 
"learning by doing" premise, with written exercises as 
the mainstay of what learners are asked to do. If a par
ticular student is found unable to perform, say, multipli 
cations, he is most likely to be given, as a "prescription" 
to help him overcome his deficiency, a pageful of multi
plications to work on. Thus, he is placed in the unenviable 
position of having to learn to do what he cannot do by doing 
what he cannot do! 

It is time to face squarely the inconsistencies and 
fallacies which underlie so much of what is done i n schools 
in the name of elementary mathematics teaching, and also to 
recognize the futility of arguments over "new" vs. "old " 
math, or over the relative merits of tnis or that textbook, 
this or that instructional system. Fine- tuning teaching 
methods, using audio-visual materials, or replacing certain 
sections of the curriculum with others cannot affect signi 
ficantly the performance of students, so long as fundamental 
pedagogical factors remain unchallenged. To memorize multi
plication tables by rote, or to memorize properties of sets 
by rote are, in the final analysis, essentially similar tasks, 
one not more effective than the other, and both of little 
ultimate consequence insofar as the learners' mathematical 
education is concerned. 
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Whether to have students undertake computational 
drills from workbooks or from an array of technological 
gadgets is also immaterial, if the mathematical content 
of the instructional activities remains essentially the 
same. A batch of additions, whether printed on paper or 
flashed on an electronic screen, is still a batch of ad
ditions, and the way it is presented does not alter the 
type of involvement it demands of students: in either 
case, they are asked only to supply the correct answers. 

And, in all this, the most dangerous illusion is the 
belief that, because they have provided the right answers, 
the students have in fact learned something. 

To be truly effective, the teaching of mathematics 
must aim at a much deeper level, at the life of the mind 
and the functionings of the self. All instruction should 
be devoted, consciously and explicitly, to the develop-
ment of awarenesses . Only then will learners truly know, 
and know also what they know. In other words, the content 
of their own minds will be revealed to them, as they be-
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come aware of "how mathematics works". The relationships 
between numbers, the properties of operations, the possibili
ties for various transformations and extensions that are 
studied, all serve to develop the learners' native mental 
capacities, which manifest themselves in authentic discoveries 
and insights. 

For it is plain that children possess extraordinary 
mental powers, which they use spontaneously from birth to 
make sense of their environment. The child who comes to 
school at the age of five or six has tackled and mastered 
formidable learning tasks, be they physical (coordinating 
his body to respond to his willful intentions, walking, 
running, climbing, etc . . . ) intellectual (talking, analyzing 
and comprehending the ways in which the environment involves 
him, etc ... ) or emotional (sorting through and making sense 
of the full range of his affective faculties). 

If teachers can meet school children for what they are 
and have already developed themselves into , and can base 
formal education on recognition of, and respect for, students' 
extensive aptitudes, the -primary requirement for restoring 
dynamism to the classroom will have been met. 

Then, the learners' conquests will unfold freely and 
naturally, as they are returned to their rightful place 
at the center of the struggle for understanding and for 
mastery over the environment. Students in school, as they 
are accustomed to doing away from the classroom, will be 
free to come to grips with the reality of the outside world 
on their own terms and, by confronting its challenges in 
spontaneous , inherent ways , to make that reality theirs . 
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Teachers will no longer constantly inject themselves 
and their perceptions into their teaching and learners , in 
turn, will not be pulled away from themselves and toward 
aims or outcomes which are alien to them, and for which 
they see little or no relevance . 

Mathematics, of all school subjects, is perhaps the 
one best suited to this renewal, since it is essentially 
an activity of the mind in contact with its own function
ings. Mathematical activity is mental activity, seeking 
and finding its "truths" in its own senses of logic, order, 
structure and validity . 

Thus, any mathematical theorem, concept or definition 
is no more than a statement of one such "truth", arrived 
at by a conscious effort at elaborating, generalizing and 
testing the accuracy and applicability of a certain set of 
perceptions and insights . These, though they are gained 
from the outside world and in turn serve to rationalize 
some of its manifestations, are first processed and inte
grated into a meaningful whole by "the mind's eye". 

Mathematics exists only in the mind and by virtue of 
the mind's capacity to recognize and structure patterns 
and relationships , both within and outside of itself . 

Thus, a mathematics curriculum cannot be developed 
from the assumption that small children are unable to 
function at this intellectual level, and hence concern 
itself with making instructional activities ''fun'', ''easy", 
or "concrete". For, in so doing, it robs learners of the 
one true dimension of its study: that it is a mental acti
vity accessible to anyone precisely because it has been 
generated by other minds, as a distillation of their aware
nesses of structures and relationships. 
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Making elementary mathematics "easy", in the final 
analysis, only creates difficulties, since the means to 
understand its dynamics have been removed. What is truly 
easy is to bring the learners into contact with the al
gebraic and logical structures which give meaning to mathe
matical undertakings , and to allow them to explore, to per
ceive and to grasp these structures. They will then own 
these structures , as fully and as explicitly as anyone else, 
irrespective of his age or fund of accumulated experiences. 

What is hard is to present ready- made and fully struc
tured knowledge, and to ask learners merely to absorb it, 
without giving them the means to integrate it to their in
tellectual functionings . 
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By moving away from the production of answers as a 
measure of mathematical "skill", and toward the involve
ment of the self in a quest for understanding and mastery, 
the teaching of mathematics liberates both teachers and 
learners from the restrictions and fallacies of traditional 
methods. And, as a result, the natural rhythms of the 
learners' minds are respected. 

For there are times, for instance during the initial 
investigation of a new topic, when the mind reaches out 
to the external challenge in an attempt to apprehend and 
define it. At such times, the collective efforts of a 
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group are at their most effective, as individual perceptions 
are shared, tentative ideas expressed and weighed one against 
another, various contributions and points of view used to 
add to the emerging fund of knowledge, and suqgestions and 
intuitions taken into consideration and either accepted, 
modified, or rejected. 

And there are times, after the initial discoveries are 
made, when the mind needs to turn inwards, to reflect upon 
the new knowledge that has been developed and relate it to 
its own internal dynamics. To become an integral part of 
the "known", this new knowledge must pass the test of the 
mind's own inner criteria for correctness and validity, so 
that it can be assimilated with certainty. 

If the periods of introspection are alternated with 
those of objectification of challenges according to the 
true needs of the students, an education that makes its 
demands at the level of awareness results. And, instead 
of requiring external motivations to sustain it, the life 
of the mind finds its rewards in its own development. The 
students' aptitudes are stretched and extended to their 
fullest, as they discover themselves in the classroom, at 
their most rational and systematic as well as at their most 
intuitive moments. 

School ceases to be a polarizing environment in which 
teachers and learners exhaust their energies tugging at op
posite ends of a rope, and provides instead a creative at
mosphere in which both teachers and learners progress, as 
they become better revealed to themselves and to one another. 

And mathematics learning and teaching become a joint 
venture, enriching to all who participate in it because the 
artificial obstacles have been cast aside and the full range 
of human attributes of both children and adults is allowed 
to flourish. 

To be educati onal i n the fullest sense of the word, an 
instructional approach can do no less. 
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SECTION VII 

TOPIC: Testing and Evaluation 

The periodic testing of students has become such an 
integral part of education that its "truth" and validity 
are accepted almost unquestioningly. As learners complete 
assignments, instructional units, school years, they are 
automatically tested. The test scores are duly computed 
and recorded, and used as the basis for all decisions re
garding both the short and long range academic life of the 
students . 

The standard justification for tests is that they pro
vide objective data about student progress, without which it 
would not be possible to gauge the effectiveness of instruct
ional programs, teachers, or schools. 

In this chapter, a number of evaluation measures are 
examined critically, in an effort to determine both their 
legitimate functions and their limitations, so that they 
may be used as appropriately as possible, to yield the 
kinds of information they are in fact capable of producing. 

1. Standardized Tests 

Standardized achievement tests are probably most widely 
used in schools today. At least once and sometimes twice a 
year, entire school populations are asked to take these tests, 
and the scores that they yield, to a large extent, shape the 
academic destinies of the students . 

Most commonly these tests , as far as elementary mathe
matics is concerned, present "concepts" and " computational 
skills" sections, with a "total battery" score being com
puted as well. Also , test scores are usually expressed in 
terms of " grade equivalents " , the students' performance 
having previously been "normed" on a national scale through 
field testing of the instruments . 

Obviously , a number of assumptions underlie standardized 
achievement tests . These include : 

that students' performance and knowledge of mathematics 
can in fact be tested in this fashion 

that students ' academic aptitude can be equated to 
their production of a certain number of correct answers 
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that students ' achievement can be "quantified" l.nto 
sets of numerical values 

VII 

that learning is linear and continuous, so that each 
month in school translates into a month's gain on 
the test 

In reality, none of these assumptions stands up to critical 
scrutiny. First the tests, by their very nature, are limited 
by what they incorporate. That is, they test only what they 
test. They force students into their molds, asking test 
takers to function only within rigidly predetermined modes, 
and to respond only in a prescribed manner. They ignore all 
other possibilities and ways of knowing, and reduce the range 
of human functionings to what they have deemed is relevant. 

In a previous chapter (see SECTION VI) the fallacies in
herent in a view of learning as sequential and continuous were 
examined. So was the misconception of focussing exclusively 
on correct responses as indicators of the students' degree of 
understanding and mastery. 

And the practice of quantifying students' achi evements 
as grade equivalent scores produces its own problems too. 
For, even though the developers of standardized tests are 
usually careful to point out that their instruments are valid 
only as indicators of group performance, and that an individ
ual's score is almost meaningless and certainly not reliable, 
teachers and schools routinely report, record and use these 
scores as "objective" measures of individual achievement . 

Whether a given student passes or fails a particular 
course , whether he gets promoted to the next grade, or even 
whether he is assigned to a "bright" or "slow" class, depends 
in large measure on his personal score on the standardized 
test. Thus the data the test yields, which at most is de
signed to provide information about student populations 
(for instance to enable comparisons between schools, grade 
levels, or geographical areas to be made) instead becomes 
the absolute measure of each stud~nt ' s worth. 

The use of standardized tests has also resulted in a 
misguided preoccupation to have e\·ery student perform "at 
grade level" . ~ny student who, say , in the eighth month of 
the fifth grade, scores less than 5.8 is performing "below 
grade level" and is judged to be a failure, a remedial case. 
These grade levels, however, are mean scores for entire popu
lations. Therefore, by definition, half the scores for any 
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group of students taking a test should fall above that mean, 
the other half below. To attempt , sometimes strenuously , to 
bring all students in a given group "up to grade level" only 
defies the law of averages. 

Even were it to be accomplished , this upgrading would 
merely shift the mean -- the new national norm - - upwards, 
with close to 50% of all test takers once again falling be
low the revised standard. 
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If all these provisos and qualifications are kept firmly 
in mind, standardized tests can provide some useful information . 
First , since they involve student s only in highly formalized 
and structured exercises , and also impose a time limit upon 
the respondents, they can measure the degree to which the stu
dents' knowledge has become automatic. 

Learners will be able to provide correct responses (if 
they are not guessing) to those items or computations which 
they have integrated so well within the realm of the known 
that little or no intellectual effort is required . Since 
one of the ultimate purposes of education is to develop abili
ties that become "second nature", standardized tests can be 
useful in determining the degree to which that aim has been 
accomplished. It must be noted , however , that this has little 
to do with the level of understanding of mathematics the stu
dents may or may not possess. 

Second , standardized tests can provide valuable data when 
used precisely for the purpose for which they are intended: 
general comparisons between groups. All other factors bring 
equal , consistently and significantly higher scores obtained 
by one group when compared to another (or to the national norm) 
can be taken as proof o f a superior instructional program. For 
it has enabled the students participating in it to become cer
tain of a greater amount of mathematical knowledge, to the point 
where its use has become matter- of- fact . 

2. Criterion- Referenced Tests 

In the past few years, criterion- referenced tests have 
gained wide acceptance in schools. These are usually involved 
in tandem with sets of instructional objectives , and are meant 
to measure the degree to which these objectives are achieved. 

Though more elaborate and diff erentiated in content than 
standardized tests, and therefore intended to provide more de
tailed information about students ( " individual student profiles") 
criterion-referenced tests, because they parallel the instruct
ional objectives from which they are developed , suffer from the 
shortcomings inherent in these sets of objectives. 
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Chief among these is the nature of such objectives: 
vast numbers of sequentially arranged "skills" through 
which students progress according to a pre-determined hier
archy . But elementary mathematics cannot be broken up into 
hundreds of distinct bits and pieces, to be ingested like 
so many pills. Nor is the sequence of topics adhered to by 
most sets of objectives (which, for instance, compartment
alizes the four operations) defensible from a pedagogical 
standpoint (see SECTION VI for details) . 

Criterion-referenced tests, therefore, since they re
flect these inadequacies, are a lot less productive than 
they mi ght otherwise be, if based on valid educational con
siderations. For, as with standardized tests, they are 
limited by the perceptions of their developers as to what 
mathematics is and what its learning entails. 

Thus they are primarily concerned with the degree to 
which each individual "skill" has been retained, again as 
measured by the number of right answers students can pro
duce. Test questions are generally closed-ended and how 
students arrive at their answers -- which would help shed 
light on the degree of mathematical understanding they might 
possess -- is not taken into account. So once again the 
students' functioning is polarized toward correct responses, 
when investigating the mental processes by which answers are 
obtained would have been so much more illuminating. 

With criterion-reference tests, and the sets of instruct
ional objectives they accompany, there is also the danger that 
teachers will resort to "teaching to the test". The expected 
learning outcomes are so sharply and narrowly defined (ex: 
the students will be able to perform one- digit addition with 
90% accuracy) that the temptation is strong to drill students , 
precisely and exclusively, in those tasks which will enable 
them to take the tests successfully. Pedagogical consider
ations disappear, and the sole aim becomes to get as many 
students as possible through as many objectives as possible . 
Can the quality of learning that results from such efforts 
be truly worthwhile? 

Finally , criterion-referenced tests assume that, once a 
student has passed a given test, he owns its corresponding 
"skill" permanently and can therefore move on to more advanced 
concepts and topics. With an instructional mode that is so 
heavily dependent upon the learners' ability to memorize, this 
assumption is certainly not valid . Teachers who consult in
dividual student profiles and use them as the point of depart
ure for further instruction are often pulled up short by the 
discrepancies between the real and supposed knowledge of the 
students. 

VII 
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If criterion-referenced tests are carefully designed, 
or if those that are available commercially are used judi
ciously, they can provide valuable information. For in
stance, if "skills" that really belong together are linked 
to each other, the tests that are given will become sign
posts along the students' road to mastery. 

By starting from the mathematical awarenesses that 
learners need in order to make sense of given segments of 
the curriculum, and by unifying the tests in terms of these 
awarenesses, teachers will be able to evolve an assessment 
program that reflects more closely the students' actual 
progress. Artificial distinctions disappear, once each 
test bears a direct relationship to an awareness essential 
to the learners. 

It must be noted, however , that these tests will not 
be passed by students at regular intervals, as if they were 
evenly spaced stepping stones on the way to mastery. During 
periods when students are developing insights into the world 
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of mathematics, the know- bows they gain may not be sufficiently 
articulated to show up on the tests. Then, as the understandings 
are integrated and consolidated , they may be able to tackle sev
eral tests successfully almost overnight . If this natural rhy
thm is respected, the patient teacher will surely be rewarded 
when his students show competence over a wide-ranging cluster 
of mathematical topics. 

3 . Tests of Mathematical Awareness 

Strictly speaking, such tests do not as yet exist. For, 
if it is truly the degree to which students have made sense 
of mathematical structures that one wishes to assess, the 
evaluation instrument cannot be merely answer-oriented. 

Rather, it must attempt to "get inside the learner's 
head", in an effort to determine the extent to which they 
have grasped, and can use mathematical knowhows. Thus it 
is the relationships between the elements of given expressions 
which must be aimed at. And it is the students ' ability to 
perceive the internal dynamics which link these elements to 
one another that must be tested . 

Hence , any test of mathematical awareness, to be valid, 
must be designed in terms of possibilities for transformation 
and equivalence so that it is able to determine, not whether 
students can produce correct answers, but how they use their 
knowledge of algebraic relationships to obtain such answers. 
The processes become of primary importance, not the final out
comes. 
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Such tests can take a variety of forms, which teachers 
should be able to design and use without much difficulty. 

Some can be very informal, and not even be labeled as 
"tests". For instance, students can be asked to respond, 
on paper, to questions such as: 

a) Write at least ten expressions equivalent to 23. 

b) Which of these expressions are equivalent to the 
given ones? 

16 + 15 = 8 X 12 = 

(i) 18 + 13 = ( i) 10 X 10 = 

( ii) 16 - 15 = (ii) 2 X 2 X 2 X 12 

(iii) 2 X 16 - 1 = (iii) 10 2 - 22 = 

(iv) 14 + 13 = (iv) 8 X 11 + 1 = 

c) If you had to find the answers to the following 
problems in your head, which transformations would 
be of help to you? 

199 X 16 = 73 + 28 = 

(i) (200-1) X 16 = (i) 71 + 30 = 

= 

(ii) (100+99) X ( 10+6) = ii) ( 8x9+1) + (3x9+1)= 

(iii) (200-1) X (20-4) = (iii) (75-2) + (25+3) = 

( iv) (200-1) X 2x2x2x2 = (iv) 74 + 27 = 

VII 

Or, more formally, a set of increasingly complex tests can 
be designed, to be used as indicators of the students' mastery 
of certain awarenesses. Each test will then reflect knowledge 
of specific clusters of possibilities for transformation and 
equival~nce, and the curriculum as a whole will come to be viewed 
as a set of concentric circles, through which the students pro
gressively move as they extend their power over the world of num
bers. 
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To be most effective, such tests must take away from 
the students the usual physical means of computing, and ask 
them instead to rely entirely on their mental aptitudes. 
Even pencils need to be taken away , so that the learners' 
responses are assumed to be solely the product of their men
tal efforts . 

Thus, "lemon juice" tests can be prepared, in which stu
dents are furnished only with test papers, short sticks such 
as toothpicks, and a supply of lemon juice (which acts as in
visible ink, turning brown when it is heated). The students 
complete their tests by marking their papers with the tooth
picks dipped in lemon juice, and the answers remain invisible 
until heated. More importantly, the test takers are unable 
to resort to written computations, tallies, or any of the 
usual means for "getting the answers " , and are therefore 
thrown back upon their own resources for tackling the ques
tions. 

These questions , in turn, must be made difficult enough 
so that they cannot be worked out on sight, yet capable of 
being transformed mentally into equivalent forms which are 
easy to work out. The level of complexity of the questions 
that is the mental transformations that they require -- will of 
course depend on the level of competence of the students being 
tested. 
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But in all cases, the emphasis will be on transformations 
and processes, with the answers produced only a function of the 
degree to which students are able to perceive and effect these 
transformations. 

Here are some samples of questions of this type, together 
with one of the useful transformations each lends itself to: 

Given Mental Transformations 

18 X 35 9 X 70 

399 + 76 400 + 75 

112 - 94 118 - 100 

246 X 150 123 X 300 

86 X 94 

272 13 (260+12) . 13 
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By using such tests periodically, teachers will not 
only gain insights into the students' mathematical develop
ment, but will also alter the learners' perceptions of what 
testing is for, as they find the true skills and understand
ings they require reflected in the ways in which their com
petence is judged. 

VII 
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SECTION VIII 

BIBLIOGRAPHY AND RESOURCE GUIDE 

MANIPULATIVE MATERIALS 
available from the Cuisenaire Company of America, 
New Rochelle, N.Y. 

Cuisenaire Rods 
Cubes, Squares and Rods 
Geoboards 
Relationshapes 

available from Educational Solutions Inc. New York, N.Y . 
Algebricks Rods 
Prisms and Cubes 
Geoboards 

available from Creative Publications Inc, Palo Alto , Cal. 
Geoboards 
Attribute Blocks (Invicta) 

SUPPLEMENTARY MATERIALS 
available from the Cuisenaire Company of America, 
New Rochelle, N.Y. 

Exploring Cubes , Squares and Rods, by J . Trivett 
Geoboard Recording Sheets 
Geoboard Activity Cards, by J. Trivett 
Patches (for Relationshapes) by T. Perl 

available from Educational Solutions Inc. New York , N.Y. 
Product Chart 
Product Cards 
Mathematics Textbooks I - IV , by c. Gattegno 

available from Mind/Matter Corp . Danbury, Conn. 
Grouping Circles for Attribute Blocks 

TEACHERS' MANUALS FOR MANIPULATIVE MATERIALS 
available from the Cuisenaire Company of America , 
New Rochelle, N. Y. 

J. Trivett: Mathematical Awareness 
J. Davidson: Using the Cuisenaire Rods 
J. Trivett: Games Children Play 
Niman & Postman: Mathematics on the Geoboard 

available from Educational Solutions Inc . New York, N.Y. 
C. Gattegno: Now Johnny Can Do Arithmetic 
M. Goutard : Talks for Primary School Teachers 
M. Goutard : Mathematics and Children 
c. Gattegno: Geoboard Geometry 
C. Gattegno : The Common Sense of Teaching Mathem

atics 



available from Webster Division, McGraw-Hill Book Co. 
New York, N.Y. 

Attribute Games and Problems 

MATHEt.fATICAL GAMES AND OTHER MATERIALS 
available from the Cuisenaire Company of America, 
New Rochelle, N.Y. 

Superstructures Tuf 
Construct-0-Straws Score Four 
Curved Space Net Results 
Mira Math Altair Design 
Soma Arabic Geometrical Patter n 
Think- A- Dot and Design 
QuizKid Beyond Tic Tac Toe 

available from Creative 
D-Stix 

Publications Inc. Palo Alto, Cal . 

Snowcrystals 
Georule 
Tangram (and Tangramath) 
Plastic Geometric Figures 
Geo-Ring Polyhedra Kit 
Heads Up 
Mancala 
Nine Men Morris 
Ten go 
Fox and Geese 
Puzzle Posters 

available from Mind/Matter Corp. 
Geo Strips 
Structo Eries 
Structo Cubes 
Tangram Puzzles 
Geometric Solids 

TEACHERS' PROFESSIONAL LIBRARY 

Pic- A- Puzzle 
Creative Constructions 
Line Designs 
String Scul pture 
Nesting Polyhedra 
Space Shapes Kit 
Notable Numbers 
Cross Number Puzzles 
Number Sentence Games 
Coin Games and Puzzles 
Mathematical Recreations 
Mathematical Fun, Games 
· and Puzzles 

Danbury, Conn. 
Action Fractions 
Curve Stitching 
Space Spider 
Open-Ended Task Cards 

Jacobs: Mathematics, A Human Endeavor (Freeman) 
Burns: The I Hate Mathematics Book (Little, Brown) 
Kline : Why Johnny Can ' t Add (Vintage) 
Hogken: Mathematics in the Making (MacDonald) 
Smith: History of Mathemati cs, Vols I and I I (Dover) 
Gardner: Sixth Book of Mathematical Games (Scribner) 
Gardner: The Unexpected Hanging (Simon and Schuster) 
Gardner : Mathematical Carnival (Knopf) 
Beiler: Recreations in the Theory of Numbers (Dover ) 
Struik: A Concise History of Mathematics (Dover) 
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